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ABSTRACT

In the present paper we introduce generalized contraction mapping in fuzzy metric space and some fixed-point
theorems for fuzzy metric space in the sense of George and Veeramani [George A, Veeramani P, On some results in
fuzzy metric spaces, Fuzzy Sets and Systems 1994;64:395-9] are given.

2000 AMS Classi_cation: 47H10, 54A40.
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1. INTRODUCTION AND PRELIMINARIES

After Zadeh pioneering paper [16], where the theory of fuzzy sets was introduced, many authors have introduced the
concept of fuzzy metric in different ways. Kramosil and Michalek [8] generalized the concept of probabilistic metric
space and studied an interesting notion of fuzzy metric space with the help of continuous t-norm. Later on, in order to
construct a Hausdorff topology on the fuzzy metric space, George and Veeramani [4] modified the concept of fuzzy
metric space introduced by Grabiec [5] and Kramosil and Michalek [8]. Fixed point theory has important applications
in diverse disciplines of mathematics, statistics, engineering and economics in dealing with problems arising in:
approximation theory, potential theory, game theory, mathematical economics, etc. Fixed point theory for
contractiontype mappings in fuzzy metric space is closely related to the fixed-point theory for the same type of
mappings in probabilistic metric space of Menger type (see [10, 15]). Many authors [3, 5, 7, 9, 13] have proved some
fixed point theorems for various generalizations of contraction mappings in probabilistic and fuzzy metric spaces. In
this paper we discuss generalized contraction mapping in fuzzy metric space in the sense George and Veeramani [4].
To define the fuzzy metric space we have to state several concepts as follows:

Definition 1.1 ([14]). A binary operation *:[0,1]x[0,1] — [0,1]is continuous t-norm if * satisfies the following
conditions:

(@) *is commutative and associative;

(b) *is continuous;

(c)a*l=aforall a€[0,1];

(d) a*b <c *d whenevera<cand b <d and a,b,c,d €[0,1].

The t-norm minimum will be denoted by min, the usual product by - . These two t-norms are themost commonly used in
fuzzy logic.

Definition 1.2 ([4]). A fuzzy metric space is an ordered triple (X ,M ,*)such that X is a nonemptyset, * is a
continuous t-norm and M is a fuzzy set of X xX x(0,1)satisfying the following conditions, for all
X,y,zeX,s, t>0:

FM)M (x,y,t)>0;

(FM2) M (x,y,t)=Llifandonlyifx =V ;

(FM3)M (x,y,t) =M (y,x,t);

FMHM (x,z,t+s)>M (x,y,t)*M (y,z, s);

(FM5) M (x,Y,-):(0,+%) —[0,1] is continuous.
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If, in the above definition, the triangular inequality (FM4) is replaced by

(NAF)M (x,z,t)>M (x,y,t)*M (y, z, t),VX,y,Z € X ,Vt >0, then the triple (X ,M ,*)is called a
non-Archimedean fuzzy metric space.

George and Veeramani [4] proved that every fuzzy metric space (X ,M ,*)on X generates a Hausdorff first
countable topology 7,, on X which has as a base the family of sets of the form

{B, (X,et):x eX ,0<e<1t >0},

where B, (x,r,t)={y eX :M (x,y,t)>1-r}foralr €(0,1),t >0.
Remark 1.3 ([4]). In fuzzy metric space (X ,M ,*), M (X, Y ,-)is non decreasing forall X,y € X .

Definition 1.4 ([5]). A sequence X, inX is said to be convergent to a point x in X (denoted byX & — X ), if
M (x, x,t)>1 forallt >0.

Definition 1.5 ([4]).
(a) A sequence X , in a fuzzy metric space (X ,M ,*)is a Cauchy sequence if for each € € (0,1) and each t > O there

exists N, € NsuchthatM (X, X, ,t) >1-eforalln,m >n,.
(b) We say fuzzy metric space (X , M ,*) is complete if every Cauchy sequence is convergent withrespect to Ty -

Remark 1.6 ([12]). Let (X, M, *) be a fuzzy metric space then M is a continuous function on X x X x(0,1) .

Example 1.7. Let (X ,d) be an ordinary metric space and * be a t-norm.
(1) (See [4]) Let M , be a fuzzy seton X x X x(0,1) define as follow:

ht"
M,(x,y,t)= 1.1
o (Y0 ht" +md (x,y) a1

forallt,h,m,n e R". Then (X M d ,*) is a fuzzy metric space and called induced fuzzy metricspace. If in equation
(1.1) we take h =m =n = 1then we have

M, (x,y,t)=

t
t+d(x,y)

This fuzzy metric space (X , M d ,*) is called standard fuzzy metric space.

(2) (See [13]) It is immediate to show that (X ,d ) is a non-Archimedean metric space if and only if (X , M 4 min) is
a non-Archimedean fuzzy metric space.

