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ABSTRACT 
In the present paper, we prove a coupled fixed point theorem under φ -contractive conditions in the setting of a Q-fuzzy 
metric space in the sense of G. Sun and K. Yang. 
 
 
INTRODUCTION 
 
The concept of fuzzy sets was introduced by Zadeh [15]. It was developed extensively by many authors and used in 
various fields. To use this concept in topology and analysis, several researchers have defined fuzzy metric spaces in 
various ways. Mustafa and Sims [7] introduced a new notion of generalized metric space called a G-metric space. 
Mustafa, Sims and others studied fixed point theorems for mappings satisfying different contractive conditions (see [7-
13]). V. Lakshmikantham et al. in [1, 6] introduced the concept of a coupled coincidence point of a mapping F from X × 
X into X and a mapping g from X into X, and studied fixed point theorems in partially ordered metric spaces. Recently, 
Hu[5] proved a common fixed point theorem for mappings under φ -contractive conditions in fuzzy metric spaces. Sun 
and Yang[14] introduced the concept of Q-fuzzy metric space and obtained some properties related to this space. Using 
approach of  Q-fuzzy metric space , we prove a coupled fixed point theorem under φ -contractive conditions. 
 
We first give some definitions and results that will be needed in the sequel. 
 
In 2003, Mustafa and Sims [7] introduced the new approach of generalized metric spaces named as G-metric spaces as 
follows: 
 
Definition 1.1[7]: Let X be a nonempty set. Let G: X × X × X  R be a function satisfying the following axioms: 
(G1) G(x, y, z) = 0 if x = y = z, 
(G2) 0 < G(x, x, y) for all x, y  X with x ≠  y, 
(G3) G(x, x, y) ≤  G(x, y, z), for all x, y, z ∈  X, with z ≠ y, 
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · (symmetry in all three variables), 
(G5) G(x, y, z) ≤  G(x, a, a) + G(a, y, z), for all x, y, z, a ∈  X, (rectangle inequality). 
 
Then the function G is called a generalized metric or more specifically a G-metric on X and the pair (X, G) is called a 
G-metric space. 
 
Let (X, G) be a G-metric space. Then a sequence {xn} is  
• G-convergent to x if 0),,(lim

,
=

∞→ mnmn
xxxG ; that is, for any ε  > 0, there exists N  N(natural number) such that 

G(x, xn, xm) < ε , for all n, m ≥  N(natural number). We call x the limit of the sequence and write  
xn →x or lim xn = x. 

• said to be G-Cauchy if for eachε  > 0, there is N ∈N(natural number) such that G(xn, xm, xl) < ε , for all n, m, l ≥  
N that is if  
G(xn, xm, xl) →  0 as  n, m, l → ∞ . 

• said to be G-complete(or a complete G-metric space) if every G-Cauchy sequence in (X,G) is G-convergent in 
(X,G). 
 

A G-metric space (X, G) is called a symmetric G-metric space if G(x, y, y) = G(y, x, x) for all x, y ∈X. 
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Proposition 1.2.[7]. Let (X, G) be a G-metric space. Then the following are equivalent: 
(1) {xn} is G-convergent to x, 
(2) G(xn, xn, x) →  0 as n → ∞ , 
(3) G(xn, x, x) →  0 as n → ∞ , 
(4) G(xm, xn, x) →  0 as m, n → ∞ . 
 
Proposition 1.3[7]. In a G-metric space (X, G) the following are equivalent: 
(1) The sequence {xn} is G-Cauchy. 
(2) For every ε  > 0, there exists N ∈N (natural number) such that G(xn, xm, xm) < ε , for all n, m≥  N. 
 
Proposition 1.4[7]. Let (X, G) be a G-metric space. Then the function G(x, y, z) is jointly continuous in all three of its 
variables. 
 
