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ABSTRACT 
In the present paper, I have defined an integrated contact metric structure manifold [6] admitting semi-symmetric 
metric connexion [4] in nM ∗   and the form of curvature tensor R  of the manifold relative to this conexion has been 
derived. Several useful theorems and results have also been derived in this manifold. 
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1. Introduction 
Let 

nM be a differentiable manifold of differentiability class C∞ . Let there exist in 
nM  a vector valued C∞  linear 

function Ф, a C∞ - vector field  η  and a C∞ -one form ξ  such that  

(1.1)                ( ) ( )2 2X a X c Xξ ηΦ = −
    

 

(1.2)       ( ) 0η =
 

(1.3)   ( ) ( ) ( ) ( )2, ,G X Y a G X Y c X Yξ ξ= −
      

Where ( )X XΦ = , a  is a non-zero complex number and c  is an integer. 
 
Let us agree to say that Φ  gives to 

nM  a differentiable structure define by algebraic equation (1.1). We shall call 

( ), , , ,a cη ξΦ  as an integrated contact structure. 
 
Remark 1.1: The manifold 

nM  equipped with an integrated contact structure ( ), , , ,a cη ξΦ  will be called an 
integrated contact structure manifold. 
 
Remark 1.2: The C∞ -manifold 

nM  satisfying (1.1), (1.2) and (1.3) is called an integrated contact metric structure 

manifold ( ), , , , ,a c Gη ξΦ  
 
Agreement 1.1: All the equations which follows will hold for arbitrary vector fields  , , .........X Y Z  etc. 

It is easy to calculate in nM
 
 that  

(1.4)
    

( )
2a

c
ξ η =

 
(1.5)    ( ) 0XΦ =

  
and   
(1.6)   ( ) ( ),G X def Xη ξ
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Remark 1.3: The integrated contact metric structure manifold ( ), , , , ,a c Gη ξΦ  gives an almost norden contact 
metric manifold [5], Lorentzian para-contact manifold [2] or an almost Para contact Riemannian manifold [1] 
according as ( ) ( )2 21, 1 , 1, 1a c a c= − = = = −  or ( )2 1, 1a c= =

 
 
Agreement 1.2: An integrated contact metric structure manifold will be denoted by nM . In the sequel, arbitrary vector 

fields will be denoted by , , ,......X Y Z etc. 
 
If we define 
(1.7)   ( ) ( ) ( )' , , ,X Y G X Y G X YΦ = =

    
 

Where 'Φ is a tensor field of the type (0, 2) then it is easy to see that  
(1.8)   ( ) ( )' ', ,X Y Y XΦ = Φ

      
 

 
Which shows that 'Φ is symmetric in X  and Y . Also we have 
(1.9)        ( ) ( )' 2 ', ,X Y a X YΦ = Φ

     
 

 
Definition 1.1: A C∞ -manifold 

nM  satisfying 

(1.10)    XD Xη = Φ         
 
will be denoted by nM ∗  where D  is the Riemannian connexion in 

nM  corresponding to the Riemannian metric G . It 

is easy to calculate in nM ∗ , we have 

(1.11)   ( )( ) ( ),`XD Y X Yξ = Φ
     

 
 
2.  Semi-symmetric metric connexion in C∞ -manifold

nM ∗ : 

Definition 2.1: Let D  be a Riemannian connexion in nM ∗ . We consider a semi-symmetric metric connexion B  in 

nM ∗   

(2.1)   ( ) ( ),X XB Y def D Y Y X G X Yξ η+ −                                                                                                           

The above equation is equivalent to 
(2.2)   ( ),X XB Y D Y H X Y= +                                                         
where                                    
(2.3)    ( ) ( ) ( ), ,H X Y d ef Y X G X Yξ η−                                                                                 

 
Let S  be the torsion tensor of the semi-symmetric metric connexion B  then (2.1) and (2.2) imply that 
(2.4)a   

