International Journal of Mathematical Archive-3(8), 2012, 3143-3155

@I ™MA pvailable online through www.ijma.info ISSN 2229 - 5046

SOME FIXED POINT THEOREMS IN TWO FUZZY METRIC SPACES

T. Veerapandi
Associate Professor of Mathematics, P. M. T College, Melaneelithanallur-627953, India

T. Thiripura Sundari*
Department of Mathematics, Sri K. G. S Arts College, Srivaikuntam, India

J. Paulraj Joseph
Associate Professor of Mathematics, Manonmaniam Sundaranar University, Tirunelveli, India

(Received on: 19-07-12; Revised & Accepted on: 11-08-12)

ABSTRACT

In this paper we prove some fixed point theorems for generalized contraction mappings in two complete fuzzy
metric spaces.
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1. INTRODUCTION.

Fuzzy set was defined by Zadeh [9] in 1965, has lead to a rich growth of fuzzy mathematics. Kramosil and Michalek
[7] introduced fuzzy metric space, George and Veeramani [5] modified the notion of fuzzy metric spaces with the help
of continuous t-norms. Many authors namely Deng [2], Erceg [3] used the concept of fuzzy mathematics in different
ways. Recently there are several authors proved many kinds of fixed point theorems in fuzzy metric spaces viz. [4] In
this paper we prove some fixed point theorems in two complete fuzzy metric spaces for contractive type mappings and
non-expansive mappings by generalizing the results of Veerapandi et al [8] on fuzzy metric space.

Now we begin with some known definitions and preliminary concepts.

Definitionl1.2: A fuzzy set A in X is a function with domain X and values in [0,1]

Definition1.3 [10]: A binary operation # : [0, 1] x [0, 1] — [0,1] is a continuous t-norm if it satisfies the following
conditions:

(i) * is commutative and associative,

(ii) * is continuous,

(iii)a * 1=aforalla € [0,1],

(iv) a #b<c * dwhenevera<candb<d, for each a, b, c, d € [0,1].

Examples of t-norm area *# b=aband a # b = min(a,b).

Definitionl1.4 [7]: A 3-tuple (X, M, #) is said to be a fuzzy metric space if X is an arbitrary set, # is a continuous
t-norm and M is a fuzzy set on X? x [0, 00) satisfying the following conditions, for all x, y, z € X and s, t > 0,
(1) M(x,y, t)>0,

(f-2) M(x,y,t)=1lifand onlyifx =y,

(F3) M(x,y, 1) = M(y, x, 1),

(f-4) M(x,y, t) F My, z, s) <M(X, z, t+s),

(f-5) M(x,y,.): [0, ©) — [0,1] is left continuous V' x,y,z € Xandt, s> 0.

Then M is called a fuzzy metric on X and M(x, y, t) denotes the degree of nearness between x and y with respect to t.

Examplel.5 [5]: (Induced fuzzy metric): Let (X, d) be a metric space, define a * b = min{a,b} for all a, b €[0,1] and
My be fuzzy set on X? x [0, 00 ) defined as,
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t
M ] 1 =
d(X ¥ 1) t+d(xy)

for all x, y € X and t > 0. Then (X, My, ¥) is a fuzzy metric space. We call this fuzzy metric My as the standard
intuitionistic fuzzy metric.

Definition 1.6[6]: Let (X, M, *¥) be a fuzzy metric space. Then

(i) Asequence {x,} in Xis said to be convergent to a point x € X, if

limM (x,, x,t) =1 for all t > 0.

n—oo

(i) Asequence {x,} in Xis said to be a Cauchy sequence if

[iMm M (Xqsp, Xn, t) =1 for all t >0and p > 0.

n—o
(iii) A fuzzy metric space is said to be complete if every Cauchy sequence is convergent to a point in it.

Remark 1.7: Since #* is continuous, it follows from (f-4), that the limit of the sequence in fuzzy metric space is
uniquely determined.

Let (X, M, #) be a fuzzy metric space with the following conditions.

(f-6) lim M(x,y,t)=1forallx,y € X
t—o

Lemma 1.8[6]: For all x, y € X, M(X, y,.) is non-decreasing.

Lemma 1.9[1]: Let {x,} be a sequence in a fuzzy metric space (X, M, #) with the condition (f-6). If there exists a
number g € (0,1) such that
M(Xns2 Xns1,G8) 2 M(Xnsp Xn f)  =mmmmmmmmmmmmmeees (f-7)

forallt>0andn=1.2,....., then {x,} is a cauchy sequence in X.