Further examples and results for fuzzy metric spaces may be found in [4-15].
2. MAIN RESULTS

Gregori and Sepena introduced the notions of fuzzy contraction mapping and fuzzy contractive sequenceas follows:

Definition 2.1 ([7]). Let (X ,M ,*)be a fuzzy metric space. We call the the mapping T : X — X is fuzzy
contractive mapping, if there exists 4 € (0,1) such that

;—Ki(;—l]
M (Tx,Ty,t) M (x,y,t)

foreach X,y € X andt >0, (A is called the contractive constant of T ).
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Recall that a sequence X, in a metric space (X ,d)is said to be contractive if there exists A € (0,1) such that
d(X, X,.,)<Ad (X, ,,X,,,), foralln e N,

Definition 2.2 ([7]). Let (X ,M ,*) be a fuzzy metric space. A sequence X , is called fuzzy contractive
if there exists A € (0,1) such that

PSS
M (X,,X,t) M (X, X,,t)
forevery t >0,n e N,

Definition 2.3 ([7]). Let be (X ,M ,*) a fuzzy metric space. A sequence is called X , G-Cauchy iffor each t > Oand
peN, IimM(x,,,.x,.t)=1.
n—oo

n+p!?

A fuzzy metric space in which every G-Cauchy sequence is convergent is called G-complete.
The following proposition is justified the above definitions.

Proposition 2.4 ([7]).
(a) The sequence X , in the metric space (X ,d) is contractive iff X o Is fuzzy contractive in the induced fuzzy metric

space (X ,M 4, *).
(b) The standard fuzzy metric space (X , M d ,*) is complete iff the metric space (X ,d ) is complete.
(c) If sequence X , is fuzzy contractive in X, M d ,*) then it is G-Cauchy.

A continuous t-norm *is of Hadzi¢-type if there exists a strictly increasing sequence bn € (0,1) such that

b, *b, =b, forall n € N, *=min is an example of such t-norm.

Lemma 2.5 ([9]). Each complete non-Archimedean fuzzy metric space (X ,M ,*)with *of Hadzi¢-typeis G-
complete.

Let we recall the generalized contractions mapping in metric spaces due to Ciri¢ [2].

Theorem 2.6. Let (X ,d) be a complete metric space and T : X — X be a self mapping on X such that for each
X,y eX .

d(Tx,Ty) <a(x, y)d (X, y) + (X, Y)d (X, TX) + (X, y)d(y, Ty) + (X, y){

d(x,Ty);d(y,Tx)} .

where @, [, 7,0 are functions from X x X into [0, 1) such that
A= su m@E,y) +B(x,y) +r(x,y) +5(x,y)ix,y eX}<1.

ThenT has a unique fixed point.

Mapping which satisfies (2.1)called generalized contractions. As observed in [1], a self mapping T on a metric space
(X ,d) is a generalized contraction if and only if T satisfies the following condition:

d (Tx ,Ty)sﬂ,max{d 0,y ).d (. Tx ).d (y Ty ), LTy +d (y ,Tx)}

2.2
> (2.2)

where. Later on Ciri¢ take the term max{d (x, Ty ),d (y, Tx)}instead of [d(x, Ty) +d(y, Tx)]/2and
by a new method of proof deduce theorem 2.6 for following which he called it quasi contraction mapping

d(x, Ty)<Amax{d (x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}. (2.3)
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The following is quasi-contraction theorem for non-Archimedean fuzzy metric spaces:

Theorem 2.7. Let be a complete non-Archimedean fuzzy metric space where the continuoust-norm s is defined as min
and T : X — X be aself mapping on X such that foreachx ,y € X ,t >0.

U 0 A Y 1 TN B T
M (Tx,Ty,t) M (X, y,t) M (X, Tx,t) M (y,Ty,t)

S Y A
M (x,Ty,t) M (y,Tx,t)

where @, f3,7,0,n€[0,))andA=a+ f+y+5+n <1, ThenT hasa unique fixed point.

(2.4)

Proof. Let X € X andt >0 be arbitrary and consider a sequence of Pickard iterations X, , definedinductively by
Xo =X, X; =Xgy oy Xy =1 (X,) for eachn =N, we will show that X , is fuzzy contractive. From (2.4) by
replacing X =X, Y =X, we get
1 1
1

M(Xn’xm—l’t) M(TX

-1
Tx,,t)

n-1?

1 1
Sa[M(an’Xn’t)_lj_'_ﬁ(M (an’ant)_lj (2.5)

+y 1 alss 1 -1/,
M (Xn’xn+l’t) M (Xn—l'XnJrl’t)

By our choice of t-norm =* and triangular inequality for the last parenthesis in (2.5) we have

1 1

-1< -1
M (X, 1, X,.1) min @ (x, ., X,.t),M (X, X, ...t)}
1 (2.6)
= max -1, -1,
{M (Xn—l’Xn’t) M (anxn+llt) }
from (2.5) we get
;—1S(a+ﬂ+7) max ! -1, ! -1
M(Xnvxnﬂ!t) M(Xn—11xn’t) M(Xn’xn+l’t)
+6 max ! -1 ! -1,
M, x,,t)  M(X,,X,t)
hence,
;—1£imax ! -1, ! -1
M(Xnaxnﬂ’t) M(Xn—lixn’t) M(Xn'xn+l’t)
where A <1, this implies
SR T P | R S e
M (X,,X,,t) M (X, X,,t)
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so sequence X is fuzzy contractive sequence. Since (X ,M ,*)is a complete fuzzy metric space so by proposition

