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On Left F-derivations of d-algebras
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ABSTRACT
Motivated by some results on derivations in rings and derivations of BCI algebras recently we introduce the notion of
derivations on d-algebras and f-derivations on d-algebras. In this paper we introduce the notion of left F-derivations
of d-algebras and investigate some simple and interesting results.
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1. INTRODUCTION

Y. Imai and K. Iseki introduced two classes of abstract algebras BCK-algebras and BCl-algebras ( [1] [2] [3] ). It is
known that the class of BCK-algebras is a proper sub class of the class of BCl-algebras. In ([4] [5]) Q.P.Hu and X. Li
introduced a wide class of abstract algebras. BCH-algebras and have shown that the class of BCl-algebras is a proper
subclass of the class of BCH-algebras. J. Neggers and H. S. Kim [6] introduced the notion of d-algebra, which is
another generalization of BCK-algebras.

In 2004 Y. B. Jun and X. L. Xin [7] introduced the notion of derivations of BCl-algebras which was motivated from a
lot of work done on derivations of rings and near rings. Motivated by the work of Lie and X in recently, we have [8]
introduced the notion of derivations and f-derivations [9] on a d-algebras. In this paper we introduce the notion of left
F-derivations on d-algebras and study some simple but elegant results.

2. PRELIMINARIES

Definition 2.1 [6] A d-algebra is a non empty set X with a constant 0 and a binary operation * satisfying the following
axioms:

1. x*x=0

2. 0*x=0

3. x*y=0andy*x=0implies x=Yy.

Definition 2.2 [6] Let S be a non-empty subset of a d-algebra X, then S is called sub algebra of X if x *y € S for all x,
y €S.

Definition 2.3 Let X be a d-algebra and | be a subset of X, then | is called d- ideal of X if it satisfies the following
conditions:

1. O€el

2. x*yeland yel implies x € .

3. x€el and ye Ximplies x*y € l.

Definition 2.4 [6] Let (X,*, 0) be a d-algebra and x € X.

Define x * X = {x *a|a € X}. X is said to be an edge d-algebra if for any x € X, x * X = {x, 0}.

Properties: In any d-algebra X the following properties hold for all x, y, z € X.

1. (x*y)*z=(x*2)*y.
2. 0*(x*y)=(0*x)*(0*y).

3. (x*(x*y)*y=0
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X*(x*y)=y.

X*(y*z)=(x*y) >z
(x*y)*(x*2z))<(z*y).
(x*z)*(y*2z))*(x*y)=0.
X*0=0=>x=0.

. X*a=x*b=a=h

10, a*xx = b xx = a= b.

11. Ifx <y=>x*z<y*zandz*y<z*x

©oN O A

Definition 2.6 For any X € X, the set A(Xo) = {X € X | Xo < x} is known as the branch of X determined by x,. Each
branch A(Xo) =0 atXp* X =0= X EA(X()).

Clearly we observe that A(Xo) contains all those elements of X that succeed X,.
Properties. Let X be a d-algebra. The following properties hold.

If x <y, then x and y are contained in the same branch of X.
If x € A(Xo), Y € A(Yo) then X * y € A(Xo * Yo)-

Let Xo, Yo € Xandy € A(Yo) then Xo *y = Xo * Y.

Let Xo, Yo € X and X € A(Xp) then X * yp = X * Vo.

If A(Xo) € X, thenx, y € A(Xg) = X*y,y*Xx € X.

agrwbdE

Definition 2.6 Let X be a d-algebra. Amap 6 : X - X is a left-right derivations (briefly (I,r)-derivation) of X if it
satisfies the identity 6(x * y) = (0(x) * y A x * 0(y) ) for all X, y € X.

If 0 satisfies the identity 0(x*y) = (x * 0(y) A 0(x) * y) for all x, y € X, then 0 is a right-left derivation (briefly (r,1)-
derivation ) of X. Moreover if 0 is both a (l,r)-derivation and (r,I)-derivation, then 6 is a derivation of X.

