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ABSTRACT

This paper presents some common fixed point theorems for occasionally weakly compatible mappings in fuzzy metric
space under various conditions.
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INTRODUCTION

Fuzzy set was defined by Zadeh [24].Kramosil and Michalek [12] introduced fuzzy metric space, George and
Veeramani [4] modified the notion of fuzzy metric spaces with the help of continuous t-norms. Many researchers have
obtained common fixed point theorems for mappings satisfying different types of commutativity conditions.

Vasuki[23] proved fixed point theorems for R-weakly commutating mappings. Pant [16, 17, 18] introduced the new
concept reciprocally continuous mappings and established some common fixed point theorems.

Balasubramaniam et al. [2] have shown that Rhoades [20] open problem on the existence of contractive definition
which generates a fixed point but does not force the mappings to be continuous at the fixed point, posses an affirmative
answer.

Pant and Jha [18] obtained some analogous results proved by Balasubramaniam et al.

Recent literature on fixed point in fuzzy metric space can be viewed in [7, 14, 22].This paper presents some common
fixed point theorems for more general commutative condition i.e, occasionally weakly compatible mappings in fuzzy
metric space. Before giving the results, some preliminary definitions are given below.

1. PRELIMINARIES
Definition 1.1 [21]: A fuzzy set A in X is a function with domain X and values in [0, 1]

Definition 1.2[18]: A binary operation * :[0,1]x[0,1]—[0,1] is a continuous t-norm if  is satisfying conditions:
(1) *isan commutative and associative

(2) *is continuous

(3) ax1=a forall ac[0,1]

(4) axb<c+d whenevera <c and b <danda,b,c, de[0,1]

Example 1.3[4]: Example for continuous t-norms are
(1) a=*b=ab forall a,be[0,1]
(2) a=*b =min{a,b}forall a, be[0,1]
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Definition 1.4[4]: A 3-tuple (X, M,x) is said to be a fuzzy metric space if X is an arbitrary set,* is a continuous t-norm
and M is a fuzzy set on X?x[0, ] satisfying the following conditions for all x, y, zeX such that t is in [0,00]

(FM-1) M(x,y,t) > 0;

(FM-2) M(x,y,t) =1 ifandonlyif x =y

(FM-3) M(x,y,t) = M(y,x,t);

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t +5);

(FM-5) M(x,y,%): (0,0) = (0,1] is continuous

Then M is called a fuzzy metric on X.
Then M(x,y,t) denotes the degree of nearness between x and y with respect to t

Example 1.5 [4]: Let (X,d) be a metric space. Denote a x b = ab for all a, be[0,1] and let M, be fuzzy sets on

X2x(0,00) defined as follows:
t

Ma(x,y,0) =

Then (X, M,,*) is a fuzzy metric space.
We call this fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric

Definition 1.6 [4]: Let (X, M,*) be a fuzzy metric space.Then

(1) asequence {x,} inX is said to converge to x in X if for each ¢ > 0 and each ¢t > 0, there exists nyeN such that
M(x,,x,t) >1—¢ foralln = n,

(2) a sequence {x,} in X is said to be Cauchy if for each € > 0 and each t>0 there exists nyeN such that
M(x,, x,, t) >1—¢eforalln,m = n,

(3) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 1.7[20]: A pair of self mappings (f, g) of a fuzzy metric space (X, M,*) is said to be

(1) weakly commuting if M(fgx, gfx,t) = M(fx, gx,t) for all xeX and t> 0

(2) R-weakly commuting if there exists some R> 0 such that M(fgx, gfx,t) = M(fx, gx, t/R) for all xeX and
t>0

Definition 1.8[11]: Two self-mappings f and g of a fuzzy metric space (X,M,x) are called compatible if
lim,, ., M(fgx,, gf x,,t) = 1 whenever {x,} is a sequence in X such that lim,,_, fx, = lim,_ gx, = x for some
xeX

Definition 1.9 [5]: Two self-maps f and g of a fuzzy metric (X, M,*) are called reciprocally continuous on X if
lim, ., fgx,=fx and lim,__, gfx,=gx whenever {x,} is a sequence in X such that lim,_, fx, = lim,_, gx, = x
for some xeX

Definition 1.10: Let X be a set, f, g self-maps of X . A point xeX is called a coincidence point f and g if and only if
fx = gx.