2.4 and lemma 2.5, sequence X , converges to U for someU € X . Now we show U isfixed point of T , from (2.4) we
have

i e Y eren e Y
M (Tu,Tx,,t) M u,x,,t) M (u,Tu,t) M (X,,X,..1)

A S N |
M @U,X,..t) M (x,,Tu,t)

taking the limit as N — 400 we obtain

(2.8)

;—Kﬁ(;—qm(;—l}
M (Tu,u,t) M @Uu,Tu,t) M @Uu,Tu,t)

g[;_lj.
M Uu,Tu,t)

Since A <1,wehaveM (u,Tu,t)=1,thus,Tu =U , by (2.4) we find fixed point is unique.

Theorem 2.8. Let (X ,M ,*)be a G-complete fuzzy metric space where the continuous t-norm * is defined as min
and T : X — X be self mapping on X such that for each X,y € X ,t >0

S S ¥ SN 1 (B N B N
M (Tx, Ty,t) M(x,y,t) M (x,Tx,t) M (y,Ty,t)

(2.9)

1 1
+0 + -2,
M(x,Ty,2t) M (y,Tx,2t)
where a, f,7,0 €[0,)and A =a+ f+y+0 <1, ThenT has a unique fixed point.

Proof. The proof is very similar to the theorem 2.7. In stead of the equation (2.6) we have

1 1
—1< —
M (Xn—l’X 2t) mln{M (Xn—l’xn’t)iM (Xn’Xn+11t)}
= max ! -1 ! -1
M (Xn—l’xmt) M (Xn’Xn+llt)

n+1?

proceed as the proof of the theorem 2.7 then we find sequence X | is fuzzy contractive, thus, by proposition 2.4 is G-

Cauchy. Since X is G-complete, X , converges to U for some U € X . Instead of(2.8) we find

o T e (]
M (Tu,Tx,t) M @u,x,,t) M @Uu,Tu,t) M (X,,X,.,t)

+5( ! + ! —2]
M@U,Xx,,.2t) M(x,,Tu,?2t)

n+l?

taking the limit as N — +o0 we obtain
1

——1Sﬂ[;—])+5(;—1j sﬂ(;—lj
M (Tu,u,t) M @Uu,Tu,t) M @Uu,Tu,2t) M @Uu,Tu,t)
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Since 4 <1, we haveM (u,Tu,t) =1, thus,Tu =U, by (2.9) we find fixed point is unique.

Remark 2.9. As observed in [1], by a similar proof we find the generalized contraction condition (2.4) and (2.9) are
equivalent to following:

;_KMax{(;_lj,(;_l),(;_lj
M (Tx,Ty,t) M (x,y,t) M (x,Tx,t) M (y,Ty,t)

O Crarmnd)
M (x,Ty,t) M (y,Tx,t)

;_Kﬂmax{[;_lj,(;_l),(;_lj
M (Tx,Ty,t) M(x,y,t) M (x,Tx,t) M (y,Ty,t)

et o)
M (x,Ty,2t) M (y,Tx,2t)

respectively, where 4 € (0,1) .
Remark 2.10. For complete metric space (X, d), consider standard fuzzy metric space (X ,M d ,*) in example 1.7
then by the following equality

and

1, dxy)
M (x,y,t) t

(2.10)

and abov remark we find contractions (2.2) and (2.4) are equivalent. Also by proposition 2.4-(a) and(b) and following
the same line as Theorem 2.8, we automatically deduce fuzzy contractive sequence(2.7) is convergent, so theorem 2.6
is special case of theorem 2.8.In next theorem the assumption * = Min in theorem 2.7 is not needed.

Theorem 2.11. Let (X ,M ,*) be a G-complete fuzzy metric space and T : X — X be a self mapping on X such
that for each X,y € X ,t >0

;_Ka[;_ljw[;_l]w[;_l], 1
M (Tx,Ty,t) M (x,y,t) M (x,Tx,t) M (y,Ty,t)

where @, 3,7 €[0,))and A =+ f+y <1.Then T has a unique fixed point.

Proof. The assumption t-norm * = mMin in theorem 2.7 is applied only in equation (2.6), so the proof is very similar to
theorem 2.7 and it is omitted.

Corollary 2.12. Let (X ,M ,*) be a complete standard fuzzy metric space and T : X — X be a self mapping on
X such that inequality (2.11) holds. Then T has a unique fixed point.

By above corollary and proposition 2.4-(b) and equation (2.10) we conclude the following theorem due to Reich [11].

Theorem 2.13. Let (X ,d ) be a complete metric space and T : X — X be a self mapping on X such that for each
X,y eX
d(Tx, Ty)<ad(x,y)+pd(x, Tx)+yd(y, Ty),

where @, 3,7 €[0,))and A =a+ f+y <1.Then T has a unique fixed point.
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