 ( ) ( ) ( ),S X Y Y X X Yξ ξ= −
     

                                          

(2.4)b
    ( ) ( ) ( ), , ,S X Y H X Y H Y X= −                                       

 
We define 
 (2.5)a   ( ) ( )( )' , , , ,H X Y Z d ef G H X Y Z

    
 

 (2.5)b     ( ) ( )( )' , , , ,S X Y Z d ef G S X Y Z
    

                                                      

 
Operating G  on both the sides of (2.3) and using (2.5)a, we get 
(2.6)    ( ) ( ) ( ) ( ) ( )' , , , ,H X Y Z Y G X Z Z G X Yξ ξ= −                                                                       
 
Operating G  on both the sides of (2.4)a and using (2.5)b, we get 
(2.7)    ( ) ( ) ( ) ( ) ( )' , , , ,S X Y Z Y G X Z X G Y Zξ ξ= −
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Operating G  on both the sides of (2.4)b and using (2.5)a  and (2.5)b, we get                                                  
(2.8)     ( ) ( ) ( )' , , , , , ,` `S X Y Z H X Y Z H Y X Z= −

  
   
3.   Curvature Tensor in nM ∗

:    

Let K  be the curvature tensor corresponding to the Riemannian connexion D  in nM ∗  and R  be the curvature tensor 

corresponding to the semi-symmetric metric connexion B  in nM ∗ . 
From (2.1), we have 

 
(3.1)   ( ) ( ),Y YB Z D Z Z Y G Y Zξ η= + −

    
 

 
Taking the covariant derivative of the above equation with respect to the connexion B  along the vector field X , we 
get 

   ( ) ( ) ( )( ) ( ){ }X Y X Y X X XB B Z B D Z Z B Y B Z B Z Yξ ξ ξ= + + +  

             ( ) ( ) ( )( ) ( )( ), , , ,X X X XG B Y Z G Y B Z B G Y Z G Y Z Bη η η η− − − −  
 
Using (2.1) and then (1.6) in the above equation, we get 
(3.2)a ( ) ( ) ( ),X Y X Y Y Y XB B Z D D Z D Z X G X D Z Z D Yξ η ξ= + − +  

                ( ) ( )Z Y Xξ ξ+ ( ) ( ) ( )( ) ( ), X XZ G X Y D Z Y D Z Yξ η ξ ξ− + +  

          ( ) ( ),Y G X Zξ η− ( ) ( ) ( ) ( ) ( ), ,XZ X Y G X Z Y G D Y Zξ ξ ξ η η+ − −  

        ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , ,XG X Y Z G Y D Z G Y X Z G X Z Yξ η η ηξ ξ η− − − −  

                      ( )( ) ( ) ( ) ( ) ( ) ( ), , , ,XB G Y Z G Y Z X G Y Z X G Y Z Xη ξ η ξ η− − − +  
 
Interchanging X  and Y in the above equation, we get 
(3.2)               ( ) ( ) ( ),Y X Y X X X YB B Z D D Z D Z Y G Y D Z Z D Xξ η ξ= + − +  

             ( ) ( ) ( ) ( ),Z X Y Z G Y Xξ ξ ξ η+ − ( )( ) ( )Y YD Z X D Z Xξ ξ+ +  

            ( ) ( ),X G Y Zξ η− ( ) ( ) ( ) ( ) ( ), ,YZ Y X G Y Z X G D X Zξ ξ ξ η η+ − −  

            ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , ,YG Y X Z G X D Z G X Y Z G Y Z Xξ η η ηξ ξ η− − − −  

           ( )( ) ( ) ( ) ( ) ( ) ( ), , , ,YB G X Z G X Z Y G X Z Y G X Z Yη ξ η ξ η− − − +  
 