We shall call w = fx = gx a point of coincidence of f and g.
Definition 1.11[11]: A pair maps S and T is called weakly compatible pair if they commute at coincidence points

Definition 1.12: Two self-maps f and g of a set X are occasionally weakly compatible if and only if there is point xeX
which is a coincidence point of f and g at which f and g are commute

Remark 1.13: A. Al-Thagafi and Naseer Shahzad [1] have shown that occasionally weakly is weakly compatible but
converse is not true

Example 1.14 [1]: Let R be usual metric space.
Define S,T:R —» R by Sx = 3x and Tx = x? for all xeR .

Then Sx = Tx for x = 0,3 but STO =TS0 and 3+ TS . S and T are occasionally weakly compatible self-maps but
not weakly compatible.

Lemma 1.15 [10]: Let X be a set, f, g be occasionally weakly compatible self-maps of X.
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If fand g have unique point of coincidence, w = fx = gx, then w is the uniqgue common fixed point of f and g.

2. MAIN RESULT

Theorem 2.1: Let (X, M,*) be complete fuzzy metric space and let 4, B and {S;}, and {7} };nzl be self-mappings of
X.

Let pairs {4, S;}/-,; and {B, T};nzl be occasionally weakly compatible at x and y respectively.
If there exists ge(0,1) such that
{M(Sx, Ty, t)};nzl, {(M(S,x, Ty, t)};nzl, e {M(Sx, Ty, t)};nzl, {M(S;x, Ax, )},

m X a;M(Ax,T;y,t)+¥i—1 B;M(By.Six,t) 1)
{M(By"l}y't)}j:y j=19%j j 1

m n
j:1aj+2[:1ﬁi

M(Ax, By, qt) = min

for all x,yeX ,forallt>0and ¢;’s >0 and Bis = 0 with atleast one of a;'s or one of B;'s is non-zero, then there

exists a unique point weX such that Aw = S;w = w for all i and a unique point zeX such that Bz = T; z = z for all .

More over z = w so that there is a unique common fixed point of 4, B, {Si}?zland{T} };nzl

Proof 2.1: Let the pairs {4, S;}]—; and {B, T-};n:1 be occasionally weakly compatible at the points x, yeX respectively.

Then Ax = S;x and By = Ty for all i and j
Claim:Ax = By

If not,
{M(Sx, Ty, t)}]’,”:l, {M(S,x, Ty, t)}]’,”:l, e AM (S, %, Ty, t)}]',”zl, {M(S;x, Ax, t)}?zll

M(Ax, By,t) = min{ M(8, Ty t)}m P aM(Ax, Ty, t) + X1y BiM(By, S;x, t)
\ v = L+ 2y B )

" a;M(Ax,By,t)+X—1 B;M(By Ax,t
= min {M(Ax, By,t), M(Ax,Ax,t), M(By, By, t)’Z],1a, ( xmy ) Zn LM By Ax )}
Yis1 X Bi

= min {M(Ax, By,t),1,1, M(Ax, By, t) (M)}

o1 @ +2i=q Bi
= min{M (Ax, By, t), 1,1, M(Ax, By, t)}

=M(Ax, By, t)
a contradiction.

