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ABSTRACT 

In this note we prove a new result concerning absolute summability factor of an infinite series via quasi - f -power 

increasing sequence, improving some conditions used by Bor [2] and Leindler [4] in recent results. In fact we are 

giving three improvements to the result of Leindler. 
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1. INTRODUCTION: 

A positive sequence  ( )nb  is said to be almost increasing if exist a positive increasing sequence ( )nc  and two 

positive constants A  and  B  such that .nnn BcbAc ≤≤  

 

A positive sequence  ( )naa =  is said to be quasi −β power increasing if there exists a constant  

 

( ) 1, ≥= aKK β   such that 

                                                      mn amanK
ββ ≥                                                                                            (1.0) 

 

holds for all  .mn ≥   If  (1.0)  stays with  0=β  then  a   is called a quasi increasing sequence . It should be 

noted that every almost increasing sequence is a quasi −β power increasing sequence for any nonnegative ,β  but 

the converse need not be true as can be seen by taking  .β−= nan  

 

A positive sequence  )( nαα =  is said to be a quasi −− f power increasing sequence, )( nff = , if there exits a 

constant ),( fKK α=  such that  

 

                                                     mmnn ffK αα ≥  

 

holds for  1≥≥ mn  (see [5]). Clearly if  α  is quasi-f-power increasing sequence, then fα is quasi increasing 

sequence. 

   

By nt  we denote the nth (C, 1) mean of the sequence ( )nna . The series � na is said to be summable   

 

,1,1, ≥kC
k

 if  (see[3]) 
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A series  � na  with partial sums  ns  is said to be summable ,1,, ≥kpN
kn  if (see [1]) 
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where  ( )np  is a sequence of positive numbers such that 
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The following results are proved 

 

Theorem: 1.1 [2].  Let  ( )nX   be a quasi −β power increasing sequence for some ,10 << β  and  ( )nλ  be a 

real sequence.  If the conditions 
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and 
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2 , +
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are satisfied,  then the series  � nna λ   is summable  .1,, ≥kpN
kn  

 

Theorem: 1.2[4].  If the sequence  ( )nX   is quasi −β power increasing for some ,10 <≤ β ( )nλ  satisfies the 

conditions 
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and 
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further the conditions 

                                                   ( ) ,
1

∞<∆∆�
∞

=
n

n

nXn λβ                                                                               (1.8) 

 

(1.3)  and (1.4) holds, where  ( ) ( ) 1,log,max +−=∆= nnnnn nXnX λλλβ β
 , then the series � nna λ is 

summable  .1,, ≥kpN
kn  

  

                 

2. LEMMAS: 

Lemma: 2.1 Let  ( )nX   be a quasi −− β power increasing sequence, ,10 << β such that the conditions 
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                                                         0→nλ as  ,∞→n                                                                                    (2.1) 

                                                        ,)(
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are satisfied.  Then 

                                               ( ) ,,11 ∞→Ο=∆+ nasXn nn λβ
                                                                   (2.3) 
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and 

                                                ,),1( ∞→Ο= nasXn nn λβ
                                                                          (2.5) 

where  .)( nn XnX
ββ =  

 

 

Proof:  As ,0→∆ nλ and nXn
β

 is non-decreasing, we have 
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This proves (2.3).  To prove  (2.4), we observe that 
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                           ),1(Ο=   by (2.4). 

                      

Lemma: 2.2[4].  The conditions (1.6) and (1.7) implies (2.1). 

 

 

3.   MAIN RESULT: 

   We state and prove the following new result 

 



*W. T. Sulaiman / A Recent Note On The Absolute Riesz Summability Factor Of Infinite Series / IJMA- 2(3), Mar.-2011, 

Page: 339-344 

© 2010, IJMA. All Rights Reserved                                                                                                                                              342 
             

Theorem: 3.1. If the sequences: ( )nX  is quasi −− β power increasing, ,10 << β ( )nλ  is a sequence of 

constants both satisfying conditions (1.1),(2.1), (2.2)  and 
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Then the series  � nna λ  is summable   .1,, ≥kpN
kn . 

 

                                                 

Lemma: 3.2 Conditions (3.1) and (3.2) are weaker than conditions (1.3) and (1.4) respectively. 

 

                     

Proof: If (1.3) holds, then we have 

 

              ( )m

k

n

m

n
k

m

n
k

n

k

n
Xs

nXXnn

s
Ο=��

�

�
��
�

�
Ο= ��

=
−

=
−

1
1

11
1

11

)( β
, 

 

while if  (3.1) is satisfied then, 
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Therefore (1.3) implies (1.4) but not conversely.   

                          

The proof of the other part is similar.    

                       

Remark: Although the condition (1.1) has been added to the statement of theorem 3.1 but it may be mentioned that  

 

Theorem: 3.1 give three improvements in comparing with Theorem 1.2 in the following sense: 

 

1. (i) Conditions (3.1) and (3.2) are weaker than conditions (1.3) and (1.4) respectively (see lemma 3.2) . 

 

    (ii) The more advantage of our conditions is to obtain the desired result without any loss of powers through  

          estimations.  As an example the proof via conditions (1.3) and (1.4) impose to deal with   

 

( ),nn
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n as λλλλλ Ο==   loosing  
1−k

nλ  as considered to be .)1(Ο We have no such case via our 

conditions. 

 

2.   Condition (1.8) has been replaced by condition (2.2) which is weaker 

3.   Conditions (1.6) and (1.7) have replaced by condition (2.1) which is at least not stronger. 
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Proof of Theorem: 3.1.  Let  ( )nT  denote the ( )npN ,  mean of the series  � nna λ .  Then 
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Therefore, for  ,1≥n  we have 
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and via Abel’s transformation, 
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To prove the theorem, by Minkowski’s inequality, it is enough to show that 
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Applying Holder’s inequality, we have, in view of (2.4), (2.5) and (3.2), 
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In view of (2.2), (2.4) and (3.1), we have 
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In view of (2.5) and (3.1), 
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  This completes the proof of the theorem. 
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