Lemma 1.10: If for all x, y€ X, t > 0 and for a number q € (0, 1),
M(x, y, gt) = M(x,y, 1), thenx = y.

2. MAIN RESULTS

Theorem2.1. Let (X, My, #) and (Y, M,, # ) be two complete fuzzy metric spaces. If T is a mapping from X into Y
and S is a mapping from Y into X , satisfying the following conditions:

M, (Tx, TSy, qt) > min{M;(X, Sy, t), Mx(y, Tx, t) # M,(y, TSy, t)} 1)
My (Sy, STx, qt) > min{M(x, Sy, t) # My(x, STX, t), Ma(y, TX, 1)} 2

for all xin X and yin Y where g <1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz =w and Sw =z.

Proof: Let %o be an arbitrary point in X. Define a sequence {x,} in X and {y,} in Y, as follows:
Xn=(ST)" X0, Yn=T(X1) forn=1.2,....

We have
My (X Xas1,Gt) = M1 ((ST)" X0, (ST)™! %o ,t)

= My(S (T (ST) ™ Xo, ST (ST)" Xo,qt)
= M1 (ST (Xn_l), STXn, qt)
=M; (SYn, STx,, t)
>min {M; (Xn, Syn ,t) FMy (X, STXn 1), M2 (Yo, TXa )} (since by (2))
=min {My (Xn , Xn ,t) FMy (Xn, Xn+1,) s Ma( Vi, Vo1 0}
=min {M; (Xn , Xn+1,t) , M2 (Yo, Yne1 .0}
=Mz (Yo, Yns1 1)
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Now
Mz(yn Yn+t ,t) MZ(TXn—l 1TXn ,t)
M2 (TXn_l, TSyn, t)

min {Ml (Xn—liSyn it/q)i MZ (Yn,TXn-li t/q) :!tMZ (Yn, TSYm UQ)} (Since by (1))

MIN{M; (Xn1 , % ,¥0), M2 (Yo, ¥ ,¥/0) #* M2 (Yo Yo+ ,¥/0)}
M1 (Xn—l , Xn ,t/q)

v 1

v

Hence
Ml (Xn an+1 ,qt) Z M2 (yn 3 yn+1 lt)
> Ms (X1, %n ,1/0)

> M (Xo, X1 M/g™™™) — 1asn—o (since g<1)

Thus {x,} is a Cauchy sequence in X. Since (X, My, ) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point win Y.

Now we prove Tz=w
Suppose Tz # w.

We have
M, (Tz,w,gt) = lim M, (Tz,Yae, Ot)
n—oo

= lim M, (Tz, TSy,, qt)

n—o0

lim min { My (z,Syn, t), Ma(Yn, T2, t) M, (Yn, TSyn, )}

n—oo

lim min {M; (z, X, t), Mz (Yn, TZ, ) FM3 (Vn, Yne1, )}

n—oo

min{My (z, z 1), Ma(w, Tz, t) #EM,(w, w, t)}

min {1, Ma(w, Tz, t) #1}

M,( Tz, w, t) (since g<1), which is a contradiction.

1 1 v

v

Thus Tz=w.
Now we prove Sw = z.

Suppose Sw # z.

We have
M; (Sw, z, gt) = lim  My(Sw, Xq+1, qt)
n—oo
= lim My(Sw, STx,, qt)
n—oo
> lim min{ My(X,,Sw, t) #My(X, ,STX, ,t), Mao(w, TX, 1)}
n—oo
= lim min { My(X, ,SW, t) #FMy(X, ,Xns1 ,1) , Ma(W, Yie1 )}
n—oo
= min{ My(z, Sw, t) #1 , 1}
> My(z, Sw, t) (since g<1), which is a contradiction.
Thus Sw = z.

Therefore we have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed point of ST and the point w is a fixed
point of TS.

Uniqueness: let z" be another fixed point of ST such that z=2z".

We have
Ml(Z, z', qt) = Ml(STZ, STz’ qt)
>min {My(z’, STz, t) ¥My(z’, STz', 1), My(Tz, Tz', t)}
=min {My (z’, z, 1) , My(Tz, TZ', )}
>M, (Tz, Tz', 1)
Also we have
My(Tz, Tz', t) = My(Tz" ,TSTz',t)
>min{ My(z,STz",t/q) , My(Tz’,Tz,t/q ) # M,(Tz",TSTz",t/q)}
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=min { My(z",zt/q) , My(Tz, Tz"t/q)}
> My(z, z',t/q)

Hence
Mi(z,z",qt) > My(Tz,Tz',t) > My(z, z’,t/q) (since g<l),

which is a contradiction.

