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ABSTRACT

In present paper, we have considered the sixth order Mock theta functions defined by Andrews and Hickerson.We have
defined generalized functions which can be reduced to Ramanujan’s Mock theta functions of sixth order. We have
shown that they are F,-functions and have some properties. We have also given their integral representation.
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INTRODUCTION:

In his last letter to G.H. Hardy [10] written on January, 1920, Ramanujan wrote,”I discovered very interesting functions
recently which I called ‘Mock’ 0-functions”. In this letter S. Ramanujan provided a list of 17 mock theta functions of
third order, fifth order and seventh order together with identities satisfied by them. Later on G.N.Watson [7, 8]
introduced three new third order mock theta functions. There has been a phenomenal increase in number of papers
published on Ramanujan’s Mock theta functions in recent years specially the epoch-making discovery of Ramanujan’s
“Lost” Note book by G. E. Andrews. After this several mathematicians Andrews and Hickersons [6] B.Gordon and R.J.
Mc Intosh [1] and Y.S. Choi [11] have wrote numerous papers on mock theta functions of sixth order, eight order and
tenth order respectively.

Recently Bruce C Berndt and S.H.Chan [3] defined two new mock theta functions of order six. They also provided four
transformation formulae relating the new mock theta function with Ramanujan’s Mock theta functions of sixth
order.Bhasker Srivastava [2] defined generalized functions which reduce to Ramanujan ‘s mock theta functions of
order second and has shown that they are Fg-functions and deduced certain simple properties and integral
representation.

In present paper, we will mainly follow the approach used by Bhasker Srivastava [2] for second order mock theta
functions. The present paper will enhance the knowledge to know more about sixth order mock theta functions by
placing them in the family of F,- functions and representing them as g-integrals.

Trusdell [4] says the functions which satisfy the functional equation.

iF(t,oc):F(t,oc+1) (1.1)
at
as Fy-functions.The g-analogue of (1.1) is the g-differential difference equation
Dq tF(t,oc) =F(tq,a) (1.2)
where
th tF(t,oc)=F(t,oc)—F(t q,o) (1.3)

The functions which satisfy equation (1.2) are called Fj-functions.

In this paper, we have defined four generalized functions which reduce to Ramanujan’s mock theta functions of order
six and have proved that they are F -functions in section (4). In section (5) we have deduced some simple properties of
generalized functions and in last section (6) we have given integral representation formulae for these functions.
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2. NOTATIONS:

Throughout this article, we assume that | qk | <1 and use the following usual basic hyper geometric notations:

(X)g =(x359), =1
(o =20y =TT =gk
xX), =(X;q), = -xq
n n P
(xl,x TR Xn z(xl;q)n .............. 3D
(x;qk)n:(l—x)(l—qu) ......... (l—qu(n_l)) ., n>1
rq)slxl,xz, ....... SXp3Y Y g ys;q,ZJ:
1+s—r
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-D*q )zl
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3. SIXTH ORDER MOCK THETA FUNCTIONS:
The sixth order mock theta functions, (Andrews and Hickerson [6] )

2
© (-1)'g" (g:q>
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n+l1 .2
o= 3 gD (g1q n 0
n=0 (_q;q)2n+1
n(n+1)
©q 2 (g9,
=% 3 (2.3)
=0 (g:q |
(n+D(n+2)
oo 2 -
o= 5 4 . =49y 24
n=0 @47, 4
We define the following four generalized functions
2 tna- 2
) D"®, 4" T G907, o
(0, =0 —4:4),,, '
2
n n“+na+n+1, . 2
o0.00) = 1 = D70),q (439)n 06
(1), n=0 4Dy
”(n2_1)+na
oo (I (=9q;
p1.0) = 1 2 ®), 4 . 9:Dn 0
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()oo n=0 (q;9 )n+l
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n(n2+ D +na+1
o (1) —4:9)
ot,a) = ! D nt 5 T-9n 2.8)
t = i
()oo n=0 (q:q )n+l
4. GENERALIZED FUNCTIONS ARE F,-FUNCTIONS:
n(n2+ D +na+1
e (t) (—=q; )
Proof: ot,a)= ! > n4 5 T%n
(f)oo n=0 (q:q )n+1
By definition
”(”+1)+na+1 n(n+l)+n0{+1
% (1) (—4:q) o (19) q —4:9)
1D, ot = Lo§ o 2 CLUU E 2 .
’ t = . t _ .
(®) 4 n=0 @), 9, n=0 (@97,
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1 o @) g
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ot o= g —4:9),,
®)on=0 (q;qz)nH
”("2+1)+n(a+1)+1
ot = 0,4 =4:9),,
")oo n=0 (q;qz)nJrl
= to(t,o+1)

Hence, G (t,0) is an F,- function.
Similarly, it can be proved that §(t,) ,@(t, &) , p(t, &) and are F,-functions.

5. SIMPLE PROPERTIES:

_ 1
(i) Dq,tp(t,oc) :Ec(t, a)

.. 1

@) Dy (p(t,0) = EG(Q)

(iii) qDé ¢ [p(t. o) - p(t, )] = p(t. @)
@ D] [p.a)-ptt.] = pta)

Proof of (i): D (t,a0) =p(t,oe+1)

q.tP

© 2010, I/MA. All Rights Reserved 347



*Adarsh Kumar et al. / On F-Functions Associated with Ramanujan’s Sixth Order Mock-Theta Functions / I/MA- 2(3),
Mar.-2011, Page: 345-350

nntD )
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This proves (i).
Proof of (ii): Takingt =0 ,0 =1 in (i), we find (ii).
(i) D<21 Dbew-otwl=ota+2-oza+2)
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This proves (iii).
Proof of (iv): Put t =0 , =1 in (iii), we find (iv).

6. INTEGRAL REPRESENTATIONS:
The g-integral representation is introduced by Thomae [9] and Jackson [5] is defined as

X [e%e)
[f(z)d z=(1-q) YIxf(xq™)q" , 0<|q| <1
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Proof: Limiting case of the g-beta integral is
1 1-
x =t I Iz (zq;q)ood z (6.1)
@ a9, @D 0 1
Now, from (2.7), we have
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. "(n2_1)+na
1 = (@)q —q;q)pa"
pla)=—— 3 5 7
(@), n= (@97,
n(n—1)
©dq 2 (qq),
- 2 n+t
n=0 (4:97), 1" D,
n(n—1)
AL . (=4:9)n A—9q) [ 1 l(zq?q%odqz
n=0 @97, 4 @9 0
n(n—1)
oo 2
= q) IZ l(zq;q)oo > 4 2( 1 q)’”az)”d z (6.2)
(q:9), n=0 (97, 4

But
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Using (6.3) ,(6.2) can be written as

-11
1- _
p(qt,w)=%Izt 1(Zq;q) p(0,az)d z.
Q:9)_ ° q

Which is (iii).
Similarly we can prove (i), (ii) and (iv).
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