Replacing Y  by  [ ],X Y  in (3.1) and using[ ], X YX Y D Y D X= − , we get 

(3.2)c  [ ] [ ] ( ) ( ) ( )( ), , X YX Y X YB Z D Z Z D Y Z D Xξ ξ= + − ( ) ( ), ,X YG D Y Z G D X Zη η− −     

 
Subtracting (3.2)b, (3.2)c from (3.2)a and using ( ) [ ],, , X Y Y X X YK X Y Z d ef D D Z D D Z D Z− − , we get 

( ) ( ) ( )( ) ( ) ( ), , , , 3 ,XR X Y Z K X Y Z D Z Y Y G X Zξ ξ η= + − − ( )( )YD Z Xξ  

               ( ) ( )( ) ( ), , ,YG Y Z X B G X Z G X Z Yη− + +  
where 

( ) [ ],, , X Y Y X X YR X Y Z d ef B B Z B B Z B Z− −   

 
Agreement 3.1: We consider that the fundamental 2-form `Φ  is closed in nM ∗   i.e. 

(3.4)
        ( )( ) ( )( ) ( )( ), , , 0` ` `X Y ZD Y Z D Z X D X YΦ + Φ + Φ =  

 
Theorem 3.1: In nM ∗ , we have 

(3.5)  
     ( )( ) ( )( ) ( ), , , , ,` `Z ZD X Y G D X Y K X Y Z ηΦ = Φ =
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(3.6)

             
( )( ) ( ), ,`XD Y G X YηΦ = −  

 
Proof: We know that 
      ( ) ( )( ),` YY Z D ZξΦ =  
 
Taking the covariant derivative on both the sides of the above equation with respect to the vector field X , we have 

 (3.7)a   ( )( ) ( )( ) ( ), ,` `X X Y XD Y Z D D Z D Y ZξΦ = − Φ  
 
Interchanging X  and Y in the above equation, we get 
(3.7)b     ( )( ) ( )( ) ( ), ,` `Y Y X YD X Z D D Z D X ZξΦ = − Φ  
 
Subtracting (3.7)b from (3.7)a and using [ ],X YD Y D X X Y− = ,  we have 

( )( ) ( )( ) ( )( ), ,` `X Y X YD Y Z D X Z D D ZξΦ − Φ = ( )( ) [ ]( ), ,`Y XD D Z X Y Zξ− − Φ  

 
Using (1.11) in the above equation, we get 

( )( ) ( )( ) ( )( ) ( )( ) [ ]( )( ),, ,` `X Y X Y Y X X YD Y Z D X Z D D Z D D Z D Zξ ξ ξΦ − Φ = − −   

      ( )( ), , ,G Z K X Y η=  

  ( ), , ,K̀ X Y Zη=  

  ( ), , ,K̀ X Y Z η= −  

  ( )( ), , ,G K X Y Z η= −  

  ( )( ), ,K X Y Zξ= −  
 
Using (3.4) in the above equation, we get (3.5).  
 
We have 
          ( ), 0` Y ηΦ =  

( )( ) ( ), ,` `X XD Y Y Dη η⇒ Φ = − Φ  
 
Using (1.10) in the above equation, we get 

( )( ) ( ), ,` `XD Y Y XηΦ = − Φ  

 
Using (1.7) in the above equation, we get (3.6). 
 
Theorem 3.2: In nM ∗ , we have 

(3.8)
   

( )( ) ( ) ( ) ( ) ( ), , ,`ZD X Y c X G Y Z Y G X Zξ ξΦ = −    

 
Proof: From (1.9), we have 

( ) ( )2, ,` `X Y a X YΦ = Φ  

 
Taking the covariant derivative on both the sides of the above equation with respect to the vector field Z , we have 

( )( ) ( )( ) ( )( ) ( )( )2, , , ,` ` ` `Z Z Z ZD X Y D X Y X D Y a D X YΦ + Φ Φ + Φ Φ = Φ  

 
Using (1.7) in the above equation, we get 

( )( ) ( )( )( ) ( )( )( ) ( )( )2, , , ,` `Z Z Z ZD X Y G Y D X G X D Y a D X YΦ + Φ + Φ = Φ  
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Using (1.1) in the above equation, we get 

