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ABSTRACT
In this paper, we study the properties of semirings satisfying the identity a + ab = b for all a, b in S. We establish that a
+b=ab=Dbforalla, binSif (S, ‘) isband.
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1. INTRODUCTION:

A triple (S, +, -) is called a semiring if (S, +) is a semigroup; (S, -) is semigroup; a(b + ¢) =ab + ac and (b + c)a=ba +
ca for every a, b, c in S. A semiring (S, +, -) is said to be a totally ordered semiring if the additive semigroup (S, +)
and multiplicative semigroup (S, -) are totally ordered semigroups under the same total order relation. An element x in a
totally ordered semigroup (S, -) is non-negative ( non-positive ) if x* > x(x* < x). A totally ordered semigroup (S, -) is
said to be non-negatively (non-positively) ordered if every one of its elements is non-negative (non-positive). (S, -) is
positively (negatively) ordered in strict sense if Xy = Xand xy>y (xy < x and xy <y) for every x and y in S. A

semigroup (S, +) is said to be a band if a + a=a for all a in S. A semiring (S, +, -) is said to satisfy Integral Multiple
Property (IMP) if a?= na for all a in S where the positive integer n depends on the element a. A semiring (S, +, -) with
additive identity zero which is multiplicative zero is said to be zero square ring if x*= 0 for all  x e S. Zeroid of a
semiring (S, +, -) is the set of all x in S such that x + y =y ory + x =y for some y in S. We may also term this as the
zeroid of (S, +, -). A semiring (S, +, ) is said to be a Positive Rational Domain (PRD) if and only if (S, -) is an abelian
group. A semiring (S, +, -) with additive identity zero is said to be zerosumfree semiring if x + x =0 for all xe S. A
semiring (S, +, -) said to satisfy a mono semiring if a + b =ab for every a, b in S.

2. Semirings satisfying the identitya+ab=bforalla,bin S:

Theorem 2.1: Let (S, +, -) be a zero square semiring with additive identity 0. If S satisfying the identity a + ab = b for
all a, bin S then S? = {0}.

Proof: considera+ab=bforalla, bin$S
= (a+ab)b=b?
= ab + ab”* = b’
=ab+a0=0 (since (S, +, -) isa zero square semiring)
—=ab+0=0
—=ab=0
Alsoa+ab=b
= b(a + ab) = b?

= ba +b(ab) = b?
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—=ba+b0=0

=ba+0=0

=ba=0
~.ab=ba=0
Hence S? = {0}
Theorem 2.2: Let (S, +, -) be a semiring and satisfying the identity a + ab = b for all a, b in S. If (S, -) is a band, then
(i) a+tab=a+b=ab=banda(a+b)=a(@ab)=bforalla binS.
(ii) (S, +) is band
Proof: (i) considera+ab=bforalla,binS

—sa+ah=bh (since (S, -) is a band)

=a(a+ab)=hb

=ab=b
Also a+ab=b
=a+b=b

Thereforea+ab=a+b=ab=b
Andalsoa(a+b)=a’+ab=a+ab=b
a(ab)=a’h=b
Therefore a(a + b) =a(ab) = b
(i) Supposea+a.a=a, forallain$S
—a+a’=a
—at+ta=a (since (S, ) is a band)

This is evident from the following example:

Example:
+|la|b]c ejlal|b|c
ala|b]|c alalblec
bla|b]|c blalblc
albjc clalblc

Theorem 2.3: Let (S, +, -) be a semiring satisfying the identity a + ab = b for all a, b in S and let S contain
multiplicative identity 1. Assume that either a or b can be the multiplicative identity but not both. Then the following
are true.

() l1l+b=bandab=bforalla,binsS

(i)  Sis a mono semiring

(iii) (S, +) is a commutative

(iv) (S,-)isaband

(v) a"+b"=a+bforalln>1

Proof: (i). Given that (S, +, -) be a semiring

Let 1 is the multiplicative identity of S
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Let S satisfy the conditiona+ab =bforalla, binS
SinceleS,1+1b=D,forallbeS
1+b=b,forallbeS$S
Considera+ab=Db

a(Ll+b)=b

satab=ab
(ii) Considera+ab=Dbforalla,bin S
—at+atab=a+b
—a+all+b)=a+hb
—a+ab=a+b
=ab=a+hb
Hence S is a mono semiring.
(iif) To show that (S, +) is commutative
Sincea+ab=bforalla, bin$S
—at+ab+a=Db+a
—at+b+a=b+a
—ab+a=b+a (since S is mono semiring)
=ab+1) =b+a
—ab=b+a (since S is mono semiring, b.1=b + 1, forall 1,binS))
—a+b=b+a
(iv) Consider a+a”=a(l + a)
—aa
= g2
Takinga=bina+ab=b,foralla,binS
—a+aa=aforallain$S
—a+a’=a
na’za+a’za >a=a’
Hence (S, -) is a band
(v) a®+b?=a+b

sa+b*=ala+b’b=a+b
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Similarlya"+b"=a+b, foralln>1
Note: - If both a and b is equal to 1 then S reduces to a singleton set
Theorem 2.4: Let (S, +, -) be a semiring and leta + ab = b for all a, b in S. If (S, +) is right cancellative then
(i) (S, +) isaband
(ii) (S, -) is a band if S satisfies IMP

Proof: (i) Considera+ab=bforalla, binS
—a’+ah=ab

Buta’+a’b=bforalla’ binS
s.ab=Dbforalla,binS
—a+ab=a+bh
=b=a+bh
—at+b=a+a+b

By using (S, +) is right cancellative
Dazata——— ()

.. (S, +) is aband

(ia=a+a=2a(-From(l))

ata=2a+a=3a

Continuing like this
—>na=a———(Il)

Implies S satisfies IMP, i.e, a> = na——> (l11)
- From (1) and (111), @’=aforallain S
Hence (S, -) is a band

Theorem 2.5: Let (S, +, -) be a zerosumfree semiring with additive identity zero. Then S satisfies the identity a + ab =
b for all a, b in S if and only if S is a mono semiring.

