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ABSTRACT
In this paper, we introduce and study the notion of /N- A -open sets as a generalization of A -open sets.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper (X,1) and(Y,o) stand for topological spaces with no separation axioms assumed, unless

otherwise stated. Maki [3] introduced the notion of A -sets in topological spaces. A A -set is a set A which is equal to
its kernel, that is, to the intersection of all open super sets of A. Arenas et.al. [1] Introduced and investigated the notion
of A-closed sets by involving A -sets and closed sets. Let A be a subset of a topological space (X,t). The closure and
the interior of a set A is denoted by CI (A), Int (A) respectively. A subset A of a topological space (X,t) is said to be A-
closed [1] if A=B n C, where B isa A -set and C is a closed set of X. The complement of A-closed set is called A-
open [1]. A point xeX in a topological space (X,t) is said to be A-cluster point of A [2] if for every A-open set U of X
containing X, A MU # ¢ . The set of all A-cluster points of A is called the A-closure of A and is denoted by CI;(A)

[2]. A point xeX is said to be the A-interior point of A if there exists a A-open set U of X containing x such that Uc A.
The set of all A-interior points of A is said to be the A-interior of A and is denoted by Int,(A). A set A is A-closed
(resp.A-open) if and only if Cl ; (A) = A (resp. Int,(A) = A) [2]. The family of all A-open (resp. A-closed) sets of X is
denoted by AO(X) (resp. AC(X)). The family of all A-open (resp. A-closed) sets of a space (X,t) containing the point
xeX is denoted by A2O(X, x) (resp. AC(X, X)).

2.N-\ -OPEN SETS

Definition 2.1: A subset A of a topological space X is said to be /N- A -open if for every X € A, there exists a A -open
subset U, € X containing x such that U, — A is finite set. The complement of an /N- A -open subset is said to be
N-A -closed.

The family of 2N= A -open (resp.N= A -closed) subsets of a space (X, 7) is denoted by JNAO(X) (resp. NAC(X)).
Proposition 2.2: Every A -open set is /N- A -open. Converse not true.

Example 2.3: Let X = {a, b, C}, T= {¢, {a}, X}, then {b} is N-open but not N= A -open (since X is a finite set).
Corollary 2.4: Every open set is N- A -open, but not conversely.

Proof: Follows from the fact that every open set is A -open.
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Lemma 2.5: A subset A of a topological space X is 2N- A -open if and only if for every X € A, there exists a A -open
subset U, containing x and a finite subset C such thatU, —C — A.

Proof: Let A be 2N~ A -open and X € A, then there exists a A -open subset U, containing x such that U, —A is
finite. LetC=U, —A=U, n(X—-A) .ThenU, —C < A. Conversely, let X € A Then there exists a

A -open subset U, containing x and a finite subset C such that U, —-C < A. Thus, U, —-Cc Aand U, —A'is
a finite set.

Theorem 2.6: Let X be a topological space and F < X. If Fis N- A -closed, then F < KW C for some A -closed
subset K and a finite subset C.

Proof: If F is N-A-closed, then X—Fis N-A-open and hence for everyXe X—F, there exists a
A-open set U containing x and a finite set C such thatU-Cc X—F.Thus

FecX-(U-C)=X-(UN(X-C)) =(X-U)uC. LetK=X-U. Then K is ak-closed set such
thatFc KUC.

Lemma 2.7: The union of any family of N= A -open sets is /N= A -open.

n
Proof: If {U; :i e I} is a collection of 2N X -open subsets of X and X € U U; .Then x € U for some j € | . This
i=1

n
implies that there exists a A -open subset V of X containing x such that V — U, is finite. SinceV—U UcV-U,
i=1

then V — U U, is finite. Therefore, U U, e NAO(X).

i=1 i=1

The intersection of all N-A -closed sets of X containing A is called the /N-A -closure of A and is denoted
by WCIKA), And the union of all N-A -open sets of X contained in A is called the N-A -interior and is denoted
by NInt, (A) |

The proof of the following lemma is obvious and hence omitted.