Definition 2.7 A mapping f of a d-algebra X into itself is called an endomorphism if f(x*y) = f(x) * f(y). Note that
f (0) =0.

3. LEFT F-DERIVATIONS
In this section we introduce the notion of left F-derivation of a d-algebra and give some examples to explain the theory
of left F-derivation in d-algebras and prove some simple but elegant properties.

Definition 3.1 Let X be a d-algebra. By a left F-derivation of X, we mean a self map 0 of X satisfying the identity 0¢
(x*y) = (B:(X) * F(Y)) A Be(y) * F(x)) for all x, y € X, where F is an endomorphism of X.

Definition 3.2 A left F-derivation 0 of a d-algebra X is said to be regular if 6:(0) = 0. Otherwise it is called an irregular
left F-derivation.

Example 3.3 Let X = {0, 1, 2, 3} be a d-algebra with the following Cayley table

* 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 0
3 3 3 3 0

Define a self map 6 : X — X as follows 0:(x) = 3if x=0, 1, 2, 3.
Define an endomorphism F: X — X as follows F(x)=0ifx =0, 1, 2and F(x) = 2 if x = 3.
Then it is easily checked that B¢ is a left F-derivation of X.

Theorem 3.4 Let 0 be a regular left F-derivation of a d-algebra X. If F(x) and 0¢ (X) belong to the same branch of X,
then Bg(x) = F(x).

© 2012, IMA. All Rights Reserved 3962



N. KANDARAJ* & M. CHANDRAMOULEESWARAN**/ On Left F-derivations of d-algebras/IJMA- 3(11), Nov.-2012.
Proof: Since F(x) and 0¢(x) belong to the same branch of X,
F(X) < 6r(x) 1)
Since O¢ is a regular left derivation of X, 6(0) = 0.

Now 0g(0) = O:(X*X)

= (Be(X) * F(X)) A (B:(X) * F(X)) (using left F-derivation)
= (0:(x) * F(x) ) * ((0e(x) * F(x)) * (0e(x) * F(x))) (usingx Ay=y>*(y* X))
= 0r(x) * F(x) (using x * (x *y) =y)

Since 0:(0) = 0, 6(x) * F(x) = 0.
Hence 0g(x) < F(x) (2)
From (1) and (2), it follows 0¢(x) = F(x).

Theorem 3.5 Let 0 be a self map and A(Xo) be any branch of a d-algebra X. If for any x € A(Xo), 0:(X) = F(Xo), then 6¢
is a left F-derivation.

Proof: Let 0 be a self map and A(xo) be any branch of a d-algebra X determined by Xo.
According to given condition for any X € A(Xo), 0e(X) = F(Xo) (1)
Now for x, y € X following two cases arise.
Case 1: Both x and y belongs to the same branch of X.
Case 2: x and y belongs to different branches of X.
Case 1: Let X,y € A(Xp), SO Xp<x and xg <.
Then x *y € A(Xo * Xo) = A(0). (By result)
So using (1), Oe(x *y) = F(0) =0 2
AlsoXo <y =X *y=0and xg <X =X, *x=0 3)
Further, as F is an endomorphism,
0=F(@0) =F(xo *y) = F(Xo) *F(y) and 0 = F(0) = F(Xo * X) = F(xo) * F(X)
Now
(0r(x) * F(y)) A (O(y) * F(x) ) = (F(xo) * F(y)) A (F(Xo) * F(x)) (using (1)).
=0A0=0*(0*0)=0*0=0.
That is, (0:(x) * F(y)) A (Be(y) * F(x)) = 0 = 6(x*y) (using (2))
which implies 6 is a left F-derivation.
Case 2: Let x € A(Xg) and y € A(Yo).$
Then x*y € A(Xo * Vo) (BY result)
So using (1) (X *y) = F(Xo * Yo) 4)

Now

(0:(x) * F(y)) A (Be(y) * F(x)) = (F(xo) *F(¥)) A (F(¥0) * F(X))
= (F(yo) * F(x)) * ((F(yo) *F(x)) * (F(x0) * F(¥)))
= F(xo) *F(y)
= F(Xo *y) (Since F is an endomorphism)
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= F(Xo *Yo) (By result)
=0r(x ™) (using (4))

which implies 6 is a left F-derivation.
This completes the proof.