Proposition 1.5[7]. Let (X, G) be a G-metric space. Then, for any x, y, z, a ∈  X it follows that: 
(1)       If G(x, y, z) = 0, then x = y = z, 
(2)       G(x, y, z) ≤G(x, x, y) + G(x, x, z), 
(3)       G(x, y, y) ≤  2G(y, x, x), 
(4)       G(x, y, z) ≤  G(x, a, z) + G (a, y, z), 

(5)       G(x, y, z) ≤
3
2

 (G(x, y, a) + G(x, a, z) + G (a, y, z)),  

(6)       G(x, y, z) ≤  (G(x, a, a) + G(y, a, a) + G (z, a, a)). 
 
Definition1.6 [4]. Let sup 1),(sup 10 =∆<< ttt 0<t<1. A t-norm Δ is said to be of H-type if the family of 

functions ( ){ } 1=
∞

∆ m
m t  is equicontinuous at t = 1,  

 
where ttt ∆=∆ )(1 , ))(()(1 ttt mm ∆∆=∆ + , m = 1, 2, ...,  t ∈ [0, 1]                                           (1.1) 
 

The t-norm min=∆M is an example of t-norm of H-type, but there are some other t-norms Δ of H-type. 
 
Obviously, Δ is a H-type t norm if and only if for any λ∈(0, 1), there exists δ(λ) ∈ (0, 1) such that λ−>∆ 1)(tm  
for all m ∈ N when t > 1 − δ. 
 
Recently, Sun and Yang [16] introduced the concept of Q-fuzzy metric spaces and proved two common fixed-point 
theorems for four mappings. 
 
Definition 1.7[14]: A 3-tuple (X, Q,*) is called a Q-fuzzy metric space if X is an arbitrary (non-empty) set, * is a 
continuous t-norm, and Q is a fuzzy set on X3 × (0,∞ ), satisfying the following conditions for each x, y, z, a ∈X and t, 
s>0: 
(i) Q(x, x, y, t)>0 and Q(x, x, y, t)≥  Q(x, y, z, t) for all x, y, z ∈X with z ≠  y 
(ii) Q(x, y, z, t) = 1 if and only if x = y = z 
(iii) Q(x, y, z, t) = Q(p(x, y, z),t), (symmetry) where p is a permutation function, 
(iv) Q(x, a, a, t)* Q(a, y, z, s)≤   Q(x, y, z, t+ s), 
(v) Q(x, y, z,.): (0, ∞ )→ [0,1] is continuous 
 
A Q-fuzzy metric space is said to be symmetric if Q(x, y, y, t) = Q(x, x, y, t) for all x, y ∈  X. 
 
Example 1.8[14]: Let X is a nonempty set and G is the G-metric on X. Denote a*b = a.b for all a,b∈[0.1]. For each 
t>0: 

Q(x, y, z, t) =
),,( zyxGt

t
+

 

 
Then (X,Q,*) is a Q-fuzzy metric space. 
 
Let (X,Q,*) be a Q-fuzzy metric space.For t>0, the open ball BQ(x, r, t) with center x∈X and radius 0<r<1 is defined 
by: BQ(x, r, t) = {y∈X:Q(x, y, y, t)>1-r} 
 
A subset A of X is called open set if for each x∈A there exist t>0 and 0<r<1 such that BQ(x,r,t)⊆A. 
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A sequence {xn} in X converges to x if and only if Q (xm, xn, x, t) →1 as n→ ∞ , for each t>0. It is called a Cauchy 
sequence if for each 0<ε <1 and t>0,there exist n0 ∈N such that Q(xm, xn ,xl)>1-ε  for each l, n, m≥ n0.The Q-fuzzy 
metric space is called to be complete if every Cauchy sequence is convergent. Following similar argument in G-metric 
space, the sequence {xn) in X also converges to x if and only if Q(xn, xn, x, t) →1 as n→ ∞ ,for each t>0 and it is a 
Cauchy sequence if for each 0<ε <1 and t>0, there exist n0 ∈N such that Q(xm, xn, xn)>1- ε  for each n, m≥ n0. 
 
Lemma 1.9[14]: If (X,Q,*) be a Q-fuzzy metric space, then Q(x, y, z, t) is non-decreasing with respect to t for all 
 x, y, z ∈ X. 
 