Proof: Assumea+ab=bforalla, binS
—at+atab=a+bh
=0+ab=a+b (sinceSisa zerosumfree semiring)
—ab=a+hb
.. S'is a mono semiring
Conversely
Assume S is a mono semiring
Supposea+a=0
=a+a+hb=0+Db

=a+a+b=b

—a+ab=bforalla,binS
© 2012, IJMA. All Rights Reserved 3396



T. Vasanthi* & N. Sulochana/ SEMIRINGS SATISFYING THE IDENTITIES / IJMA- 3(9), Sept.-2012.

Theorem 2.6: Let (S, +, -) be a zerosumfree semiring satisfying the identity a + ab =b forall a, b in S. Then S is a zero
square semiring.

Proof: considera+a.a=aforallain$S
—a+a+a’=a+a

=0+a’=0

.S is a zero square semiring
Theorem 2.7: Let (S, +, -) be a PRD satisfying the identity a + ab = b for all a, b in S. Then the following are true
(@ (abH'=ab'+a+b
(b) a+a=a'forallainsS. Inparticular a=aif (S, +) is a band
() (@+al)=(@+a)(p*+1)forall,binS

Proof: (a) Supposea+ab=bforalla,bin$S
—a'(a+ab)=a'b

—ata+atab=al
=1l+b=zalb— (1)

Considera+ab=bforalla, binS
= (a+ab)b* =bb*

—abt+a=1

—abt+a+b=1+b

—abt+a+b=ab (- from (1)
=ab?+a+b=(b"a)"
=abt+a+b=(ab")* (since S is PRD)
Hence (ab)*=ab*+a+bforalla binS
(b) Suppose a+ab=bforalla, binS
=a'bl(a+ab)=(a*hb™)b
=bt+1=al— (Il (since (S, -) is an abelian group)
Alsoa+ab=b
=b'a+ab)=b'b
=blata=1—— (I11)

=bl+bla+a=bt+1

=b*+bla+ta=a’ (- from (11))

—a+a=a‘forallainS (sinceb®+b'a=aforallb® ain$)
In particular, if (S, +) is band

—a+a=a and a+a=a"

~a=atforallinS
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(c) Adding (1) and (111) we have
l1+a'=b'a+ta+bh™+1

zabt+al+1bt+1.1

zabt+1)+1(bt+1)

=(a+1)(b*+1) foralla,bin$S
3. Orderingona+ab=bforalla, binsS:

Theorem 3.1: If (S, +, -) be a totally ordered semiring satisfying the identity a + ab = b for all a, b in S and (S, +) is
commutative. If (S, +) is non-negatively ordered (non-positively ordered), then (S, +) is p.t.o (n.t.0).

Proof: Assume (S, +) is non-negatively ordered
=>ata>a

=a+a+ab>a+ab
—a+tb>b— ()

Supposea+b<a
—a+b+ab<a+ab

—a+ab+b<b (since (S, +) is commutative)
=b+b<hb
Which is a contradiction to (S, +) is non-negatively ordered
Thereforea+b>a—— (Il)
From (1) and (II) we have,a+b>aanda+b>b
Therefore (S, +) is p.t.o
Similarly, we can prove that (S, +) is n.t.o if (S, +) is non-positively ordered

Theorem 3.2: If (S, +, ) be a totally ordered semiring satisfying the identity a + ab = b for all a, b in Sand (S, +) is
commutative. If (S, -) is non-negatively ordered (hon-positively ordered), then (S, -) is p.t.o (n.t.0).

Proof: Suppose ab < a
—ab’<ab<a

=ab’<a

=ab’+ab<a+ab

= (@b +a)b<b

=b*<b (since (S, +) is commutative)

Which is contradiction to (S, -) non-negatively ordered
Therefore ab >a——— (1)

Alsob=a+ab
Impliesab=a’+a’b=bforalla, bin$
Therefore ab=b

Obviously ab > b ——— (Il)
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From (1) and (I1) we have, (S, -) is p.t.o
Similarly, we can prove that (S, -) is n.t.o if (S, -) is non-positively ordered

Theorem 3.3: If (S, +, -) be a t.0 semiring satisfying the identity a + ab =b forall a, b in Sand (S, +) is band. If (S, -) is
p.t.o(n.t.0), then (S, +) is p.t.o(n.t.o).

Proof: Suppose (S, +) is band

Considera+ab=bforalla,bin$S
—a+(@a+a)b=>b
—at+ab+ab=b
=>b+ab=b—— ()

Assume (S, -) isp.t.o

Which implies ab > a
—at+tab>a+ta
=b>a+a
=atb>a+(a+a)
—at+b>a+a (since (S, +) is band)
—Sa+th>a——(ll)

Nowa+b>a

—a+b+ab>a+ab

=a+tb>b——— (Illl) (~ from (1))
From (I1) and (I11) we have (S, +) is p.t.o
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