( )( ) ( )( ) ( ) ( ) ( ) ( )2, , , , 0` `Z ZD X Y a D X Y c Y G Z X c X G Z Yξ ξΦ + Φ + − =  

 
Using (1.3) in the above equation, we get 

( )( ) ( )( ) ( ) ( ) ( ) ( )2 2 2, , , , 0` `Z ZD X Y a D X Y a c Y G X Z a c X G Y Zξ ξΦ + Φ + − =
 

 
We define 

          ( ) ( )( )2, , ,`ZX Y Z d ef a D X YΡ Φ  

( ) ( )( ) ( ) ( ) ( ) ( )2 2 2, , , , ,`ZQ X Y Z d ef a D X Y a c Y G X Z a c X G Y Zξ ξΦ + −  

 
Then    ( ) ( ), , , , 0X Y Z Q X Y ZΡ + =  
 
Also in consequence of (3.6), we have 
  ( ) ( ) ( ) ( ), , , , , , , , ,X Y Z Q X Y Z Q X Y Z X Y ZΡ = = Ρ  

 
 
All these equations are satisfied by 0QΡ = =  

i.e       ( )( ) ( ) ( ) ( ) ( )2 2 2, , ,`Za D X Y a c Y G X Z a c X G Y Zξ ξΦ = − +  

i.e.                        ( )( ) ( ) ( ) ( ) ( ), , ,`ZD X Y c X G Y Z Y G X Zξ ξΦ = −    

 
This proves the theorem. 
 
Theorem 3.3: In nM ∗ , we have 

(3.9)   ( ) ( ) ( ), , , , , , , , ,` ` `K X Y Z U K X Y Z U K X Y Z U− +
 ( ), , ,K̀ X Y Z U+ ( )( ), , , 0`D K X Y Z Uη+ =

                                 
 
Proof: From (3.5), we have 
(3.10)a    ( )( ) ( ), , , ,` `YD Z U K Z U Y ηΦ =  
 
Taking the covariant derivative on both the sides of the above equation with respect to the vector field X  and using 
(1.10) and (3.5), we have 
          ( )( ) ( )( ) ( ), , , , , , ,` ` `X Y X XD D Z U D K Z U Y K Z U D Yη ηΦ = + ( ), , ,K̀ Z U Y X+  

                                              ( ) ( ), , , , , ,` X XK D Z U Y Z D U Yη η+ + ( ) ( ), , , , , ,X XD Z U Y Z D U Yη η− −  
i.e.                        
 
(3.10)b       ( )( ) ( )( ), , , ,` `X Y XD D Z U D K Z U Y ηΦ = ( ), , ,` XK Z U D Y η+ ( ), , ,K̀ Z U Y X+

 
 
Interchanging X  and Y  in the above equation, we get 
(3.10)c  ( )( ) ( )( ), , , ,` `Y X YD D Z U D K Z U X ηΦ = ( ), , ,` YK Z U D X η+ ( ), , ,K̀ Z U X Y+

 
 
Replacing  Y  by [ ],X Y  in (3.10)a, we have 

(3.10)d   [ ]( )( ) [ ]( ), , , , , ,` `X YD Z U K Z U X Y ηΦ =  

 
Subtracting (3.10)c  and (3.10)d from (3.10)b, we have 

             
( )( ) ( )( ) [ ]( )( ),, , ,` ` `X Y Y X X YD D Z U D D Z U D Z UΦ − Φ − Φ ( ) ( ), , , , , ,` `K X Y Z U K X Y Z U= −
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i.e.   