Lemma 1.10 (see [14]). Let (X, Q, ∗) be a Q-fuzzy metric space. Then, Q is a continuous function on X3 × (0, ∞). 
 
Definition 1.11[14]: Let (X,Q,*) be a Q-fuzzy metric space. The following conditions are satisfied: 

∞→n
lim

Q(xn, yn, zn, tn) = Q(x, y, z, t) whenever, 
∞→n

lim
 xn = x, 

∞→n
lim

yn = y, 
∞→n

lim
zn = z 

and 
∞→n

lim
Q(x, y, z, tn) = Q(x, y, z, t); then Q is called continuous function on X3 × (0,∞ ). 

 
Definition 1.12: Let (X, Q, ∗) be a Q-fuzzy metric space. Q is said to satisfy the n-property on X3 × (0, ∞) if 

( )[ ] 1,,,
lim

=
∞→

pnntkzyxQ
n

 

 
whenever x, y, z ∈ X, k > 1 and p > 0. 
 
Lemma 1.13: Let (X, Q, ∗) be a Q-fuzzy metric space  and Q satisfies the n-property; then 

+∞→t
lim

1),,,( =tzyxQ , ∀x, y ∈ X.  

 
Proof. If not, since Q(x, y, z, t) is non-decreasing  and 0 ≤ Q(x, y, z, .) ≤ 1, there exists x0, y0 ∈ X such 

that 1),,,(
lim

000 λ=
+∞→

tzyxQ
t

 , then for k > 1,kn t → +∞ when n → ∞as t > 0 and  

we get ( )[ ] ,0,,,
lim

=
∞→

pnntkzyxQ
n

 which is a contraction. 

 
Define Φ = {φ : +R  → +R }, where +R = (0,+∞) and each φ ∈ Φ satisfies the following conditions: 
(φ-1) φ is nondecreasing; 
(φ-2) φ is upper semicontinuous from the right; 

(φ-3) ∑∞

=
+∞<

0
)(

n
n tφ  for all t > 0, where Nntt nn ∈=+ )),(()(1 φφφ . 

 
It is easy to prove that, if φ ∈ Φ, then φ(t) < t for all t > 0. 
 
Lemma 1.14: Let (X, Q, ∗) be a Q-fuzzy metric space , where ∗ is a continuous t-norm of H-type. If there exists φ ∈ Φ 
such that if 

),,,())(,,,( tzyxQtzyxQ ≥φ  for all t > 0, then x = y = z. 
 
Proof: By definition 1.7 and lemma [2], we have the result.  
 
Definition 1.15[6]. Let X be a nonempty set. An element (x, y)∈ XX ×  is called a coupled fixed point of the 
mapping XXXF →×:  if x =F(x,y) and y = F(y,x). 
 
Definition 1.16 (see [6]). Let X be a nonem pty set. An element (x, y) ∈ X × X is called 
(i) a coupled coincidence point of  XXXF →×:  and XXg →:  if gx =F(x, y) and gy = F(y, x). 
(ii) a common coupled fixed point of XXXF →×: and XXg →:  if x = gx = F(x, y) and y=gy=F(y, x). 
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Definition 1.17: Let XXXF →×:  and XXg →:  be mappings from a Q-fuzzy metric space (X, Q, ∗) into itself. 
Then the mappings are said to be compatible if 

( ) 1))),(),((),),((),,((
lim

=
∞→

tygxgFygxgFyxgFQ
n nnnnnn  

 

( ) 1))),(),((),),((),,((
lim

=
∞→

txgygFxgygFxygFQ
n nnnnnn ∀t > 0 whenever { }nx and { }ny  are 

sequences in X such that 
 

xxg
n

yxF
n nnn =

∞→
=

∞→
)(

lim
),(

lim
,  yyg

n
xyF

n nnn =
∞→

=
∞→

)(
lim

),(
lim

 

For all  x, y ∈ X. 
 
