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ABSTRACT 
In this paper, we introduce and study the notion of N-λ -open sets as a generalization of λ -open sets.  
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1. INTRODUCTION AND PRELIMINARIES 
 
Throughout this paper τ)(X,  and σ)(Y,   stand for topological spaces with no separation axioms assumed, unless 
otherwise stated. Maki [3] introduced the notion of Λ -sets in topological spaces. A Λ -set is a set A which is equal to 
its kernel, that is, to the intersection of all open super sets of A. Arenas et.al. [1] Introduced and investigated the notion 
of λ-closed sets by involving Λ -sets and closed sets. Let A be a subset of a topological space (X,τ). The closure and 
the interior of a set A is denoted by Cl (A), Int (A) respectively. A subset A of a topological space (X,τ) is said to be  λ-
closed [1] if A = B ∩ C, where B is a Λ -set and C is a closed set of X. The complement of λ-closed set is called λ-
open [1]. A point x∈X in a topological space (X,τ) is said to be λ-cluster point of A [2] if for every λ-open set U of X 
containing x, φ≠∩ UA . The set of all λ-cluster points of A is called the λ-closure of A and is denoted by Clλ(A) 
[2]. A point x∈X is said to be the λ-interior point of A if there exists a λ-open set U of X containing x such that U⊂ A. 
The set of all λ-interior points of A is said to be the λ-interior of A and is denoted by Intλ(A). A set A is λ-closed 
(resp.λ-open) if and only if Cl λ (A) = A (resp. Intλ(A) = A) [2]. The family of all λ-open (resp. λ-closed) sets of X is 
denoted by λO(X) (resp. λC(X)). The family of all λ-open (resp. λ-closed) sets of a space (X,τ) containing the point 
x∈X is denoted by λO(X, x) (resp. λC(X, x)).   
 
2.N-λ -OPEN SETS 
 
Definition 2.1: A subset A of a topological space X is said to be N- λ -open if for every A,x∈ there exists a λ -open 

subset XU ∈x  containing x such that U Ax −  is finite set. The complement of an N- λ -open subset is said to be 

N- λ -closed. 
 
The family of N- λ -open (resp.N-λ -closed) subsets of a space (X, )τ  is denoted by λO(X)N (resp. λC(X)N ). 
 
Proposition 2.2: Every λ -open set is N-λ -open. Converse not true. 
 
Example 2.3: Let { }cb,a,X = , { }{ }X,a,τ φ= , then{ }b  is N-open but not N-λ -open (since X is a finite set). 
 
Corollary 2.4: Every open set is N-λ -open, but not conversely. 
 
Proof: Follows from the fact that every open set is λ -open. 
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Lemma 2.5: A subset A of a topological space X is N- λ -open if and only if for every A∈x , there exists a λ -open 
subset xU containing x and a finite subset C such that ACU ⊂−x . 
 
Proof: Let A be N- λ -open and A∈x , then there exists a λ -open subset xU containing x such that U Ax −  is 

finite. Let A)X(UAUC −∩=−= xx  . Then U C Ax − ⊆ . Conversely, let A∈x . Then there exists a  

λ -open subset xU containing x and a finite subset C such that U C Ax − ⊆ . Thus, U C Ax − ⊆ and AU −x  is 
a finite set.  
 
Theorem 2.6: Let X be a topological space and F X.⊆  If F is N- λ -closed, then F K C⊆ ∪  for some λ -closed 
subset K and a finite subset C. 
 
Proof: If F is N- λ -closed, then X F− is N- λ -open and hence for every X Fx∈ − , there exists a                                
λ -open set U containing x and a finite set C such that U C X F− ⊆ − .Thus 

F X (U C)⊂ − − X (U (X C))= − ∩ − ( )X U C= − ∪ . Let UXK −= . Then K is a λ -closed set such 

that F K C⊆ ∪ .  
 
Lemma 2.7: The union of any family of N- λ -open sets is N-λ -open. 
 

Proof: If { }U :i i I∈ is a collection of N- λ -open subsets of X and 
1

U
n

i
i

x
=

∈


.Then U jx∈ for some j I∈ . This 

implies that there exists a λ -open subset V of X containing x such that V U j−  is finite. Since
1

V U V U ,
n

i j
i=

− ⊆ −


 

then 
1

V U
n

i
i=

−


is finite. Therefore, λO(X)U
1

N∈
=


n

i
i . 

 
The intersection of all N-λ -closed sets of X containing A is called the N-λ -closure of A and is denoted 
by A)λlCN . And the union of all N- λ -open sets of X contained in A is called the   N -λ -interior and is denoted 

by (A)Int λN . 
 
The proof of the following lemma is obvious and hence omitted. 
 