Lemma 3.6 Let 6 be a self map of a d-algebra X. If 6 is a left F-derivation of X. Then the following hold.

L Be(x) * F(x) = Be(y) * F(y).
2. GF(X) = 6,:(X) A 6,:(0)

Proof:
1. Letx, y € X. Then
0:(0) = Or(X*X)
= (Br(x) *F(x)) A (6:(x) * F(x))
= (Br(x) * F(x)) * ((Br(x) * F(x)) * (B(x) * F(x)))
= 0e(x) * F(x) 1)

Similarly 6¢(0) = 0e(y * y) = 6(y) * F(y) )
From (1) and (2), it follows that 0¢(x) * F(x) = 0e(y) *F(y).
2. Letx € X. Then
Or(x) = O:(x*0)
= (0:(x) * F(0)) A (6:(0) * F(x))
= (0:(x) * 0) A (6¢(0) *F(x))
= 6r(X) A (68:(0) *F(x))
= (0:(0) * F(x)) * ((0(0) * F(x)) * 0¢(x))
= (0:(0) * F(x)) * ((0r(0) * Be(x)) * F(x)) ((x*y) * 2= (x*2) *y)
< 0r(0) * (0:(0) * O(x)) (Ocxy) * (z*y) =x*z)
= 0r(X) O 0y) =)
Thus eF(X) < eF(O) * (9|=(0) * GF(X)) < GF(X).
Therefore 0g(X) = 0(0) * (B(0) * 6¢(X)), which implies that 6(x) = 6e(X) A 6£(0).

Theorem 3.7 A self map 0 of a d-algebra X, defined as 0¢(X) = F(x) for all x € X is a left F-derivation of X, where F is
an endomorphism of X.

Proof: Let 6 be a self map of a d-algebra X, where F is an endomorphism of X defined as follows

B:(x) = F(x) for all x € X )
Asforx,ye X, x*ye X.

Therefore Oe(X*y) = F(x*y) = F(X) * F(y) 2

Now (8:(x) * F(y)) A (6e(y) * F(x)) = (F(x) * F()) A (F(y) * F(x)) (using (1))
(F(y) * F() * ((F(y) * F(x)) * (F() * F(¥)))

= F(x) * F(y) o _
=F(x*y) (Since F is an endomorphism)
=0e(x*y) (using (2))

Thus (6e(x) * F(Y)) A (B:(y) * F(X)) = 6e(x *y).
which implies that ¢ is a left F-derivation.
Theorem 3.8. Let 0 be a left F-derivation of a d-algebra X where F is an endomorphism of X. Then

1. x <y implies 0:(x) and 6¢(y) belongs to the same branch of X.
2. y<ximplies 0(y) and 6¢(X) belongs to the same branch of X.
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Proof:
1. Let 6 be a left F-derivation of a d-algebra X, where F is an endomorphism of X.

Since X is a d-algebra, x <y implies x *y = 0.
when 0 is a left F-derivation

Now Og(x) = Oe(y * (y * X)) y* (y*x) =x)

= (0=(y) * F(y * x)) A (Be(y * X) * F(y))

= (Be(y * x) * F(y)) * ((6:(y * ) * F(y)) * (8:(y) * F(y*x)))

= 0r(y) * F(y * ).
which implies 6g(x) = 0g(y) * (F(y) * F(x)) (Since F is an endomorphism) 1)
Since x <y implies x *y = 0.
Therefore 0 = F(0) = F(x * y) = F(x) * F(y).
That is F(x) * F(y) = 0 implies F(x) < F(y).
As F(x) * F(y) = 0, So F(y) * F(x) #0,
Otherwise because of property of $d-$algebra F(x) * F(y) = 0 = F(y) * F(x).
= F(x) = F(y) , a contradiction.
(1) = 0:(x) = 0e(y) * (F(y) * F(x)).
0r(x) * 0e(y) = (0e(y) * (F(y) * F(x))) * O&(y)

