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ABSTRACT

Inthe present paper, we prove a coupled fixed point theorem under ¢ -contractive conditions in the setting of a Q-fuzzy
metric space in the sense of G. Sun and K. Yang.

INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [15]. It was developed extensively by many authors and used in
various fields. To use this concept in topology and analysis, several researchers have defined fuzzy metric spaces in
various ways. Mustafa and Sims [7] introduced a new notion of generalized metric space called a G-metric space.
Mustafa, Sims and others studied fixed point theorems for mappings satisfying different contractive conditions (see [7-
13]). V. Lakshmikantham et al. in [1, 6] introduced the concept of a coupled coincidence point of a mapping F from X x
X into X and a mapping g from X into X, and studied fixed point theorems in partially ordered metric spaces. Recently,
Hu[5] proved a common fixed point theorem for mappings under ¢ -contractive conditions in fuzzy metric spaces. Sun
and Yang[14] introduced the concept of Q-fuzzy metric space and obtained some properties related to this space. Using

approach of Q-fuzzy metric space , we prove a coupled fixed point theorem under ¢ -contractive conditions.

We first give some definitions and results that will be needed in the sequel.

In 2003, Mustafa and Sims [7] introduced the new approach of generalized metric spaces named as G-metric spaces as
follows:

Definition 1.1[7]: Let X be a nonempty set. Let G: X x X x X —* R be a function satisfying the following axioms:
(Gl)G(x,y,2)=0ifx=y=z,

(G2) 0<G(x, x, y) for all x, y € X with x # v,

(G3) G(x, X, ¥) < G(X,y,2z), forall x,y,z € X,withz #vy,

(G4) G(x, Yy, 2) =G(X, z,y) = G(Y, z,X) = - - - (symmetry in all three variables),

(G5) G(x, ¥, 2) £ G(x,aa)+G(a VY, z),forall x,y, z,a € X, (rectangle inequality).

Then the function G is called a generalized metric or more specifically a G-metric on X and the pair (X, G) is called a
G-metric space.

Let (X, G) be a G-metric space. Then a sequence {X,} is
e G-convergent to x if lim G(X,X,,X,,)=0; that is, for any & > 0, there exists N € N(natural number) such that

n,m-—o
G(X, Xn, Xm) < &, for all n, m > N(natural number). We call x the limit of the sequence and write
Xn —>Xorlimx, =x.
e said to be G-Cauchy if for each & > 0, there is N e N(natural number) such that G(X,, Xm, Xi) < &, foralln, m, | 2
N that is if
G(Xn, Xm, X)) = 0as n,m, | — oo.
e said to be G-complete(or a complete G-metric space) if every G-Cauchy sequence in (X,G) is G-convergent in
(X,G).

n?

A G-metric space (X, G) is called a synmetric G-metric space if G(x, y, y) = G(y, X, x) for all x, y € X.

Corresponding author: Seema Mehra*
Department of Mathematics, M. D. University, Rohtak, India

International Journal of Mathematical Archive- 3 (10), Oct. — 2012 3826


http://www.ijma.info/�

Seema Mehra*/ COMMON COUPLED FIXED POINT THEOREMS OF CONTRACTIVE MAPPINGS IN Q-FUZZY METRIC SPACES /
IJMA- 3(10), Oct.-2012.

Proposition 1.2.[7]. Let (X, G) be a G-metric space. Then the following are equivalent:
(1) {Xn} is G-convergent to X,

(2) G(Xn, Xn, X) = O0asn — oo,

(3) G(Xn, X, X) = 0asn — oo,

(4) G(Xm, X0, X) = 0asm,n — oo.

Proposition 1.3[7]. In a G-metric space (X, G) the following are equivalent:
(1) The sequence {x,} is G-Cauchy.
(2) For every & >0, there exists N € N (natural number) such that G(Xn, Xm, Xm) < &, for alln, m= N.

Proposition 1.4[7]. Let (X, G) be a G-metric space. Then the function G(x, v, z) is jointly continuous in all three of its
variables.

Proposition 1.5[7]. Let (X, G) be a G-metric space. Then, for any X, y, z, a € X it follows that:
1) IfG(x,y,2)=0,thenx=y =12,

2 GV, 2) <G(X X Y) + G(X X, 2),

(B)  G(Xy,y) < 2G(y, X, X),

4 G(xVv,2)<G6(xaz2)+G@AY,2),

(5) G(x,y,2) < % (G(x,y,a)+G(x,a,2) +G (&Y, 2)),

6) G(x,¥,2) < (G(x,aa)+G(y,aa+G(za,a).