Thusz=z".

So the point z is the unique fixed point of ST. Similarly, we prove the point w is also a unique fixed point of TS.
This completes the proof.

Remark 2.2: If (X, My, #) and (Y, M,, #) are the same fuzzy metric spaces, then by the above theorem 2.1, we get the
following theorem, as corollary.

Corollary 2.3: Let (X,M, #¥) be a complete fuzzy metric space. If S and T are mappings from X into itself satisfying
the following conditions:

M (Tx, TSy, qt) > min{M(x, Sy, t), M(y,Tx, t) # M(y, TSy, 1)}

M (Sy, STX, gt) = min {M(X, Sy, t) & M(X, STX, t), M(y,Tx, t)}

for all x, yin X where q < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in X. Further
Tz=wand Sw =z

Theorem 2.4:  Let (X, My, #) and (Y, My, #) be two complete fuzzy metric spaces. If T is a mapping from X into Y
and S is a mapping from Y into X, satisfying following conditions:

M (TX, TSy, qt) > min {M;(X, Sy, t), Ma(y, TX, t), Moy, TX, t) FM,(y, TSy, t)} (1)
M1(Sy,STX, qt) > min{M,(y, TX, t), Mi(x,Sy, t), Mi(x,Sy, t) #M;(x,STx, t)} 2

for all xin X and yin Y where g <1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz=wand Sw = z.

Proof: Let %o be an arbitrary point in X. Define a sequence {x,}in X and {y,} in Y, as follows:
Xn=(ST)" Xo, Yn=T(X1) forn=1.2,....

we have
M (X Xns1,0t) = My ((ST) %o, (ST)™ %o ,qt)
M. (S(T(ST)™ X0, ST(ST)" Xo,t)
My(ST(Xn.1) , STXn, qt)
M1(Syn, STX, ,qt)
Min{Mz(Yn, TXn,t), M1(Xn, SYn,t), M1(Xn,S¥n,t) FM;(Xn, STXn,1)}
Min{Ma(Yn,Yn+1,), M1(Xn, Xn,t) , M1 (Xn, Xn,t) FMy(Xn,Xn+1,8) }
min{Mz(yn,yn+1,t), 1,1 :!'LMl(Xn s Xn+1,t)}
Mz(ymyn+1,t)

v nmnnn

v

Now
Ma(Yn.Yn+1,0t) = Ma(TXn1, TXn,0ft)
= Mz(TXn_l,Tsyn,qt)
> min{My(Xn-1,SYn, £),M2(Yn, TXn-1, £),M2(Yn, TXn-1, t) FMa(Yn TSyn, 1)}
= min{Mu(Xn.1,Xn, 1), Ma(Yn,Yn, 1), Ma(Yn,Yn,, 1)*Ma(Yn Ve, £}
= mln{ Ml(Xn_l,Xn,t), 1 s 1 :!'LMz(yn ,yn+1,t)}
= Ml(Xn_l, Xn,t)
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Ml(xn 1Xn+11t) Z Mz(yn,yn+1,t)
> My (Xp-1, XN, t/q)

> My(XoX1,/6™™) — 0 as n— (since g<1)

Thus {x,} is a Cauchy sequence in X. Since (X, My, ) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point win Y.

Now we prove Tz =w
Suppose Tz # w.

We have
M, (Tz, w, gt) = lim M, (Tz,Yn+1,qt)
n—oo
=lim M, (Tz, TSy, ,qt)

n—o0

> 1im min{My(z,SYn,t),Ma(Yn, TZ,t),Ma(yn, TZ,t) FMy(Yn, TSYnt)}
n—oo

Iim min{Ml(Z,Xn,t), Mz(yn,TZ,t), Mz(yn,TZ,t) :!'LMZ(yn,ynﬂ,t)}

n—oo

min{My(z,z,t) ,Ma(w,Tz,t), Ma(w,Tz.t) FMy(w,w,t)}
min{1, M,(w,Tz,t), Ma(w,Tz,t) #1}

Ma(W,TZ,t) (since g<1) Which is a contradiction

AV

Thus Tz=w.
Now we prove Sw = z.
Suppose Sw# z.

