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ABSTRACT

Several new inequalities concerning q-gamma functions are proved.
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1. INTRODUCTION:
The Euler gamma function I'(x) is defined for x >0 by

F(x):J.tHe” dt. (1.1)
0

The psi or digamma function, the logarithmic derivative of the gamma function is defined by

(x)
r(x)’

v(x) = x>0. (1.2)

The g-analogue of I'(x)is called g-gamma function, was introduced by Jackson in 1904 and defined for
x>0 and 0<g <1 by

. ) 1_ n+l
I,m=0-9~[[—L= (13)
n=01_q

The g-gamma function satisfies the following

lim I (x) =I'(x) (1.4
g1
and
1-q"
L (x+1)= " r,x, =1 (1.5)
—q

The g-analogue of W(x) is called the q-psi function defined by

O™ e
wq(x)—rq(x) : (1.6)
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From (1.3) and (1.6) it follows that

v, (x)=—log(l—q)+logqgd —L— = —log(1-q) +log gy L —. a7
n:()l_q n:()l_q
It is well-known that ¥/ ; is strictly completely monotonic on (0, 0) that is (see [1,page260] )
D" 0)" >0 for x>0, n20, (1.8)

Concerning q-gamma functions, the following results were achieved

Theorem: 1.1[3]. Ler xe€ [0,1], qe O,1), a=b>0, c,d positive real numbers with bc > ad >0 and
Y, (b+ax)>0.Then

L, (a) - L, (a+bx)° - L, (a+D)

< < : (1.9)
L,b)" T,(b+ax)’ T, ,(a+b)
Theorem: 1.2[2]. Let 0< g <1, A<O0, and b = 0. Then the function
fx)=x"ra+of (1.10)

decreases with respect to x > 0.

The object of the present paper is to give several new inequalities concerning the g-gamma functions.

2. RESULTS:

The following generalizes theorem 1.2.
Theorem: 2.1. Let f be a non-negative real function such that f,< 0 and f”ZO. Let 0<g<],

1imM =0, f(x) f7(x) 2 (f'(x))’ and b =0. Then the function
== f(x)

Fo) = f@[,a+n] @

decreases with respectto x > Q.

Proof: We have,

log F(x) =log f (x) + xlog, (1+2),

F’(x)z(f S —9://4<1+%>+logrq<1+§>jF<x>=g<%>F<x).
f@

By setting x =1/, we have

e =LY by 1+ by) +logT, 1+ by).
SO

Differentiating the above leads to

© 2010, IJMA. All Rights Reserved 352



*W. T. Sulaiman / Some inequalities concerning Q-gamma functions / I[JMA- 2(3), Mar.-2011, Page: 351-355

(FOM) -roMHr o™
y o™

gy = —byy'(1+by) <0.

Therefore g is non-increasing. As g(0) =0, then g(y) and hence g(x )< 0, which implies F'(x) <0.
That is F is decreasing.

Remark: 1 It may be mentioned that theorem 1.2 follows from theorem 2.1 by putting  f(x) = x*, A<0.Ina
similar way as the Beta function, we define the g-beta function by

_T,0T, ()

B (x,y)= , x,y>0. 22
(X)) L (rty) y 22

Lemma: 2.2Let O0<g<1l, O<s<t, O<t+m<s+n, then

Proof: We have

which implies
s

q. _qs‘-H’l 2 qf _ql+m,
g*(l-q")2q'a-¢™.

hence the result.
Theorem: 2.3 Let x, a, b, &> 0. Then the function Bq (aa +bx,ob + ax) is non-increasing in Xx.