Definition 1.18: Let  XXXF →×:  and XXg →:   be mappings from a Q-fuzzy metric space (X, Q, ∗) into 
itself. Then the mappings are said to be semicompatible if 

( ) 1)),(),(),),(((
lim

=
∞→

txgxgygxgFQ
n nn , 

( ) 1)),(),(),),(((
lim

=
∞→

tygygxgygFQ
n nn , ∀t > 0,  

 
whenever { }nx and { }ny  are sequences in X such that 
 

xxg
n

yxF
n nnn =

∞→
=

∞→
)(

lim
),(

lim
, yyg

n
xyF

n nnn =
∞→

=
∞→

)(
lim

),(
lim

, for all  x, y ∈ X. 

 
It follows that if (F, g) is semicompatible and F(y, x) =gy, F(x, y) =gx,  then F(gy, gx) = g(F(y, x)) and  F(gx, gy) = 
g(F(x, y)).  
 
2. MAIN RESULTS 
 
For convenience, we denote 

( ) ( ) ( ) ( ), , , , , , , , , . . . . , , , ,
n

n

Q x y z t Q x y z t Q x y z t Q x y z t= ∗ ∗ ∗  


 for all n ∈ N.                                 (2.1) 

 
Theorem 1. Let (X, Q, ∗) be a Q-fuzzy metric space, where ∗ is a continuous t-norm of H-type satisfying (1.1). 
 
Let F : X × X → X and g : X → X be two mappings and there exists φ ∈ Φ such that 
 

( ) ( ) ( ) ( )( ) ( ) ( )tgvgvgyQtgugugxQtvuFvuFyxFQ ,,,,,,,,,,,, ∗≥φ  for all x, y, u, v ∈ X, t > 0.                (2.2) 
 
Suppose that )( XXF ×  ⊆ g(X) , and g(X)  is complete subspace of X, F and g are semi-compatible. Then there exist 
x, y ∈ X such that x = g(x)= F(x, x), that is, F and g have a unique common fixed point in X. 
 
Proof. Let  x0, y0 ∈Xand denote ( ) 11 ),(,, ++ ==== nnnnnnnn gyxyFpgxyxFz ,  n = 0, 1, 2,                      (2.3) 
 
The proof is divided into 4 steps. 
 
Step 1. Prove that {zn} and {pn} are Cauchy sequences. 
 
Since ∗ is a t-norm of H-type, for any λ > 0, there exists a μ > 0 such that 
( ) ( ) ( ) λµµµ −≥−∗∗−∗− 11....11

  

k

 for all k ∈N.                               (2.4) 
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Since Q(x, y,z, ·) is continuous and 1),,,(
lim

=
∞→

tzyxQ
t

 for all x, y,z ∈ X, there exists t0 > 0 such that 

Q(z0,z1,z1,  t0) ≥ 1 − μ, Q(p0,p1,p1, t0) ≥ 1 − μ.                                               (2.5) 
 

On the other hand, since φ ∈ Φ, by condition (φ-3) we have ∑∞

=
+∞<

0
)(

n
n tφ . Then for any t > 0, there exists n0 ∈ N 

such that t >∑∞

= 0
)( 0nk

k tφ                                                                            (2.6) 

 
From condition (2.2), we have 
 
Q(z1, z2, z2, )( 0tφ ) = Q(F(x1,y1), F(x2, y2), F(x2, y2), )( 0tφ ) 

     ( ) ( )02210221 ,,,,,, tgygygyQtgxgxgxQ ∗≥  

     ( ) ( )01100110 ,,,,,, tpppQtzzzQ ∗≥                                              (2.7) 
 
Also Q(p1,p2,p2, )( 0tφ ) = Q(F(y1,x1), F(y2,x2), F(y2, x2), )( 0tφ ) 

           ( ) ( )02210221 ,,,,,, tgxgxgxQtgygygyQ ∗≥  

           ( ) ( )01100110 ,,,,,, tzzzQtpppQ ∗≥  
 
Similarly, we can also get 
 
Q(z2, z3, z3, )( 0

2 tφ ) = Q(F(x2,y2), F(x3, y3), F(x3, y3), )( 0
2 tφ ) 