We have
M1(Sw,z,qt) = lim My(Sw,X,.1,qt)
n—oo
= lim My(Sw,STx,,qt)

n—o0

> 1lim min{Ma(W, TXq,t), M1 (Xn, SW,t), My (X, SW, )My (X0, ST, 1) }

n—oo

lim min{M(W,Yn+1,t), M1 (X, SW,t), My (Xn, SW,t) FMy(Xn,Xn+1,1) }
n—oo

= min{M,(w,w,t), My(z,w,t), My(z,Sw,t) ¥My(z,z,t)}
>M;(Sw,z,t) (since q<1) which is a contradiction.

Thus Sw=z.

Therefore we have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed point of ST and the point w is a fixed
point of TS.

Uniqueness: let z” be another fixed point of ST such thatz=z".

We have
Mi(z',z,qt) = My(STz’, STz,qt)
> min{My(Tz’,Tz,t), My(z,STz",t),M;(z,STz",t) ¥M,(z.STz,1t)}
>min{My(Tz',Tz,t), My(z, z'.t), My(z, z",1)}
> My(Tz',Tz,t)

Also we have
My(Tz',Tz,qt) = My(Tz',TSTz,qt)
>min{M;(z’,STzt), My(Tz,Tz",t), My(Tz,Tz",t) #¥My(Tz,TSTz,t)}
=min{My(z',z,t), My(Tz,Tz",t), My(Tz, Tz’ 1)}
> My(z,z",1)

(i.e) My(Tz',Tz,t) > Mu(z,2",t/q)
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Hence
Mi(z’,z, qt) > My(Tz',Tz, t) > Mi(z,z’, t/q) (since g<1) which is a contradiction.

Thusz==z".

So the point z is the unique fixed point of ST. Similarly, we prove the point w is also a unique fixed point of TS. This
completes the proof.

Remark 2.5: If (X, My, #) and (Y,M,, #) are the same fuzzy metric spaces, then by the above theorem 2.4, we get the
following theorem, as corollary.

Corollary 2.6: Let (X, M, #¥) be a complete fuzzy metric space. If S and T are mappings from X into itself satisfying
the following conditions:

M(TX, TSy, gt) > min{M(x,Sy, t), M(y,Tx, t), M(y,Tx, t) #M(y, TSy, t)}
M(Sy,STx, gt) > min {M(y,Tx, t), M(x,Sy, t), M(x,Sy, t) #M(x,STx, t)}

for all x, yin X where q <1, then ST has a unique fixed point z in X and TS has a unique fixed point w in X. Further
Tz=wand Sw =z.

Theorem 2.7: Let (X, My, #) and (Y,M,, #) be two complete fuzzy metric spaces. If T is a mapping from X into Y
and S is a mapping from Y into X, satisfying the following conditions:

M, (Tx, TSy,qt) > min{M;(Xx,Sy,t), Ma(y, Tx,t), Ma(y,TSy,t), My(X,STx,t)} 1)
M, (Sy,STx,qt) = min{Ma(y, Tx,t), M1(X,Sy,t), M1(X,STx,t), Mo(TX, TSy,t)} 2

for all x, yin X where q <1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y. Further
Tz=wand Sw=z.

Proof: Let %o be an arbitrary point in X. Define a sequence {x,}in X and {y,} in Y, as follows:
Xn=(ST)" Xo, Yn=T(X1) forn=1.2,....

we have
My (X Xns1,Gt) = My ((ST)" X0, (ST)™ %o ,qt)
M. (S(T(ST)™ X0, ST(ST)" Xo,qt)
M1(ST(Xn1) , STX,, qt)
M1(Syn, STX, ,qt)
Min{Ma(Yn, TXn,t), M1(Xq,Syn,t), M1(Xn, STXn,1), Ma(TXn, TSy, 1)}
min{MZ(ym yn+11t) ) Ml(xm th), Ml(xm Xn+11t), Mz(yn+1, yn+11t)}
Mz(yn ’ yn+11t)

AV L I V20 | I | I A |

We have

Mz(Yn \Yns1,0t) = Ma(TX0, TX0,qt)
Mz(TXn_l,Tsyn,qt)
min{Ml(Xn_l,Syn,t),Mz(yn,TXn_l,t),Mz(yn,Tsyn,t),Ml(Xn_l,STXn_l,t)}
Min{M3 (Xy.1,Xn,t), Ma(Yn,Yn,1), Ma(Yn ,Yn+1,t), M1(Xn-1,Xn,0)}
mln{ Ml(Xn_l,Xn,t), 1, MZ(yn ,yn+1,t), Ml(Xn_l,Xn,t)}
Ml(Xn_l, Xn,t)

vV I nmiv n

(i), Ma(Yn Yns1,t) = Mi(Xn-1, Xo, t/0))
Hence

Ml(Xan+1,qt) Z MZ (yn,yn+1,t)
> Mi (X1, Xn,t/0)

> M (Xo, X1,t/q7"™") — 1 as n—oo (since g<1)

Thus {x,} is a Cauchy sequence in X. Since (X, My, ) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point w in Y.