Lemma 2.8: Let A be a subset of a topological space (X, t) . Then

(i) xeNCI, (A)ifandonlyif AnU = ¢ for every U € NAO(X, X) ;
(i) Ais N-A -closed if and only if A = INCI , (A);

(i) INCI, (A) is N- A -closed.

Corollary 2.9: The intersection of an N= A -open set with an open set is /N- A -open.
Question: Does there exist an example for the intersection of /N- A -open sets is /N- A -open?
3.1 - COMPACT SPACES

Definition 3.1: A collection {Ua a e A}of A -open sets in a topological space X is called a A -open cover of a
subset B of X if B {U_, : e € A}holds.

Definition 3.2: A topological space X is said to be A - compact if every A -open cover of X has a finite subcover. A

subset A of a topological space X is said to be A -compact relative to X if every cover of A by A -open sets of X has a
finite subcover.
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Theorem 3.3: If X is a topological space such that every A -open subset is A -compact relative to X, then every subset
is A -compact relative to X.

Proof: Let B be an arbitrary subset of X and let {Ui e I} be the cover of B by A -open sets of X. Then the
family{Ui e I} is a A -open cover of the A -open setu{Ui e I} . Hence by hypothesis there is a finite

subfamily{Ui_ je NO} which coversu{Ui e I}.This subfamily is also a cover of the set B.
]

Theorem 3.4: A subset A of a topological space is A -compact relative to X if and only if for any cover {Va e A}
of A by N-\ -open sets of X, there exists a finite subset A, of A such that A < U{Va ca el }

Proof: Let {Va o e A} be a cover of A andV,, € INAO(X) .For eachx € A, there existsa(x)e A such
thatX € V() . Since V() is N- -open, there exista A -open set U, such thatX € U,y and U ) =V, is

a

finite. The family {U alx) - X € A} isa A -open cover of A. Since A is A -compact relative to X, there exists a finite

. such  thatAc U{Ua(xi) e F}, whereF={1,2,..n}.  Now, we have,
Ac U(( )UV (x )) U(Ua(xi) —Va(xl))u UVa(X.) .Foreach X;, U, )=V, is afinite set

ieF ieF ieF
and there exists a finite subset A(Xi) of A such that (Ua(xi) —Va(xi))m Ac u{Va ‘o A(Xi )} . Therefore, we

subset X, X, ,...X

have A [U( {V ‘o€ A ] (UV J Hence A is A -compact relative to X.

ieF ieF

Corollary 3.5: For any topological space X, the following properties are equivalent:
(i) Xis A -compact.
(ii) Every N- A -open cover of X admits a finite subcover.

Theorem 3.6: A topological space X is A -compact if and only if every proper /N- A -closed set is A -compact with
respect to X.

Proof: Let A be a proper /N- A -closed subset of X. Let {Ua .o e A} be a cover of A by A -open sets of X. Now for
each X € X — A, thereisa A-openset V, such thatV, —Ais finite . Then {U, ia e A} U{VX xeX —A} is
a -open cover of X. Since X is A -compact, there exist a finite subset A, of A and a finite number of points,
say, X;, X,,..X, in X—=Asuch  that X=(u {Ua :aeAl})u(u {in 1<i< n}) hence
Ac(UfU,:aeA}) U (u {A NV, 11<i< n}) since ANV, is finite for each i, there exists a finite
subsetA, of A such that (u {A NV, 11<i< n}) c {Ua ‘ae A}. Therefore,  we
obtain A U{U(x aelA U AZ}. This shows that A is A -compact relative to X. Conversely let {Va NeAS A}be
any A -open cover of X. We choose and fix one &, € A .Then U {Va aelA- {ao }} is a A -open cover of a /N- A
-closed set X -V, < U{Va ra el }

Therefore, X = U{Va aelAy U {ao }} This shows that X is A -compact.
Theorem 3.7: Let (X, T) be a topological space such that . Then is A -compact if and only if is compact.