       ( ) ( ))(,,,)(,,, 03320332 tgygygyQtgxgxgxQ φφ ∗≥  

       ( ) ( ))(,,,)(,,, 02210221 tpppQtzzzQ φφ ∗≥  

       ( ) ( ) 2
0110

2
0110 ],,,[],,,[ tpppQtzzzQ ∗≥ ,                              (2.8) 

Also  
Q(p1,p2,p2, )( 0tφ ) = Q(F(y1,x1), F(y2,x2), F(y2, x2), )( 0tφ ) 

                              ( )( )03320332 (,,,)(,,, tgxgxgxQtgygygyQ φφ ∗≥  

   ( ) ( ))(,,,)(,,, 02210221 tzzzQtpppQ φφ ∗≥  

   ( ) ( ) 2
0110

2
0110 ],,,[],,,[ tzzzQtpppQ ∗≥  

 
Continuing in same way we can get 

Q(zn, zn+1, zn+1, )( 0t
nφ ) ( ) ( ) 11 2

0110
2

0110 ],,,[],,,[
−−

∗≥
nn

tpppQtzzzQ ,                                           (2.9) 

Q(pn, pn+1,pn+1, )( 0t
nφ ) ( ) ( ) 11 2

0110
2

0110 ],,,[],,,[
−−

∗≥
nn

tzzzQtpppQ  
 
So, from (2.5) and (2.6), for m > n ≥ n0 , we have 

Q(zn, zm, zm, t)≥  Q(zn, zm, zm, ∑
∞

= 0

)( 0
nk

k tφ ) 

                       ≥  Q(zn, zm, zm, ∑
−

=

1

0 )(
m

nk

k tφ ) 

                       ≥  Q(zn, zn+1, zn+1, )( 0t
nφ )∗  Q(zn, zn+2, zn+2, )( 0

1 tn+φ )∗ ...∗  Q(zm-1, zm, zm, )( 0
1 tm−φ ) 

                       ( ) ( ) 11 2
0110

2
0110 ],,,[],,,[

−−

∗≥
nn

tpppQtzzzQ ∗ ( ) ( )2 2
0 1 1 0 0 1 1 0[ , , , ] [ , , , ]

n n

Q z z z t Q p p p t∗ ∗ ... 

∗ ( ) ( ) 22 2
0110

2
0110 ],,,[],,,[

−−

∗
mm

tpppQtzzzQ  

                       = ( ) ( ) )3)(()3)(( 2
0110

2
0110 ],,,[],,,[

−+−−+−

∗
nmnmnmnm

tpppQtzzzQ  

( ) ( ) ( ) λµµµ −≥−∗∗−∗−≥
−+−

11....11
)3)((22

  

nmnm

                            (2.10) 
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which implies that 
 
Q(zn, zm, zm, t) > 1 − λ,                                                (2.11) 
 
for all m, n ∈ N with m > n ≥ n0 and t > 0. So {zn} is a Cauchy sequence. 
 
Similarly, we can get that {pn} is also a Cauchy sequence. 
 
Step 2. Prove that g and F have a coupled coincidence point. 
 
Since g(X) is G-complete, {zn} and {pn} converge to some βα and in g(X), respectively. Hence, there exist x, y ∈ X 
such that  
 

:, gygx == βα Q(zn, F(x, y),F(x, y), )(tφ ) = Q(F(xn, yn), F(x, y),F(x, y), )(tφ ) 

                                                    ( ) ( )tgygygyQtgxgxgxQ nn ,,,,,, ∗≥  

                                                   ( ) ( )tgygypQtgxgxzQ nn ,,,,,, 11 −− ∗≥            (2.12) 
Letting n ∞→ , we get 
 
Q(gx, F(x, y),F(x, y), )(tφ ) 111 =∗≥  
 
Hence F(x, y) = gx. Similarly, it can be shown that F(y, x) = gy.  
 
Since (F, g) is semicompatible and F(y, x) =gy, F(x, y) =gx, then F(gy, gx) = g(F(y, x)) and  F(gx, gy) = g(F(x, y)).  
 