          ( ) ( ) ( )( ), , , , , , , , ,` ` `XK X Y Z U K X Y Z U D K Z U Y η− = ( ), , ,` XK Z U D Y η+  

( ) ( )( ), , , , , ,` `YK Z U Y X D K Z U X η+ − ( ), , ,` YK Z U D X η− ( ), , ,K̀ Z U X Y−  

                          
[ ]( ), , , ,K̀ Z U X Y η− ( ) ( ) ( )( ), , , , , , , , ,` ` `XK X Y Z U K X Y Z U D K Z U Y η− =  

               ( ), , ,K̀ Z U Y X+ ( )( ) ( ), , , , , ,` `YD K Z U X K Z U X Yη− −  

i.e.   
          ( ) ( ) ( ) ( ), , , , , , , , , , , ,` ` ` `K X Y Z U K X Y Z U K Z U Y X K Z U X Y− − +  

( )( ) ( )( ), , , , , ,` `X YD K Z U Y D K Z U Xη η= −  

( )( ) ( )( ), , , , , ,` `X YD K Y Z U D K X Z Uη η= −  
 
Using Bianchi’s second identity [3] in the above equation, we get (3.9).  
 
Corollary 3.1: In 

nM ∗ , we have 

(3.11)a      ( ) ( )2 , , , , , ,` `a K X Y Z U K X Y Z U+ ( ) ( ), , ,`c U K X Y Zξ η= −
 

( ), , ,K̀ X Y Z U−  ( ) ( )( ), , , , , ,` `K X Y Z U D K X Y Z Uη− −
 

 
(3.11)b ( ) ( ), , , , , ,` `K X Y Z U K X Y Z U− ( ), , ,K̀ X Y Z U+ ( )2 , , ,`a K X Y Z U+  

                                ( ) ( ) ( )( ), , , , , , 0` `c X K Y Z U D K X Y Z Uηξ η− + =  

(3.11)c   ( ) ( ), , , , , ,` `K X Y Z U K X Y Z U− ( )2 , , ,`a K X Y Z U+  

                              ( ) ( ), , ,`c Y K X Z Uξ η− ( ) ( )( ), , , , , , 0` `K X Y Z U D K X Y Z Uη+ + =  

 
Proof: Barring U on both the sides of (3.9) and using (1.1), we get (3.11)a.  
 
Barring X  on both the sides of (3.9) and using (1.1), we get (3.11)b. 
 
Barring Y on both the sides of (3.9) and using (1.1), we get (3.11)c. 
 
Theorem 3.4: In 

nM ∗ , we have 

(3.12)a   ( ) ( ) ( ) ( ) ( )( )2, , , ,Ric Y Z a Ric Y Z c Y Ric Z D Ric Y Zηξ η+ = −  

(3.12)b   ( ) ( ) ( ) ( ) ( )( )2, , , ,Ric Y Z a Ric Y Z c Z Ric Y D Ric Y Zηξ η+ = −  

 
Proof: Equation (3.9) can be written as   

( )( ) ( )( ) ( )( ), , , , , , , , ,G K X Y Z U G K X Y Z U G K X Y Z U− +  

                               ( )( ), , ,G K X Y Z U+ ( )( )( ), , , 0G D K X Y Z Uη+ =  

 
Which is equivalent to  

( ) ( ) ( ), , , , , ,K X Y Z K X Y Z K X Y Z− + ( ), ,K X Y Z+ ( )( ), , 0D K X Y Zη+ =  

 
Contracting the above equation with respect to the vector field X , we get  
(3.13)   

 ( ) ( ) ( )( ), , , 0Ric Y Z Ric Y Z D Ric Y Zη+ + =  

 
Barring Y  in the above equation and using (1.1), we get (3.12)a. 
 
Barring Z  in the above equation and using (1.1), we get (3.12)b. 
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Corollary 3.2: The scalar curvature of 

nM ∗ -manifold is constant along the vector field η .   
 
Proof: Equation (3.13) can be written as  

( ) ( ) ( )( )( ), , , 0G RY Z G RY Z G D R Y Zη+ + =  

Where R  is the Ricci tensor of the type ( )1, 1 . 
 