Therefore Ax = By
i.e,Ax = S;x = By = Tjy

Suppose that there is a another point z such that Az = S;z then by (1) we have Az = S;z = By = Tjy so Az =
Ax and w = Ax = S;x is the unique point of coincidence of A and S;

By lemmal.15, w is the only common fixed point of A and S;
Similarly there is a unique point zeX suchthat z = Bz = Tjz
Uniqueness: Assume that w # z

We have
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M(w, z,qt) = M(Aw, Bz, t)

{M(Syw, Tz, t)};nzl, {M(S,w, Tz, t)};nzl, e M (S,w, Tjz, t)};-n:l
M(Sw, Aw, Oy, (M(Bz Tz, )},

L XLy a;M(Aw T;2,t)+ 37 BiM (Bz,S;w,t)
Sy a5 By

v

min

N—_——

T aiMw,z,0)+3i—q BiM(zw,t
min{M(W,Z,t),M(W,W,t),M(Z,Z,t),z’_la] (.2, +2imy FiM 2w )}

m n
j=1 aj+¥i_q Bi

min {M W, z,t),1,1, M(w, z,t) (M)}

m n
j=1 aj+¥i_q Bi

min{M(w, z,t), 1,1, M(w, z,t)}
=M(w,zt)

a contradiction.

Therefore we have z = w by lemmal.15, z is a common fixed point of 4, B, {S;}-,and {E};n:l.The unigqueness of
the fixed point holds from (1).

Corollary 2.2 [25]: Let (X, M,x) be a complete fuzzy metric space and let A, B,S and T be self-mappings of X. Let
the pairs {4, S} and {B, T} be occasionally weakly compatible.

If there exists ge(0,1) such that
M(Ax, By, ) = min {M(Sx, Ty, ©), M(Sx, Ax, £), M(By, Ty, o), (M A% Ty, ) + M(By.Sx.6) ) @

for allx, yeX and for all t > 0 then there exists a unique point weX such thatAw = Sw = w and a unique point zeX
suchthat Bz =Tz = z.

Moreover z = w,so that there is a unique common fixed point of 4,B,S and T.

Proof 2.2: Take n=m=1 and a; = ; = 1 in the above theorem 2.1, the corollary follows.

Theorem 2.3: Let (X, M,*) be complete fuzzy metric space and let 4, B and {S;}_, and {7} };n:l be self-mappings of
X.

Let pairs {4, S;}/; and {B, T-};"=1 be occasionally weakly compatible at x and y respectively.
If there exists ge(0,1) such that

{M(Six, Ty, t)};nzl, {M(S,x, Ty, t)};nzl, e M (S,x, Ty, t)};nzl, {M(S;x, Ax, )},

m Yo a;M(Ax,T;y,t)+3]_1 BiM(By.S;x,t) 3)
{M(By"]}y' t)}]'=1' i1 @+ Bi

M(Ax,By,qt) = ¥ | min

for all x,yeX ,for all t>0 and ;s >0 and Bis = 0 with atleast one of a;'s or one of B;'s is non-zero, and
¥:[0,1] - [0,1] such that ¥(t) >t for all 0<t <1 then there exists a unique common fixed point of
A, B, {SY_ and{T, }]’,"=1

Proof 2.3: Let the pairs {4, S;}]—; and {B, T-};n:1 be occasionally weakly compatible at the points x, yeX respectively.

Then Ax = S;x and By = Ty for all i and j

Claim:Ax = By
© 2012, IJMA. All Rights Reserved 3294
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If not,
{M(Slx, Ty, t)};nzl, {M(Szx, Ty, t)};nzl, - {M(Snx, Ty, t)};nzl, {M(S;x, Ax, )},

}":1 ajM(Ax,T;y,t)+2i_q BiM(By Six,t)

M(Ax,By,t) = ¥ | min m X
{M(B,, Ty, t)}j=1' Xii1 a4 Bi

M L a;M(Ax,By, " BiM(By Ax,
— ‘P(min{M(Ax, By, t), M(Ax, Ax, t), M(By, By, t), A=L0 A0 By O i ful By “)})

m n
j=1 aj+¥i_q Bi

=¥ (min {M (Ax, By, t),1,1, M(Ax, By, t) (M)})