This implies gα = ggx =  g(F(x, y)) = F(gx,gy) = ( )βα ,F , 
 
g β = ggy = g(F(y,x)) = F(gy, gx) = ( )αβ ,F  
 
Q(zn, gα , gα , )( 0tφ ) = Q(F(xn,yn), ggx, ggx, )( 0tφ ) 

           ( ) ( )( ) ( )( ) ( )),,,,,,( 0tyxFgyxFgyxFQ nn φ≥  

           ( ) ( ) ( ) ( )),,,,,,( 0tgygxFgygxFyxFQ nn φ≥  

           ( ) ( )00 ,,,,,, tggyggygyQtggxggxgxQ nn ∗≥  

           ( ) ( )0101 ,,,,,, tggpQtggzQ nn ββαα −− ∗≥  
 
Letting n ∞→ , we get 
 
Q(α , gα , gα , )( 0tφ ) ( ) ( )00 ,,,,,, tggQtggQ βββααα ∗≥                             (2.13) 
 
Similarly, we can show that 
 
Q( β , gβ , gβ , )( 0tφ ) ( ) ( )00 ,,,,,, tggQtggQ βββααα ∗≥                             (2.14) 
 
From (2.13) and (2.14), we have 
 
Q(α , gα , gα , )( 0tφ )∗  Q(β , gβ , gβ , )( 0tφ ) ( ) ( ) 2

0
2

0 ],,,[],,,[ tggQtggQ βββααα ∗≥                         
           (2.15) 
By this way, we can get for all n ∈ N 
 
Q(α , gα , gα , )( 0t

nφ )∗  Q(β , gβ , gβ , )( 0t
nφ )≥  [Q(α , gα , gα , )( 0

1 tn−φ )]2 

                                                                                                       ∗  [Q(β , gβ , gβ , )( 0
1 tn−φ )]2 

 

                                                   ( ) ( ) nn

tggQtggQ 2
0

2
0 ],,,[],,,[ βββααα ∗≥            (2.16) 
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Then, we have 

Q(α , gα , gα , t )∗  Q(β , gβ , gβ , t ) ( ) ( )







∗







≥ ∑∑

∞

=

∞

= 00

00 ,,,,,,
nk

k

nk

k tggQtggQ φβββφααα  

              ≥  Q(α , gα , gα , )( 0
0 tnφ )∗  Q( β , gβ , gβ , )( 0

0 tnφ )                  (2.17)

              ( ) ( ) 00 2
0

2
0 ],,,[],,,[

nn

tggQtggQ βββααα ∗≥  

              ( ) ( ) ( ) λµµµ −≥−∗∗−∗−≥ 11....11
022

  

n

 

So for any λ > 0 we have 
 
Q(α , gα , gα , t )∗  Q(β , gβ , gβ , t ) λ−≥ 1                                             (2.18) 
 
for all t > 0.We can get that g αα =   and g ββ = . 
 
Thus, g αα = = ( )βα ,F , g ββ = = ( )αβ ,F . 
 
Hence ( )βα ,  is a common coupled fixed point of F and g. 
 
Suppose ( )11 ,βα  is another common coupled fixed point of F and g. 
 
Step 4. Prove that αα =1   and ββ =1 .. 
 
Since ∗ is a t-norm of H-type, for any λ > 0, there exists a μ > 0 such that 
( ) ( ) ( ) λµµµ −≥−∗∗−∗− 11....11

  

k

                               (2.19) 

for all k ∈N. 

Since Q(x, y, z, ·) is continuous and 1),,,(
lim

=
∞→

tzyxQ
t

 for all α , 1α  ∈ X, there exists t0 > 0 such that 

),,,(
lim

0
11 tQ

t
ααα

∞→
 ≥ 1− μ. 