Lemma 2.8:  Let A be a subset of a topological space τ)(X, . Then  

(i) (A)Cl λx N∈ if and only if φ≠∩ UA  for every )λO(X,U xN∈ ; 

(ii) A is N-λ -closed if and only if (A)ClA λN= ;  

(iii) (A)Cl λN is N -λ -closed. 
 
Corollary 2.9: The intersection of an N-λ -open set with an open set is N-λ -open. 
 
Question: Does there exist an example for the intersection of N- λ -open sets is N-λ -open?    
 
3. λ - COMPACT SPACES 
 
Definition 3.1: A collection { }∆∈αα :U of λ -open sets in a topological space X is called a λ -open cover of a 

subset B of X if { }∆∈⊂ αα :UB holds. 
 
Definition 3.2: A topological space X is said to be λ - compact if every λ -open cover of X has a finite subcover.  A 
subset A of a topological space X is said to be λ -compact relative to X if every cover of A by λ -open sets of X has a 
finite subcover. 
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Theorem 3.3: If X is a topological space such that every λ -open subset is λ -compact relative to X, then every subset 
is λ -compact relative to X. 
 
Proof: Let B be an arbitrary subset of X and let { }U :i i I∈  be the cover of B by λ -open sets of X. Then the 

family{ }U :i i I∈  is a λ -open cover of the λ -open set { }U :i i I∪ ∈  . Hence by hypothesis there is a finite 

subfamily{ }0U : N
ji j∈  which covers { }U :i i I∪ ∈ . This subfamily is also a cover of the set B.  

 
Theorem 3.4: A subset A of a topological space is λ -compact relative to X if and only if for any cover{ }∆∈αα :V  

of A by N- λ -open sets of X, there exists a finite subset 0∆ of∆  such that { }0:VA ∆∈∪⊆ αα . 
 
Proof: Let{ }∆∈αα :V  be a cover of A and λO(X)V N∈α  .For each A∈x , there exists ( ) ∆∈xα  such 

that ( )xx αV∈  . Since ( )xαV  is N-λ -open, there exist a λ -open set ( )xαU such that ( )xx αU∈  and ( ) ( )xx αα VU −  is 

finite. The family ( ){ }A:U ∈xxα  is a λ -open cover of A. Since A is λ -compact relative to X, there exists a finite 

subset nxxx ,..., 21 , such that ( ){ }F:UA ∈∪⊆ i
ixα , where { }n1,2,...F = . Now, we have, 

( ) ( )( ) ( )( )


F

VVUA
∈

∪−⊆
i

xαxαxα iii
 ( ) ( )( ) ( )

FF

VVU
∈∈

∪−=
i

xα
i

xαxα iii
. For each ix , ( ) ( )ii xαxα VU −  is a finite set 

and there exists a finite subset ( )ix∆  of∆  such that ( ) ( )( ) ( ){ }iαxαxα xα
ii

∆∈∪⊆∩− :VAVU  . Therefore, we 

have ( ){ }( ) ( ) 







∪








∆∈∪⊆

∈∈


FF

V:VA
i

xα
i

iα i
xα . Hence A is λ -compact relative to X. 

 
Corollary 3.5: For any topological space X, the following properties are equivalent: 
(i) X is λ -compact. 
(ii) Every N- λ -open cover of X admits a finite subcover. 
 
Theorem 3.6: A topological space X is λ -compact if and only if every proper N- λ -closed set is λ -compact with 
respect to X. 
 
Proof: Let A be a proper N-λ -closed subset of X. Let { }∆∈αα :U  be a cover of A by λ -open sets of X. Now for 

each X Ax∈ − , there is a λ -open set  Vx   such that V Ax − is finite . Then { } { }U : V : X Ax xα α ∈∆ ∪ ∈ − is 

a λ -open cover of X. Since X is λ -compact, there   exist a finite subset 1∆  of∆  and a finite number of points, 

say, nxxx ,..., 21  in AX − such that { }( ) { }( )ni
ix ≤≤∪∪∆∈∪= 1:V:UX 1αα  hence 

{ }( )1:UA ∆∈∪⊂ αα  { }( )ni
ix ≤≤∩∪∪ 1:VA    since 

ixVA∩  is finite for each i, there exists a finite 

subset 2∆  of ∆  such that { }( )ni
ix ≤≤∩∪ 1:VA { }∆∈⊂ αα :U . Therefore, we 

obtain { }21:UA ∆∪∆∈∪⊂ αα . This shows that A is λ -compact relative to X. Conversely let { }∆∈αα :V be 

any λ -open cover of X. We choose and fix one ∆∈0α .Then { }{ }0:V ααα −∆∈∪  is a λ -open cover of a N- λ  

-closed set { }0:VVX
0

∆∈∪⊂− ααα .  
 