=1 @ +E Bi

= Y (min{M(Ax, By, t),1,1, M(Ax, By, t)})

=¥ (M(Ax, By, t)) > M(Ax, By, t)
a contradiction.
Therefore Ax = By
i.e,Ax = S;x = By = Tjy
Suppose that there is a another point z such that Az = S;z then by (3) we have
Az = S;z = By = Tjy so Az = Ax and w = Ax = S;x is the unique point of coincidence of A and S;
By lemmal.15, w is the only common fixed point of A and S;
Similarly there is a unique point zeX suchthat z = Bz = Tjz
Uniqueness: Assume that w # z
We have
M(w, z,qt) = M(Aw, Bz, t)

/ ({(M(S$;w, Tz, t)}]’,”:l, {M(S,w, Tz, t)}]',”zl, e (M (S, Tz, t)}]’,”zl\ \'
M(Sw, Aw, O3y, (M(Bz Tz, )}, |

> Y| min

\ Z}"ﬂ ajM(Aw,sz,t)+Z?=1 BiM(Bz,S;w,t) /

ST @S, B )
T aMw,z,0)+Y 1 BiM(zw,t
= SU(min{M(W,Z,t),M(W,W,t),M(Z,Z,t),ijlal (:1” ) Zn R )D
j=1%TE{=1Bi
, YL@+ Bi

o (min {0,200, 1.1, 0,2, (B 2222 ))

min{M(w, z,t) (w,z,t) R
= W(min{M(W, z, t); 1111 M(WI Z, t)})
=¥Y(M(w,zt))
> M(w,zt)

a contradiction.

Therefore we have z = w by lemmal.15, z is a common fixed point of 4, B, {S;}-,and {7}};”:1.The uniqueness of
the fixed point holds from (3).

Corollary 2.4 [25]: Let (X, M,x) be a complete fuzzy metric space and let 4,B,S and T be self-mappings of X.Let
the pairs {4, S} and {B, T} be occasionally weakly compatible.

© 2012, IJMA. All Rights Reserved 3295



T. Veerapandi, V. Raji Muniammal* and J. Paulraj Joseph/ SOME COMMON FIXED POINT THEOREMS IN FUZZY METRIC SPACE
/IIMA- 3(9), Sept.-2012.

If there exists ge(0,1) such that
M(Ax,By,t) > ¥ (min {M(Sx, Ty, t),M(Sx,Ax,t), M(By, Ty, t), (M (Ax,Ty,t) + M(By, Sx, t)/z)}) ()

for allx,yeX and ¥:[0,1] - [0,1] such that 0 <t <1, then there exists a unique common fixed point of
AB,SandT.

Proof 2.4: Take n=m=1 and a; = ; = 1 in the above theorem 2.1, the corollary follows.

Theorem 2.5: Let (X, M,*) be complete fuzzy metric space and let 4, B and {S;}7-, and {7} };nzl be self-mappings of
X.

Let pairs {4, S;}'—; and {B, T-};n=1 be occasionally weakly compatible at x and y respectively.
If there exists ge(0,1) such that

{M(S,x, Ty, t)}]’,”:l, {M(S,x, Ty, t)}]’,”zl, e AM (S, Ty, t)}]',”:l, {(M(S;x, Ax, )Y 4,

m Y a;M(Ax,Tjyt)+X7_q BiM(By.S;x,t) (5)
{M(By,']}y,t)}jzl' j=1% J 1

M(Ax,By,qt) = ¥
n
;n=1 aj+2?=1ﬁi ﬁ{M(By’Sixﬁ t)}i:l

for all x,yeX ,(for all t>0 and ;s =0 and Bis = 0 with atleast one of a;'s or one of B;'s is non-zero, and
w:[0,1]"m+2n+m+l 5 [0,1] such that W(t, t, ..., tun times ) L Lo oo Len times ) Ly woos Lam times b b oo g imes ) £) > €

forall 0 < t < 1, then there exists a unique common fixed point of A,B,{Si}’l?:land{ﬂ };nzl.