Proof: Let {Va ‘a € A}be any A -open cover of (X, MO(X)). For each X € X, there exists a(x) € A such that
) and Ua(x) -V (x) is

a

X €V, - Since V,(,) is N- 1 -open, there exist a A -open set U, such thatx € U

a(x

finite. The family {Ua(x) ‘X e X} isa A -open cover of (X, 7). Since (X, 1)is A -compact, there exists a finite
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subset X;, X,,...X,, such that X= U{Ua(xi) e F}, where  F= {1,2,...n}. Now, we have
X= U((Ua(xi) - Va(x,))U Va(x,)) = U(U alx) ~ Va(xl))u UVa(Xi) . Foreach X;, U, )=V, is a finite set

ieF icF icF
and there exists a finite subset A(Xi )of A such that (Ua(xi) —Va(xi))m Xc u{Va ‘o€ A(Xi )} Therefore, we

have X = (U(u {Va ‘a e A(Xi )})J U {U Va(X.)J‘ Hence NAO(X) is compact. Conversely, let U be a A -open
ieF ieF

cover of (X,T). Then U< NAO(X) . Since (X, NAO(X))is compact, there exists a finite subcover

of U < INAO(X) . Since (X, MO(X)) is compact, there exists a finite subcover of U for X. Hence (X, 1) is

A -compact.

Theorem 3.8: An N~ A -closed subset of a A -compact space X is A -compact relative to X.

Proof: Let A be a N A -closed subset of X. Let {Ua ‘a e A} be a cover of A by A -open sets of X. Now for each
Xxe X —A there isa A-open set V/, such thatV, —Ais finite. Since {U, :a € A}U{VX :xeX—Alisa
A-open cover of X and X isA-compact, there exist a finite subcover{UO(i e N} U{in e N}.

SinceU(VXi mA) is finite, so for each X; eu(VX
ieN

X; €U, andjeN. Hence {Uai :ieN}u{U

covers A. Therefore, A is A -compact relative to X.

i mA) there is U, € {Ua ‘ae A} such that

ax) 1€ N} is a finite subcover of {Ua ‘o€ A} and it
Corollary 3.9: If a topological space X is A -compact and A is A -closed, then A is A -compact relative to X.

4. PRESERVATION THEOREMS

Definition 4.1: A function f : (X, 1) — (Y, o) is said to be N- A -continuous (resp. A -continuous [1]) if the inverse
image of every open subset of Y is /N- A -open in X.

It is clear that every A -continuous function is /N- A -continuous but not conversely.

Example 4.2: LetX = {a, b,c},r = {¢, {a}, X}andc = {¢, {a,c}, X}. Clearly the identity function
f 1 (X,1) = (X,0) is N- A -continuous but not A -continuous.

Theorem 4.3: A function f : (X, 1) — (Y,0) is 2N-= A -continuous if and only if for each point x in X and each open
set Vin'Y with f (x) eV, thereisan N-A -openset Uin Xsuchthat x e U, and f (U) c V.

Proof: Let V be an open set in Y and letX € f _1(V). Then f(X)e V and thus there exist U, € INAO(X)such
that xe U, and f(U,)cV.Then xe U, c f (V)= U{UX xef *1(V)} Then by Lemma 2.7 f (V) is
N-'A -open. Conversely, let X € X and V be an open set of Y containing f(x). Then X e f ’l(V) e INAO(X)
since fis N- A -continuous. LetU = f ’1(V). Thenx e U and f(U) cV.

Theorem 4.4: Let f : (X,1) = (Y, 5) be a N- A -continuous function. If X is A -compact, then Y is compact.