On the other hand, since φ ∈ Φ, by condition (φ-3) we have ∑∞

=
+∞<

0
)(

n
n tφ . Then for any  

t > 0, there exists n0 ∈ N such that t >∑∞

= 0
)( 0nk

k tφ  

 
Since  
Q(α , 1α , 1α , )( 0tφ ) ( ))(),,(),,(),,( 0

1111 tFFFQ φβαβαβα=  

                        ( ) ( )0
11

0
11 ,,,,,, tQtQ βββααα ∗≥                                           (2.20) 

 
Similarly, 
Q( β , 1β , 1β , )( 0tφ ) ( ))(),,(),,(),,( 0

1111 tFFFQ φαβαβαβ=  

           ( ) ( )0
11

0
11 ,,,,,, tQtQ βββααα ∗≥                             (2.21) 

 
Q(α , 1α , 1α , )( 0tφ )∗  Q(β , 1β , 1β , )( 0tφ ) ( ) ( ) 2

0
112

0
11 ],,,[],,,[ tQtQ βββααα ∗≥                          (2.22) 

 
By this way, we can get for all n ∈ N 
 
Q(α , 1α , 1α , )( 0t

nφ )∗Q( β , 1β , 1β , )( 0t
nφ ) ( ) ( ) 2

0
112

0
111 ])(,,,[])(,,,[ tQtQ nn φβββφααα ∗≥ −  

                ( ) ( ) nn

tQtQ 2
0

112
0

11 ],,,[],,,[ βββααα ∗≥            (2.23) 
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Then, we have 

Q(α , 1α , 1α , t )∗  Q(β , 1β , 1β , t ) ( ) ( )







∗







≥ ∑∑

∞

=

∞

= 00

0
11

0
11 ,,,,,,

nk

k

nk

k tQtQ φβββφααα  

            ≥  Q(α , 1α , 1α , )( 0
0 tnφ )∗  Q( β , 1β , 1β , )( 0

0 tnφ )            (2.24)

           ( ) ( ) 00 2
0

112
0

11 ],,,[],,,[
nn

tQtQ βββααα ∗≥  

           ( ) ( ) ( ) λµµµ −≥−∗∗−∗−≥ 11....11
022

  

n

    

So for any λ > 0 we have 
Q(α , 1α , 1α , t )∗  Q(β , 1β , 1β , t ) λ−≥ 1                               (2.25) 

for all t > 0.We can get that αα =1   and ββ =1 . 
 
Hence ( )βα ,  is the unique common coupled fixed point of F and g. 
 
Now, we will show that βα =  
 
Q(α , β , β , )( 0tφ ) ( ))(),,(),,(),,( 0tFFFQ φαβαββα=  

        ( ) ( )00 ,,,,,, tQtQ ααβββα ∗≥                              (2.26) 
 
Similarly, 
Q( β ,α ,α , )( 0tφ ) ( ))(),,(),,(),,( 0tFFFQ φβαβααβ=  

       ( ) ( )00 ,,,,,, tQtQ ββαααβ ∗≥                              (2.27) 
 
Q(α , β , β , )( 0tφ )∗  Q(β ,α ,α , )( 0tφ ) ( ) ( ) 2

0
2

0 ],,,[],,,[ tQtQ ααβββα ∗≥                                         (2.28) 
 
By this way, we can get for all n ∈ N 
 
Q(α , β , β , )( 0t

nφ )∗  Q(β ,α ,α , )( 0t
nφ ) ( ) ( ) 2

0
2

0
1 ])(,,,[])(,,,[ tQtQ nn φααβφββα ∗≥ −                  (2.29) 

                             ( ) ( ) nn

tQtQ 2
0

2
0 ],,,[],,,[ ααβββα ∗≥  

Then, we have 

Q(α , β , β , t )∗  Q(β ,α ,α , t ) ( ) ( )







∗







≥ ∑∑

∞

=

∞

= 00

00 ,,,,,,
nk

k

nk

k tQtQ φααβφββα  

                ≥  Q(α , β , β , )( 0
0 tnφ )∗  Q( β ,α ,α , )( 0

0 tnφ )             (2.30)

               ( ) ( ) 00 2
0

2
0 ],,,[],,,[

nn

tQtQ ααβββα ∗≥    

               ( ) ( ) ( ) λµµµ −≥−∗∗−∗−≥ 11....11
022

  

n

 

 
So for any λ > 0 we have 
 
Q(α , β , β , t )∗  Q(β ,α ,α , t ) λ−≥ 1  for all t > 0.                             (2.31) 
 
We can get that αβ =   and βα = . 
 