Therefore, { }{ }00:VX ααα ∪∆∈∪= . This shows that X is λ -compact. 
 
Theorem 3.7: Let τ)(X,  be a topological space such that .Then isλ -compact if and only if is compact. 
 
Proof: Let { }∆∈αα :V be any λ -open cover of ( )λO(X)X,N . For each X∈x , there exists ( ) ∆∈xα  such that 

( )xx αV∈ . Since ( )xαV  is N- λ -open, there exist a λ -open set ( )xαU such that ( )xx αU∈  and ( ) ( )xx αα VU −  is 

finite. The family ( ){ }X:U ∈xxα  is a λ -open cover of τ)(X, . Since τ)(X, is λ -compact, there exists a finite  
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subset nxxx ,..., 21 , such that ( ){ }F:UX ∈∪= i

ixα , where { }n1,2,...F = . Now, we have 

( ) ( )( ) ( )( )


F

VVUX
∈

∪−=
i

xαxαxα iii ( ) ( )( ) ( )

FF

VVU
∈∈

∪−=
i

xα
i

xαxα iii
. For each ix , ( ) ( )ii xαxα VU −  is a finite set 

and there exists a finite subset ( )ix∆ of ∆  such that ( ) ( )( ) ( ){ }iαxαxα xα
ii

∆∈∪⊆∩− :VXVU . Therefore, we 

have ( ){ }( ) ( ) 







∪








∆∈∪=

∈∈


FF

V:VX
i

xα
i

iα i
xα . Hence λO(X)N  is compact. Conversely, let U be a λ -open 

cover of τ)(X, . Then λO(X)NU ⊆  . Since ( )λO(X)X,N is compact, there exists a finite subcover 

of λO(X)NU ⊆ . Since ( )λO(X)X,N  is compact, there exists a finite subcover of U for X. Hence τ)(X,  is  
λ -compact. 
 
Theorem 3.8: An N -λ -closed subset of a λ -compact space X is λ -compact relative to X. 
 
Proof: Let A be a N- λ -closed subset of X. Let { }∆∈αα :U  be a cover of A by λ -open sets of X. Now for each 

X Ax∈ −  there is a λ -open set Vx   such that V Ax − is finite. Since { } { }U : V : X Ax xα α ∈∆ ∪ ∈ − is a 

λ -open cover of X and X isλ -compact, there exist a finite subcover{ } { }U : N V : N
i ixi iα ∈ ∪ ∈ . 

Since ( )


N

AV
∈

∩
i

xi
 is finite, so for each ( )AV ∩∪∈

ixjx  there is  { }∆∈∈ ααα :UU )( ix  such that 

)(U
ixjx α∈  and N∈j . Hence { }N:U ∈i

iα
{ }N:U )( ∈∪ i

ixα  is a finite subcover of{ }∆∈αα :U  and it 

covers A. Therefore, A is λ -compact relative to X.  
 
Corollary 3.9: If a topological space X is λ -compact and A is λ -closed, then A is λ -compact relative to X. 
 
4. PRESERVATION THEOREMS 
 
Definition 4.1: A function σ)(Y,τ)(X,: →f  is said to be N- λ -continuous (resp. λ -continuous [1]) if the inverse 

image of every open subset of Y is N-λ -open in X. 
 
It is clear that every λ -continuous function is N -λ -continuous but not conversely. 
 
Example 4.2: Let { }cb,a,X = , { }{ }X,a,τ φ= and { }{ }X,ca,,σ φ= . Clearly the identity function 

σ)(X,τ)(X,: →f  is N -λ -continuous but not λ -continuous. 
 
Theorem 4.3: A function σ)(Y,τ)(X,: →f  is N-λ -continuous if and only if for each point  x in X and each open 

set V in Y with ( ) V∈xf , there is an   N-λ -open set U in X such that U∈x , and ( ) V.U ⊆f  
 
Proof: Let V be an open set in Y and let ( )V1−∈ fx . Then ( ) V∈xf and thus there exist λO(X)U N∈x such 

that xx U∈  and ( ) VU ⊆xf . Then ( )VU 1−⊆∈ fx x ( ){ }V:U 1−∈∪= fxx  Then by Lemma 2.7 ( )V1−f  is 

N- λ -open. Conversely, let X∈x  and V be an open set of Y containing ( )xf . Then ( ) λO(X)V1 N∈∈ −fx  
since f is N-λ -continuous. Let ( )VU 1−= f . Then U∈x  and ( ) VU ⊆f . 
 
Theorem 4.4: Let σ)(Y,τ)(X,: →f be a N-λ -continuous function. If X is λ -compact, then Y is compact. 
 