Definition1.6 [4]. Let supSUp,.., A(t,t) =10<t<l. A t-norm A is said to be of H-type if the family of

functions {Am (t)}w m=1 iS equicontinuous att = 1,
where A'(t) = tAt, A™(t) =tA(A" (1)), m=1,2, .., t € [0,1] (1.1)
Thet-norm A,, = min is an example of t-norm of H-type, but there are some other t-norms A of H-type.

Obviously, A isa H-type t norm if and only if for any 2 (0, 1), there exists 6(4) € (0, 1) such that A" (t) >1- 1
forallm € N whent>1- 6.

Recently, Sun and Yang [16] introduced the concept of Q-fuzzy metric spaces and proved two common fixed-point
theorems for four mappings.

Definition 1.7[14]: A 3-tuple (X, Q,*) is called a Q-fuzzy metric space if X is an arbitrary (non-empty) set, * is a
continuous t-norm, and Q is a fuzzy set on X* x (0, 00), satisfying the following conditions for each x, y, z, a € X and t,
$>0:

() QX X, y, )>0and Q(x, X, ¥, ) = Q(x, y, z,t) forall x,y, z e X withz # y

(i) Q(x,y,z,ty=1ifandonlyifx=y=1z

(iii) Q(x, v, z, t) = Q(p(x, ¥, 2),t), (symmetry) where p is a permutation function,

(iv) Q(x,a,a, t)*Q(a, ¥, z,5)< QX Y, z,t+5s),

(V) Q(x, Y, z,.): (0, o0) —[0,1] is continuous
A Q-fuzzy metric space is said to be symmetric if Q(x, y, ¥, t) = Q(X, x, y, t) forall X, y € X.

Example 1.8[14]: Let X is a nonempty set and G is the G-metric on X. Denote a*b = a.b for all a,b €[0.1]. For each
t>0:

Yz t)y=———
Qx.y.z.9 t+G(x,y,2)

Then (X,Q,*) is a Q-fuzzy metric space.

Let (X,Q,*) be a Q-fuzzy metric space.For t>0, the open ball Bo(x, r, t) with center x € X and radius 0<r<1 is defined
by: Bo(x, 1, t) = {y e X:Q(X, y, y, t)>1-r}

A subset A of X is called open set if for each x € A there exist t>0 and 0<r<1 such that Bo(x,I,t)SA.
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A sequence {x,} in X converges to x if and only if Q (Xm, Xn, X, t) —>1 asn—> oo, for each t>0. It is called a Cauchy
sequence if for each 0< & <1 and t>0,there exist ng € N such that Q(Xm, Xn ,%)>1-& for each I, n, m>n,.The Q-fuzzy
metric space is called to be complete if every Cauchy sequence is convergent. Following similar argument in G-metric
space, the sequence {x,) in X also converges to x if and only if Q(x,, Xn, X, t) — 1 as n—> oo for each t>0 and it is a
Cauchy sequence if for each 0< & <1 and t>0, there exist ny € N such that Q(Xm, Xn, X,)>1- & for each n, m=n,.

Lemma 1.9[14]: If (X,Q,*) be a Q-fuzzy metric space, then Q(X, v, z, t) is non-decreasing with respect to t for all
X, ¥,z€X

Lemma 1.10 (see [14]). Let (X, Q, *) be a Q-fuzzy metric space. Then, Q is a continuous function on X x (0, o).

Definition 1.11[14]: Let (X,Q,*) be a Q-fuzzy metric space. The following conditions are satisfied:

lim lim lim lim
Q(Xn, Yny Zn, th) = Q(X, Y, z, t) whenever, Xn = X, Yo =Y, =12
n— oo n— oo n— oo N — oo
lim ) ) ) ,
and QX Y, z, 1) =Q(X, Y, z, t); then Q is called continuous function on X° x (0, 00).
n 0

Definition 1.12: Let (X, Q, *) be a Q-fuzzy metric space. Q is said to satisfy the n-property on X® x (0, o) if

lim P
n_)OO[Q(x,y,z,k t)] =1

whenever x,y,z € X,k>1andp>0.