Thus α  is a common fixed point of F and g, that is, α  = gα  = F(α ,α ). 
 
Suppose 1α  is another common fixed point of F and g 
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Q( 1α ,α ,α , t)≥  Q( 1α ,α ,α , ∑
∞

= 0

)( 0
nk

k tφ ) 

                          ≥  Q( 1α ,α ,α , ∑
−

=

1

0 )(
m

nk

k tφ ) 

                          ≥  Q( 1α ,α ,α , )( 0t
nφ )∗  Q( 1α ,α ,α , )( 0

1 tn+φ )∗ ...∗  Q( 1α ,α ,α , )( 0
1 tm−φ )           (2.32) 

                          ( ) ( ) 11 2
0

12
0

1 ],,,[],,,[
−−

∗≥
nn

tQtQ αααααα ∗ ( ) ( ) nn

tQtQ 2
0

12
0

1 ],,,[],,,[ αααααα ∗ ∗ ... 

∗ ( ) ( ) 22 2
0

12
0

1 ],,,[],,,[
−−

∗
mm

tQtQ αααααα  

                          = ( ) ( ) )3)(()3)(( 2
0

12
0

1 ],,,[],,,[
−+−−+−

∗
nmnmnmnm

tQtQ αααααα  

                         ( ) ( ) ( ) λµµµ −≥−∗∗−∗−≥
−+−

11....11
)3)((22

  

nmnm

   

    
which implies that 
 
Q( 1α ,α ,α , t) > 1 − λ,                                                (2.33) 
 
Hence 1α =α . Thus, F and g have a unique common coupled fixed point of the form (α ,α ). 
 
This completes the proof of the Theorem 1. 
 
Taking g = I (the identity mapping) in Theorem 1, we get the following consequence. 
 
Corollary 1. Let (X, Q, ∗) be a Q-fuzzy metric space, where ∗ is a continuous t-norm of H-type satisfying (1.1). 
 
 Let F: X × X → X and there exists φ ∈ Φ such that 
 

( ) ( ) ( ) ( )( ) ( ) ( )tvvyQtuuxQtvuFvuFyxFQ ,,,,,,,,,,,, ∗≥φ  for all x, y, u, v ∈ X, t > 0. 
 
Then there exist x ∈ X such that x = F(x, x), that is, F admits a unique fixed point in X. 
 
Let φ(t)= kt, where 0 < k < 1, the following by Lemma 1.13, we get the following. 
 
Corollary 2. Let a ∗ b ≥ ab for all a, b ∈ [0, 1] and (X, Q, ∗) be a complete  Q- fuzzy metric space such that Q has n-
property. Let F : X × X → X and g : X → X be two functions such that 
 

( ) ( ) ( ) ( )( ) ( ) ( )tgvgvgyQtgugugxQtvuFvuFyxFQ ,,,,,,,,,,,, ∗≥φ  for all x, y, u, v ∈ X, t > 0. 
 
Suppose that )( XXF ×  ⊆ g(X) , and g(X)  is complete subspace of X, F and g are w-compatible. Then there exist x, 
y ∈ X such that x = g(x)= F(x, x), that is, F and g have a unique common fixed point in X. 
 
Example: Let X = [-1, 1] with usual G-metric G and Define  
 

Q(x, y, z, t) =
xzzyyxt

t
−+−+−+

 

 
For all x, y, z 0>∈ tandX .Clearly (X,Q,*) is a complete Q-fuzzy metric space where * is defined by   

a*b = a.b . Let 
2

)( tt =φ , gx =x and XXXF →×:  defined as F(x,y) = 1
88

22

−+
yx

, for all x, y X∈ . Then F 

satisfies all the conditions of theorem 1, and there exists a point  x = 222 −  which is the unique common fixed point 
of g and F. 
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