= (0r(y) * 0:(y)) * (F(y) * F(x))
= 0" (F(y) * F(x))
Which implie_s gp(x) < Or(Y).
By property, it follows that 0:(x) and 0¢(y) belong to the same branch of X.
2. Interchanging the role of x and y in (1), we have y < x implies 8g(y) < 0¢(x).
This implies 0¢(y) and 8¢(x) belong to the same branch of X.
Definition 3.9 Let X be a d-algebra and 6, 0'r be two self maps of X. We define 0 o 0" : X— X as
B o 0'5(X) = O:(0'(x)) for all x € X.
Notation: Der(X) denotes the set of all F-derivations (both right F-derivation and left F-derivation) on X.
Definition 3.10. Let 0g, 0'= € Der(X). Define the binary operation A as
(B A 0'%) (x) = Or(X) A 0'-(X).

Lemma 3.11. Let X be d-algebra. 0 and 0'r are left F-derivation of X. Then 6 A 0'¢ is also a left F-derivation of X.

Proof: Let X be a d-algebra, 6 and 0'r are left F-derivation of X. Then

OrAOR)(x*y) =0 (X*Y) A O'R(X*Y)
= [ O=(x) * F(¥)) A (O=(Y)* FOO)] A [(0'=(X) * F(y)) A (0'-(Y) * F(X)) ]
= (0:(x) * F(Y)) A (0':(X) * F(Y))

Or(x) * F(y)

(0'r(x) * (0'(x) * 0'=(x))) * F(y)

= (Br(X) A 0':(x)) * F(y)

= (0 A O'R)(X) * F(y)

=((0e A O )(Y) * F(x)) * (((6: A 0'R)(Y) * F(x) * (O A 0'r)(X) * F(Y)))

= ((0r AOR)(X) * F(Y)) A (0 A O')(Y) * F(X))

© 2012, IMA. All Rights Reserved 3965



N. KANDARAJ* & M. CHANDRAMOULEESWARAN**/ On Left F-derivations of d-algebras/IJMA- 3(11), Nov.-2012.
This shows that (6 A 0') is a left F-derivation of X.
This completes the proof.
Theorem 3.12 Let X be a d-algebra and 0, 0'r, 0" are left F-derivations of X. Then
(O AO'R)AB"E =0 A (0 AB").
Proof: Let 0, 0= and 0"¢ € Der(X).
Then by definition

(B AOR) AO"R)(X*Y) = (OB AOR)(X*Y) AB"(X*Y)
=0"r(x *y) * (0"k(X *Y) * (O A O'F)(X *Y))
=(OrAOR)(X*Y)
= Or(x*y) A ' (X*Y)
= [(6:(x) * F(¥)) A (B(y) * F(X))] A
[(0':(X) * F(¥)) A (B (¥)) A (0'(y) * F(X))]
= (8:() * F(y)) A (8'(x) *F(y))
= Be(x) * F(y) 1)

Also consider the following
O AOFAB"EX*yY) =0(X*Y) A (0 AB"R)(X*Y)
=0r(x*y) A (0 (X *y) A 0"r(x * Y))
=0r(X *y) A O'r(X *Y)
= [6:(x) * F(y)) A (Be(y) * FODI A [(0'(x) * F(y)) A (B'=(y) * F(X)))]
= (0:(x) * F(y)) A (0%(x) * F(y))
= 0r(x) * F(y) )
From (1) and (2) it follows that
(B ABR) AB"R)(X*Y) = (B A (B A B"F))(X*Y).
Put y= 0, we have ((6,: AO'E ) A 6"|:)(X) = (6,: A (6’,: A 6",:))(X).
which implies that (0 A 8'g) A 8" = 0 A (0'r A 0"F).
Thus Der(X) form a semi group.
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