Lemma 1.13: Let (X, Q, *) be a Q-fuzzy metric space and Q satisfies the n-property; then
lim
Q(x,y,z,t)=1, Vxy € X,
t — 4+

Proof. If not, since Q(X, y, z, t) isnon-decreasing and 0 < Q(x, y, z, .) < 1, there exists Xp, Yo € X such

lim
that Q(Xq, Yo, Zy,t) = A4 <1, then for k > 1,k"t — +o0 when n — ocas t >0 and
t — +o0

lim . \In? L .
we get [Q(X, y,Z,k t)] =0, which is a contraction.
n— o

Define ® = {p: R" — R"}, where R" = (0,+w) and each ¢ € ® satisfies the following conditions:
(p-1) ¢ is nondecreasing;
(p-2) ¢ is upper semicontinuous from the right;

(p-3) Z(::O(zﬁ” (t) < +oo for all t> 0, where ¢"™(t) = #(¢" (t)),ne N.
It is easy to prove that, if p € @, then ¢(?) < tforall t > 0.

Lemma 1.14: Let (X, Q, *) be a Q-fuzzy metric space , where * is a continuous t-norm of H-type. If there exists p € @
such that if

Q(X,Y,z,4(t)) > Q(x,y,z,t) forallt>0,thenx =y =2z
Proof: By definition 1.7 and lemma [2], we have the result.

Definition 1.15[6]. Let X be a nonempty set. An element (x, y)€ X x X is called a coupled fixed point of the
mapping F : X x X — X if x =F(x,y) and y = F(y,X).

Definition 1.16 (see [6]). Let X be a nonem pty set. An element (x, y) € X x Xis called
(i) a coupled coincidence pointof F : X x X — X and ¢g: X — X if gx =F(x, y) and gy = F(y, ).
(if) a common coupled fixed point of F: X x X — Xand ¢g: X — X if x = gx = F(x, y) and y=gy=F(y, X).
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Definition 1.17: Let F : X x X — X and g : X — X be mappings from a Q-fuzzy metric space (X, Q, *) into itself.
Then the mappings are said to be compatible if

|
T QUOF () F (906, 003, ) F(9(x,), 9 (5 ) =1

lim
n_)OOQ(gF(yn,xn),F(g(yn),g(xn)),F(g(yn),g(xn)),t)=1|7t > 0 whenever {x, }and {y,} are

sequences in X such that
lim lim lim lim
F(X,,Yn) = 9(x,) =X, F(Yai %) = g(y,) =Yy
nN— oo n— oo n— oo n— oo

For all x,y eX.

Definition 1.18: Let F: X xX — X and ¢g: X — X be mappings from a Q-fuzzy metric space (X, Q, *) into
itself. Then the mappings are said to be semicompatible if

lim
Q(F(g(xn)v g(yn ))’ g(X), g(X),t) :11
n— oo
lim
W QFE() 9 ), g 9.0 =1, >0,
— ©

whenever {Xn }and {yn} are sequences in X such that

lim lim lim lim
F(Xy ¥n) = 9(x,) =X, F(Y,,X,) = g(y,) =y, forall xy€eX.
n— o n— o n— o n— o

It follows that if (F, g) is semicompatible and F(y, X) =gy, F(x, y) =gx, then F(gy, gx) = g(F(y, X)) and F(gx, gy) =
g(F(x, y))-

2. MAIN RESULTS

For convenience, we denote

[Q(x,y,z,t)]n:Q(x,y,z,t)*Q(x, y,z,t) % *Q(x,y,2,t), foralln € N. 2.1)

n

Theorem 1. Let (X, Q, *) be a Q-fuzzy metric space, where * is a continuous t-norm of H-type satisfying (1.1).

Let F: X x X — Xand g : X — X be two mappings and there exists ¢ € ® such that

Q(F(x,y), F(u,v),F(u,v) ¢(t))> Q(gx, gu, gu,t)*Q(gy, gv, gv,t) forall x, y, u, v € X, t > 0. 2.2)

Suppose that F (X x X) < g(X), and g(X) is complete subspace of X, F and g are semi-compatible. Then there exist
X,y € Xsuch that x = g(x)= F(x, x), that is, F and g have a unique common fixed point in X.

Proof. Let X, Yo € Xand denote z, = F(X,,Y,)= 0%.., P, = F(Y,,%X,) = QY,,;» N=0,1,2, (2.3)
The proof is divided into 4 steps.
Step 1. Prove that {z,} and {p,} are Cauchy sequences.