Proof: Let
f(x)= Bq(aa +bx,0b +ax),

then, we have

log f (x) =logT, (aa + bx) +logT'(ab + ax) —logT((a + b) (a + x)),
and

PO _ byt + b+ aptan +a) - (a+ byl(a+ ba+)

f(x)
oo qaa+bx+i ) qab+ax+i oo q(a+b)(ar+x)+i
=logq| a 1+ b __(a+b)y L —
g q[ ; 1 _ qaa+bx+z Z 1— qab+ax+z ; 1 _ q(a+b)(a+x)+: J

i=0

o qaa+bx+i q(a+h)(a+x)+i
_ i
=a log q Z 1- qm+bx+i (a+b)(a+x)+i q

i=0 l-g

oo qab+ax+i q(a+b)(a+)c)+i )
+b10gq Z l_an’+ax+i _l_q(a+h)(a+x)+i q |-

i=0

Now, making use of lemma 2. With

s=aa+bx, t=(a+b)a+x), m=aa+bx+i and n=(a+b)(a+x)+i
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and then exchang aandb, we get f'(x)/ f(x) <0, which implies f'(x)<0.

Therefore f(X) is non-increasing. The proof is complete.

Theorem: 24 Let x>0, ¢,d,M,N>0, Mb><Nd*, a>c, b>d,0<g<l, f>0 and
f” < O (that is f, is decreasing). Then the function

(T, 1+ <)
L(x) = f(X)W

q

is decreasing for x > 0.

Proof: We have

log L(x) = log f (x) + Mxlog(T, (1+4))- Nxlog(T, (1 +5)) .
L' _ f,(x)—bﬂ—rq(pr% +MT (1+“)+N2 1—‘I(H;)—Nl" (1+2)
L(x) f(x)  xT,(1+¢ xT,(1+2) 7

S —bﬂy/q(ng +MT (1+§)+Néy/q(1+g)—qu(1+g)
flo  x x

[

Now,
2

” ’ 2 2
o=t @ UV @ ey 2y (ih)
X X

f
S7@) (@)Y & s
< o o +M S (1//q(1+x) 1//q(1+x))

Since l//;'(x) <0, then y/; is decreasing. Therefore G'(x) <0, which implies L'(x) <0, and hence

L(x) is decreasing.

Theorem: 2.5 Letx,y>0, 0<g<l,¢,d>0,a2c,b Zd,Fq(a) >1, l//q(c+dx)20. Then the
function

F(a +£,)JC
H(x)=——"—
F(c + %))

is non- decreasing for x > 0.

Proof: Since l//; >0, then Y/ is increasing and therefore Y/ (a + bx) 2 Y/ (c + dx) .Then we have

log H(x) = xlog[ {a+ %)= ylogT, (e +4).
H'( _&W)

d
—logTla+2)+2% 4 .
iy ~loellar )+ Ty e )=

Now,
g(z)= logl“q (a+bz)+ yZZdI,//q (c+d7), =2
8'(2) =by, (a+bz)+ ydz’y, (c +dz) +2yzy (c +d7)
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2. 7
> (b+2yz)y, (c+dz) + ydz*y, (c + d2)
>0.

Therefore g is non-decreasing. Since g(0)=0, then g(x) =0, and hence H'(x) = 0.

Theorem: 2.6 Let f(x) > g(x), af (x) 2bg’(x) >0, w(g(x))>0, a, b >0, then the function

L, (f ()

() = :
YT (ew)

is non-decreasing in X.

Proof: We have

logh(x) = alogT, (f(x)-blogT, (g(x),
H(x) _ I/ (f(x) I (g(x))
h(x) f()(f()) ”(g())

=af Oy, (f(0)-bg' ™y, (gx).

Making use of (1.7), we have

(qu _qgm)qn
n+f(x) )(1_ qn+g<x>)

w(f(0))-pl(g) logZ( >0,

which implies

h(x)
h(x)

> bg'(x) (W (f (x)-w(g(x))=0

Therefore h'(x) =0 and h is non-decreasing.
Remark: 2 Theorem 1.1 follows from theorem 2.6 by putting
f(x)=a+bx, g(x)=b+ax,0<x<1, andreplacing a, b by c, d respectively.
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