Proof 2.5: Let the pairs {4, S;}, and {B, T};nzl be occasionally weakly compatible at the points x, yeX respectively.

Then Ax = S;x and By = T;y for all i and j
Claim:Ax = By

If not,
{M(Slx, Ty, t)};nzl, {M(Szx, Ty, t)};nzl, . {M(Snx, Ty, t)};nzl, {M(S;ix, Ax, )},

M(4x, By, qt) = ¥ m o M(Ax, Ty, t) + Y%, B; M(By, S;x, t
(M(By, Ty, 0)}" 2= ( 1Y ) Zln—lﬁz (By,Six, t)
= j=1 4 + Xy B

AM(By, Six, )}y

(M(Ax,By,t), ..., M(AX, BY, t) (um times y» M(Ax, Ax, t), ..., M(AX, A%, t) (1 times ) |

_ 2}":1 ajM(Ax,By,t)+Z?=1 BiM(By Ax,t) ,
=y M(By,By,t), ..., M(BY, BY,t) (m times )» S ¥
\ M(By, Ax,t), ... M(BY, AX, t) (n times ) J

{M(Ax’ By, t), ey M(Ax, By, t)(nm times)' 1,1, ey 1(n+mtimes ): M(Ax, By: t): :}
M(Ax, BY, t)(n+1 times)

> M(Ax, By, t)
a contradiction.
Therefore Ax = By
i.e,Ax = S;x = By = Tjy

Suppose that there is a another point z such that Az = S;z then by (5) we have Az =S;z =By =Tjyso Az =
Ax and w = Ax = S;x is the unique point of coincidence of A and S;

By lemmal.15, w is the only common fixed point of A and S;
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Similarly there is a unique point zeX suchthat z = Bz = Tjz
Uniqueness: Assume that w # z
We have

M(w,z, qt) = M(Aw, Bz,t)

M(sw, Tz} M(Sw. T2,0) . M(S,w. Tz, 0} )
S M(Siw, Aw, O}y, (M(Bz Tz, 1)),

Z/m:l ajM(Aw,Tj z,t) 4311 BiM(Bz,S;w t)
Z;n=1 aj +Z?=1 Bi

,{M(Bz, S;w, t}]—, )

Z]T-":l ajM(w,z,t)+3i_1 BiM(zw,t)
=1 +Ei_q Bi
MW, z,t), ... M(W, 2, ) (4 times )

=y M(z,z,t), ..., M(Z,2,t)(m times )

)

MW, z,t), ... M(W, Z,t) (m times YM (W, W, £), c.., M(W, W, £) (s times )l

_y M(W, Z, t), ...,M(W, Z, t)(nm times )’ 1,1, ey 1(n+m times )» M(W, Zz, t)} ey
MW, 2, ) (n+1 times )

> M(w,z,t)
a contradiction.

Therefore we have z = w by lemmal.15, z is a common fixed point of 4, B, {S;}-,and {E};n:l.The unigqueness of
the fixed point holds from (5).

Corollary2.6 [25]: Let (X, M,x) be a complete fuzzy metric space and let A4, B, S and T be self-mappings of X.Let the
pairs {4, S} and {B, T} be occasionally weakly compatible.

If there exists ge(0,1) such that

(6)

(M (Ax,Ty,t)+M (By,Sx,t)
M(Ax, By,6) > W (M(Sx, Ty, t), M(Sx, Ax, t), M(By,Ty,t), )

2
M(By, Sx,t)

for allx, yeX and W¥:[0,1]° - [0,1] such that¥(¢,1,1,t,t) > t for all 0 <t < 1,then there exists a unique common
fixed point of A, B, S and T.

Proof 2.6: Take n=m=1 and @; = 8; = 1 in the above theorem 2.5, the corollary follows.
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