Using (1.7) in the above equation, we get 

( ) ( ) ( )( )( ), , , 0G RY Z G RY Z G D R Y Zη+ + =  

which is equivalent to 
                 ( )( ) 0RY RY D R Yη+ + =  

 
Contracting the above equation with respect to the vector field X , we get  

( ) 0 0D r rη η= ⇒ =  

 
This proves the theorem. 
 
Theorem 3.5: In 

nM ∗ , we have 

(3.14)a       ( ) ( ) ( ) ( ), , , , , , , ,` ` `K X Y Z U K X Y Z U c G U Y X Z− = Φ  

                       
( ) ( ) ( ) ( ) ( ) ( ), , , , , ,` ` `G Y Z X U G U X Y Z G X Z Y U− Φ − Φ + Φ   

(3.14)b     ( ) ( )2, , , , , ,` `K X Y Z U a K X Y Z U−
 

( ) ( ), ,` `c Y U X Z= Φ Φ ( ) ( ), ,` `Y Z X U− Φ Φ   

               
( ) ( ) ( ) ( )2 , , , ,a G Y Z G X U G X Z G Y U − −   

 
Proof: We have 
(3.15)a    ( ) ( ) ( ), , , , , , , , ,` ` `K X Y Z U K X Y Z U K X Y Z U− + ( ), , ,K̀ X Y Z U+  

                                   ( )( ) ( )( ), , , , , ,` `X YD K Y Z U D K X Z Uη η= −  
 
From (3.5) and (3.8), we have 
(3.15)b        ( ) ( ) ( ) ( ) ( ), , , , ,K̀ X Y Z c X G Y Z Y G Z Xη ξ ξ= −    

 
The above equation can be written as 

      
( ) ( ) ( ) ( ) ( ), , , , ,K̀ Y Z U c Z G U Y U G Y Zη ξ ξ= −    

Taking the covariant derivative of the above equation with respect to the vector field X , we have 

                  
( )( ) ( ), , , , , ,` `XD K Y Z U K Y X Z Uη + ( )( ) ( ) ( )( ) ( ), ,X Xc D Z G U Y D U G Y Zξ ξ= −    

  
Using (1.11) in the above equation, we get 
(3.16)a       ( )( ), , ,`XD K Y Z Uη ( ), , ,K̀ X Y Z U= ( ) ( ) ( ) ( ), , , ,` `c G U Y X Z G Y Z X U+ Φ − Φ    

 

 
Interchanging X  and Y in the above equation, we get 
(3.16)b      ( )( ) ( ), , , , , ,` `YD K X Z U K X Y Z Uη = − ( ) ( ) ( ) ( ), , , ,` `c G U X Y Z G X Z Y U+ Φ − Φ    

 
Subtracting (3.16)b from (3.16)a, we have 
(3.17)   ( )( ) ( )( ), , , , , ,` `X YD K Y Z U D K X Z Uη η− ( ) ( ), , , , , ,K̀ X Y Z U K X Y Z U= +  

        ( ) ( ) ( ) ( ), , , ,` `c G U Y X Z G Y Z X U+ Φ − Φ      

   
( ) ( ) ( ) ( ), , , ,` `G U X Y Z G X Z Y U− Φ + Φ   
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From (3.15)a and (3.17), we get (3.14)a. 
 
Barring U  on both the sides of (3.14)a and using (1.1) and (1.7), we get 

    ( ) ( ) ( ) ( )2, , , , , , , , ,` ` `K X Y Z U a K X Y Z U c U K X Y Zξ η− +  

                        ( ) ( ) ( ) ( ), , , ,` ` ` `c Y U X Z Y Z X U= Φ Φ − Φ Φ    

                                
( ) ( ) ( ) ( )2 2, , , ,a G X U G Y Z a G X Z G Y U − +   

 
Using (3.15)b in the above equation, we get (3.14)b.  
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