Since * is a t-norm of H-type, for any 1 > 0, there exists a x > 0 such that

(1—y)*(1—y)*....*(1—;1)21—2 forallk EN. (2.4)
k
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lim
Since Q(x, y,z, -) is continuous and ¢ Q(x,y,z,t) =1 forall x, y,z € X, there exists t, > 0 such that
—> 0

Q(20,21,21, 1) =1 =, Opo,P1,P1, to) = 1 — . (2.5)

On the other hand, since ¢ € @, by condition (¢p-3) we have Z:O:Ogb” (t) < 400 Then for any t > 0, there exists ng € N

© K
such thatt>zk=n0¢ (t,) (2.6)
From condition (2.2), we have

Q(z1, 22, 72, (1)) = QF(xw. Y1), F(Xa, ¥2), (X2, ¥2), B(t,))
> Q(%,, 9%, 9%, o) * Q(gYs, QY5 9y, t)
>Q(29,2,,2,,t5)* QP Py, Pty 27)

Also Q(p1.p2.p2 #(ty)) = QF(Y1X1), F(Y2.X2), F(Y2, X2), #(t,))
> Q(ay1, 9y, 9y, te ) * Q(0X,, 9%, OX,, )
> Q(Po. Py Pty ) * Q20,24 2, )

Similarly, we can also get

Q22 23, 23, $*(ty)) = QF(xaY2), F(xa, ¥3), F(Xa, ¥3), ¢ (1))
> Q(0X,, 9%s, 0%y, B(ty)) * Q(aY,, 9Ya, 9Y5. 4(t,))
>Q(2,,2,,2,,4(t,))*Q(py, . P, 4(1,))

> [Q(z4.2,, 2,1 )1? *[Q(Py, Py, Pyt )17 2.8)
Also

Q(p1,p2.p2 P(t;)) = QF(Y1X), F(YaXa), F(¥a, X2), #(t,))
> Q(0Y2 9Ya, 9Ya, #(to) * Q(9X,., 9%, 9%, 6(t; )
> Q(Py: P20 P2 4(t0))* Q21 2, 2,.4(1,))
> [Q(Po, Pu Puute)I? #[Q(20, 24,21, )I?
Continuing in same way we can get
Qn Zu, 2, 4" (62 [Q(20, 22, 20,16 )1 #[Q(Po, P11t )17 29)
QPn Presros 67 (6)) 2 [Q(Pg, Py, Pyt 1P #[Q(20, 21,2, )1

So, from (2.5) and (2.6), for m > n>n,, we have

Qzn Zms Zm )2 Q(zn, Zm Zm D, (L))

k=nq

m-1
2 Q(zns Zm, Zm, Z¢k (tO))
k=n

2 Q(zn, Zn+1, Znsa, ¢n (to) )* Q(zn, Znsa, Znea, ¢n+l (to))* o * Q(Zm-1, Zm, Zm, ¢mil (to) )
>[Q(2, 2,2t )1 *[Q(Po, Pu Puto 7 [Q(20:2, 2, ) *[Q((Pys By, Pyt )T .
#[Q(29, 20,2, 1)1 *[Q(Pg, Py, Pyt )17

:[Q(ZO’ Zlv Zl’to )] ) *[Q(po’ pl! pl!to )]2("‘*”)<m+nf3)
>(1-p)* (- p)*.x(l-p)21-2 (2.10)

22(m—n)(m+n—3)

Z(mfn)(m+n—3
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which implies that

Qzn Zm, Zm, 1) > 14, (2.11)
for allm,n € Nwith m>n=>nyandt > 0. So {z,} is a Cauchy sequence.

Similarly, we can get that {p,} is also a Cauchy sequence.

Step 2. Prove that g and F have a coupled coincidence point.

Since g(X) is G-complete, {z,} and {p,} converge to some o and £ in g(X), respectively. Hence, there exist x, y € X
such that

a = g%, 8 = gy :Q@n FOX Y).FO ), A1) = QF G, Ya), F(X, Y)F(X, Y), $(2))
> Q(ux,, gx, ax,t)*Q(gy,, gy, ay.t)

> Q(z,.1, 9%, 9%, t)# Q(P, 1, 9y, 9y t) (2.12)
Letting n— oo, we get

Q(gx, F(x, y).F(x, ), (1)) 21#1=1

Hence F(x, y) = gx. Similarly, it can be shown that F(y, X) = gy.