Proof: Let {Va ‘ae A} be an open cover of Y. Then, {f - (Va ) NeAS A} isa N~ A -cover of X. Since X is
A -compact, by Corollary 3.9 there exist a finite subset Ajof A such that X = u{f ’1(Va): a EAO} hence
Y = U{Va ‘ael, } Therefore Y is compact.
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Definition 4.5: A function f : X — Y is said to be strongly A -open if the image of each A -open subset of X is
A-openin.

Proposition 4.6: If f : X — Y isstrongly A -open, then the image of an /N- A -open set of X is N- A -open in Y.

Proof: Let f:X — Y be strongly A-open and W an N-A -open subset of X. For any Yy € f(W) , there
exist X € W such  that f(x): y. Since W is N-A-open, there exists a A-open set U such
that X € U and U — W = Ciis finite. Since f is strongly A -open, f (U) is A-openin Y suchthat y = f (X) ef (U)
and f (U)— f (W)g f (U — W) =f (C) is finite. Therefore, f (W) is N-A -openinY.

Definition 4.7: [2] A function f : X — Y issaid to be A -irresolute if the inverse image of each A -open subset of Y
is A -open in X.

Proposition 4.8: If f : X — Y is a\ -irresolute injection and A is /N=A -open in Y, then f ’l(A)is N-A -open in
X.

Proof: Assume that A is an N-A -open subset of Y. Let X & f’l(A). Then f(x)eA and there exists a
N-A -open set V containing f(x)such thatV — A is finite. Since f isA -irresolute, f’l(V)is al -open set
containing x. Thus f ’l(V)— f ’1(A)= f ’1(V—A) and it is finite. It follows that f ’l(A)is N-A -open in X.

Definition 4.9: A function f : X = Y is said to be N- A -closed if f(A) is NC A -closed in Y for each A -closed
set A of X.

It is clear that every strongly A -closed function is 2N- A -closed but not conversely. The function f in Example 4.2 is
N'-'\ -closed but not strongly N- A -closed.

Theorem 4.10: 1f f : X — Y is an N - A -closed surjection such that f (y) isA -compact relative to X for
eachy € Y and Y is A -compact, then X is A -compact.

Proof: Let {Ua ‘a e A} be any A -open cover of X. For eachy € Y, f (y) is A -compact relative to X and
there exists a finite subset A(y) of A such that f*(y)c u{Ua ‘a e A(y)}.Now, we put
U(y)=u{U, :a e A(y)} andV(y) =Y — f(X —V(y)). Then, since f is N-A -closed, V(y) is an N-A -
open set in Y containing y such that f ‘1(V(y))c U(y). Since {V(y) ye Y} is an 2N- A -open cover of Y, by

n
Corollary 3.9 there exists a finite subset{yk:lgkﬁn}gYsuch thathUV(yk). Therefore,
k=1

n n
X="f?y)= U f(V(y,)) < U u(y,)= U{Ua ca € Ay, )}. This shows that X is A -Compact.

k=1 k=1 k=1
Definition 4.11: A function f : X — Y issaid to be /N~ A -continuous if for each X € X and each A -open set V of
Y containing f (X) there exist an /N- A -open set U of X containing x such that f (U) cV.

Theorem 4.12: Let f : X — Y be a /N- A -continuous surjection from X onto to Y. If X is A -compact, then Y is
A -compact.
Proof: Let {Va lae A} be a A -open cover of Y. For each X € X, there exist a(X)e A such that f(x)e V,(x)-

Since f is N-A -continuous, there exists an /N-A -open set of X containing x such that f(Ua(X))g(V (X)).

a

So {U(X(X) Xe X} isan JN- A -open cover of the A -compact space X, by Corollary 3.9 there exists a finite subset
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{x, 1<k < n}g X such that X = UUa(xk) . Therefore, Y = f(X) = f(U Ua(xk)j c UVa(Xk) . This shows
k=1 k=1 k=1
that Y is A -Compact.
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