Proof: Let { }∆∈αα :V  be an open cover of Y. Then, ( ){ }∆∈− αf α :V1  is a N -λ -cover of X. Since X is  

λ -compact, by Corollary 3.9 there exist a finite subset 0∆ of∆  such that ( ){ }0
1 :VX ∆∈∪= − ααf  hence 

{ }0:VY ∆∈∪= αα . Therefore Y is compact. 
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Definition 4.5: A function YX: →f  is said to be strongly λ -open if the image of each λ -open subset of X is 
 λ -open in Y. 
 
Proposition 4.6: If YX: →f  is strongly λ -open, then the image of an N- λ -open set of X is N-λ -open in Y. 
 
Proof: Let YX: →f  be strongly λ -open and W an N-λ -open subset of X. For any ( )Wfy∈  , there 

exist W∈x such that ( ) yxf = . Since W is N- λ -open, there exists a λ -open set U such 

that U∈x and CWU =− is finite. Since f is stronglyλ -open, ( )Uf is λ -open in Y such that ( ) ( )Ufxfy ∈=  

and ( ) ( ) ( ) ( )CWUWU ffff =−⊆−  is finite. Therefore, ( )Wf  is N-λ -open in Y. 
 
Definition 4.7: [2] A function YX: →f  is said to be λ -irresolute if the inverse image of each λ -open subset of Y 
is λ -open in X. 
 
Proposition 4.8: If YX: →f  is a λ -irresolute injection and A is N-λ -open in Y, then ( )A1−f is N-λ -open in 
X. 
 
Proof: Assume that A is an N-λ -open subset of Y. Let ( )A1−∈ fx . Then ( ) A∈xf  and there exists a             

N- λ -open set V containing ( )xf such that AV −  is finite. Since f is λ -irresolute, ( )V1−f is a λ -open set 

containing x. Thus ( ) ( ) ( )AVAV 111 −=− −−− fff  and it is finite. It follows that ( )A1−f is N-λ -open in X. 
 
Definition 4.9: A function YX: →f  is said to be N- λ -closed if ( )Af  is N- λ -closed in Y for each λ -closed 
set A of X. 
 
It is clear that every strongly λ -closed function is N-λ -closed but not conversely. The function f   in Example 4.2 is 
N -λ -closed but not strongly N- λ -closed. 
 
Theorem 4.10: If YX: →f  is an N -λ -closed surjection such that )(1 yf −  is λ -compact relative to X for 

each Y∈y  and Y is λ -compact, then X is λ -compact. 
 
Proof: Let{ }∆∈αα :U  be any λ -open cover of X. For each ,Y∈y )(1 yf −  is λ -compact relative to X and 

there exists a finite subset ( )y∆  of∆  such that ( ){ }yyf ∆∈∪⊂− αα :U)(1 .Now, we put 

( ){ }yy ∆∈∪= αα :U)(U  and ( ))(VXY)(V yfy −−= . Then, since f is N-λ -closed, )(V y  is an N-λ -

open set in Y containing y such that ( ) )(U)(V1 yyf ⊂− . Since{ }Y:)(V ∈yy  is an N-λ -open cover of Y, by 

Corollary 3.9 there exists a finite subset{ } Y1: ⊆≤≤ nkyk such that ( )


n

k
ky

1

VY
=

= . Therefore, 

( ) ( )( )


n

k
kyfyf

1

11 VX
=

−− ==  ( )


n

k
ky

1

U
=

⊆ ( ){ }


n

k
ky

1

:U
=

∆∈= αα . This shows that X is λ -Compact. 

 
Definition 4.11: A function YX: →f  is said to be N- λ -continuous if for each X∈x  and each λ -open set V of 

Y containing ( )xf , there exist an N-λ -open set U of X containing x such that ( ) VU ⊆f . 
 
Theorem 4.12: Let YX: →f  be a N-λ -continuous surjection from X onto to Y. If X is λ -compact, then Y is  
λ -compact. 
Proof: Let{ }∆∈αα :V  be a λ -open cover of Y. For each X∈x , there exist ( ) ∆∈xα  such that ( ) ( )xαxf V∈ . 

Since f is N-λ -continuous, there exists an N-λ -open set of X containing x such that ( )( ) ( )( )xαxαf VU ⊆ . 

So ( ){ }X:U ∈xxα   is an N-λ -open cover of theλ -compact space X, by Corollary 3.9 there exists a finite subset  
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{ } X1: ⊆≤≤ nkxk  such that ( )

n

k
xα k

1

UX
=

= . Therefore, ( ) ( ) 







==

=


n

k
x k

ff
1

UXY α ( )

n

k
xα k

1

V
=

⊆ . This shows 

that Y is λ -Compact. 
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