Since (F, g) is semicompatible and F(y, x) =gy, F(x, y) =gx, then F(gy, gx) = g(F(y, x)) and F(gx, gy) = g(F(x, ¥)).
This implies g = ggx = g(F(x, ¥)) = F(gx,gy) = F(a, ﬂ),

9 8= gy = o(F(y.) = Flgy, ) = F(B, @)

Qzn gar, g, d(ty)) = QF(Xayn), 99%, 9gx, B(t,))
> Q(F (X, Yo ) 9(F(x, y)) 9(F(x, ) 4(t,))
> Q(F(x,, ¥, ) F(ax, ay) F(gx, gy) 4(t, )
> Q(gx,, 99x, ggx.t, )= Q(ay,. 9gy, ggy. t, )
>Q(z,4,9a,9a,t,)*Q(p, 1. 98.9B.t,)

Letting n— oo, we get
Qa.ga g §(t,))2 Qe ga, gar,t, ) * Q4,98 9B ) (2.13)
Similarly, we can show that

QAB.9B8.98.4(t))=Qla, 9a,ga.t,)*Q(B, 98, 98.t,) (2.14)

From (2.13) and (2.14), we have

Qe ga.ga . 4(t))* AL 9f.95.4(t:))2[Qla, 9o, 9oty )I° *[Q(B, 98, 9Bt )I°
2.15
By this way, we can get for alln € N @19

Qa.ga.ga,¢"(t,))* AB.98.98.6"(t,))= [, g, ga 4" (t,))I
*[Q(B.9B.98.8" " (t,))I

>[Q(ar, g, 9oty )I” *[Q(B, 9B, 984,17 (2.16)
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Then, we have

Qa.ga.ga . t)* QB.9B.9B.1)> Q(a,ga,ga, iw(to)j*Q[ﬂ, 98,98, fﬁfk(to)j

k=n, k=ng
> Q(a.,ga . ga.,¢™ (t,))* QB.98.98.4™(t,)) (2.17)

>[Qla, 9o, gar, 1, )”* *[Q(B, 98, 9Bt 1>
> (L p)* (=) x (- p)21-2

22n0

So for any 4 > 0 we have

Qa,ga,ga, t)* Q(B,98,98,1)21-1 (2.18)
forallt>0.We can getthatgax = andgff = f3.

Thus, ga = @ =F(a, 8), 9 B = B=F(B, ).

Hence (a, ,B) is a common coupled fixed point of F and g.
Suppose (al ) ﬁl) is another common coupled fixed point of F and g.

Step 4. Prove thata' = ¢ and B = 3.

Since * is a t-norm of H-type, for any 1 > 0, there exists a x > 0 such that
(L= )% (@—p) %@ )21 2 (2.19)

k

forall k EN.
) ) ) lim L _
Since Q(x, Y, z, -) is continuous and ‘ Q(x,y,z,t) =1forall a, a” € X, there exists t, > 0 such that
—> 00
lim —
Qa,a™,a",t)) > 1-p
| =ye'e)

On the other hand, since ¢ € ®, by condition (¢-3) we have Z::O(zﬁ” (t) < 400 Then for any

t > 0, there exists no € N such that t > Z;O:no 3 (t,)

Since
Qa, a*, & d(t,)) = Q(F (e, B), F (e, BY), F (@, 1), 6(t,))

>Qlar,at, @t t, )+ Q(B, A1, A1) (2.20)
Similarly,
B, B B 4(t))=Q(F(B,a), F(B,a"),F(B,a"),é(t,))

>Qlar,at, @t t, )+ Q(B, AL, A1) 2.21)
Qa, a*, a',g(t,))* AB, B B9(t)) 2 [Qla, o @t t, 1P *[Q(B. B B, )1 (2.22)

By this way, we can get for alln € N

Qa,at,at, 4" (t,))* B, B 59" (t:)) = [Qla. @t a9 (t,) ) *[Q(B. B, B, 4" (t,) I
> [Qla.at, &t 1, 17 *[Q(B. B, B4, JIF (2.23)
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Then, we have

Aa, o', a' )* A B, A ﬂl*t)ZQ(“’“l’“l'i¢k(to)]*Q[ﬂ’ﬂl’ﬂl’iww}

> Q(a, et at g™ (t,))* QBB B " (1)) (2.24)
[Qla,at,at t, 17 *[Q(B, 8, A4t 12
(L) * Q- p)x . x(Q-p)21-2

22n0

>
>

So for any 4 > 0 we have
Qa, o', a' . t)yx Q(p, p*, p.t)=1-4 (2.25)
forallt>0.We can getthat " = ¢ and " = f3.

Hence (a, ,B) is the unique common coupled fixed point of F and g.

Now, we will show that @ =

Aa, B. B.9(t,))=Q(F(a, B),F(B.a), F(B,2),4(t,))

>Q(a, B, B.t))*Q(B i ty) (2.26)
Similarly,
UB.a.a.4(t,))=Q(F(B.a) F(a, B).Fa, B).4(t,))

>Q(B.a,a,ty)*Qla, B. B.t,) (2.27)
Aa, B. B.ot))* QB.a.a.¢t,)=[Qe. B, B.t, I’ *[Q(B.a,at,t, ) (2.28)

By this way, we can get for alln € N

Qa,B.B.4"(t))* AB @ . 8"(t,)) 2 [Qla. B B." ) I *[Q(B. 2 . 4" (t,) | (2.29)
>[Q(a, B, B4, *[Q(B, et )”

Then, we have

Aa.B.B1)* QB.a.a.t)> Q(a,ﬂ,ﬂ, iqzﬁk(to)}@[ﬂ,a,a, iw(to)j

k=n, k=ng
>Q(a,f.8.9"(t,))* AB .. a,¢™ (1)) (2.30)

>[Q(a. B, 8.1, I*" *[Q(B,,a,t, >
> (L—p)*(@L—p)* (@ p)>1- 4

22n0

So for any 4 > 0 we have
Qa,p,. . 0)*Qpf,a,a,t)y>1-A forallt>0. (2.31)
Wecangetthat f=a and o = f.

Thus « isacommon fixed point of F and g, thatis, @ =ga =F(a ,a).

Suppose o' is another common fixed point of F and g
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Qa',a,a,9>Qa"a . a, i(ﬁk(to))

k=ng
m-1
> Qat,a,a, Y 8" (L))
k=n
> Qo a,a, ¢"(t,))* Qat,a.a, ¢" () *..x Qo' a.a, ¢"(t,)) (2.32)
Z[Q(a11a,a’t0)]2"’1 >x<[Q(051,05,Ot,to)]zm1 * [Q(Ozl,a,a,to)lzn *[Q(al’a’a’to)]zn o
* [Q(ogl,oz,a,to)]ﬂ2 *[Q(al’“,oﬁto)]zm?z

:[Q(Oll,a,a,to)]z(mfn)(mfs) *[Q(al,a,a,to)]
> (L—p)*(@L— )%= p)>1- 4

22(m—n)(m+n—3)

2(mfn)(m+n73)

which implies that
Aot a,a,)>1-) (2.33)

Hence a*=¢ . Thus, Fand g have a unique common coupled fixed point of the form (& , & ).

This completes the proof of the Theorem 1.

Taking g = I (the identity mapping) in Theorem 1, we get the following consequence.

Corollary 1. Let (X, Q, *) be a Q-fuzzy metric space, where * is a continuous t-norm of H-type satisfying (1.1).

Let F: X x X — X and there exists ¢ € ® such that

Q(F(x,y), F(u,v), F(u,v) ¢(t))> Q(x,u,u,t)*Q(y,v,v,t) forall x, y, u, v € X, t > 0.
Then there exist x € X such that x = F(x, x), that is, F admits a unique fixed point in X.
Let o(t)= kt, where 0 < k < 1, the following by Lemma 1.13, we get the following.

Corollary 2. Let a * b > ab for all a, b € [0, 1] and (X, Q, *) be a complete Q- fuzzy metric space such that Q has n-
property. Let F: X x X — X and g : X — X be two functions such that

Q(F(x,y), F(u,v),F(u,v) ¢(t))> Q(gx, gu, gu,t)*Q(gy, gv, gv,t) forall x, y, u, v € X, t > 0.

Suppose that F(X x X) < g(X), and g(X) is complete subspace of X, F and g are w-compatible. Then there exist X,
y € X such that x = g(x)= F(x, x), that is, F and g have a unique common fixed point in X.

Example: Let X = [-1, 1] with usual G-metric G and Define

t
t+|x—y|+]y—z|+]z—X

Qlx,y,z,t) =

Forallx, y,z € X andt > 0 .Clearly (X,Q,*) is a complete Q-fuzzy metric space where * is defined by
t X2 2
a*b=ab. Let g(t) = rx gx=xand F : X x X — X defined as F(x,y) = ?+y?—1, forall x,ye X . Then F

satisfies all the conditions of theorem 1, and there exists a point x =2 — 2\/5 which is the unique common fixed point
ofgand F.
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