Now we prove Tz =w

© 2012, IIMA. All Rights Reserved 3148



T. Veerapandi, T. Thiripura Sundari* and J. Paulraj Joseph/ SOME FIXED POINT THEOREMS IN TWO FUZZY METRIC SPACES/
IUMA- 3(8), August-2012.
Suppose Tz # w.

We have
M, (Tz, w, gt) = lim M, (Tz,Yu1, Q)
n—oo

= lim M, (Tz, TSy, , qt)

n—oo

> 1im min{My(z,Syn,t),Ma(Yn, TZ,t),M2(Yn, TSYn,t),M;(z,STZ,1)}
n—oo

= [im min{My(z,Xn,t), Ma(Yn, TZ,1), Ma(Yn,Yn+1,1), M1(2,STZ,1)}
n—oo

= min{My(z,z,t), My(w,Tz,t), Mp(w,w,t), My(z,STz,t)}

= min{l, My(w,Tz,), 1, My(z,STz,t)}

> My(z,STzt)

Also
Ms(z, STz,qt) =lim My(x,, STz,qt)

n—oo

=lim My(Sy, STz,qt)
n—oo

> lim min{M(y,, Tz,t),My(z, Syn), M1(z, STz,t), My(TZz, TSy, 1)}
n—oo

= lim min{Ma(y,, Tz,t), My(z, Xn,t), M1(2,STZ,t), Mo(TZ,Yn+1,)}
n—o

= min{M,(w,Tz,t), My(z,2,t), My(z,STz,t), My(Tz,w,1)}
= min{M,(w,Tz,t), 1, My(z,STz,t), My(Tz,w,t)}
> My(Tz,w,t)

(i.), My(z,STz,t) > My(Tz,w,t/q)

hence
M,(Tz,w,qt) > My(Tz,w,t/q) , which is a contradiction. (Since g<1)

Thus Tz = w.
Now we prove Sw = z.
Suppose Sw # z.

Then we have
M;(Sw,z,qt) = lim M1 (SW,Xn+1,qt)

n—oo

= lim My(Sw,STx,,qt)

n—oo

> lim min{M(W, TXq,t), My(X, SW,t), My (X0, STXn,t), Mo(TX,, TSW, 1)}

n—o0

Ilm min{Mz(Wiyn+1lt)l Ml(xnlSWlt)i Ml(xnlxn+1lt)! MZ(Yn+1,TSW,t)}
n—o0

= min{ My(w,w,t), My(z,Sw,t), My(z,2,t), Ma(w, TSw,t)}
=min{l, My(z,Sw,t), 1, Mp(w,TSw,t)}
> Mp(w, TSw,t)

M, (W, TSw,qt) = lim Ma(Yn+1, TSW,qt)
n—oo

= lim My(Tx,,TSw,qt)

n—oo

v

lm min{My(X,,SW,t), Ma(W, TXn,t), Ma(W, TSW,t), My(Xn,STX,,t)}

n—oo
min { My(z,Sw,t), 1, My(w, TSw,t), 1}
M;(z,Sw,t)

(i.€), Ma(w, TSw,t) = Ma(Sw,z,Uq)

(VAN

Hence
M1 (Sw,z,qt) > My(w, TSw,t) > M;(Sw,z,t/q)

Which is a contradiction. (since q<1)
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Thus Sw = z.

Therefore we have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed point of ST and the point w is a fixed
point of TS.

Uniqueness: Let z” be the another fixed point of ST such that z# z’.

Now
Mi(z,z',qt) = lim My(Sw,STz’,qt)
n—oo

> lim min{My(w,Tz",t), My(z',Sw,t), My(z",STZ’,t),Mo(Tz",w,1)}
n—o0

=min { My(w,Tz',t), My(z',z,t), 1, Ma(Tz",w,t)}
> My(Tz',w,t)

Also
My(Tz",w,qt) = lim Mx(Tz",yn.1,qt)
n—oo
=[im My(Tz’, TSy..qt)
n—oo

>lim min{My(z",Syn,t), Ma(Yn, TZ",t), Ma(Yn, TSYn,t), Ma(z",STz",1)}
n—o0

= min{ My(z",zt), Ma(w,Tz",t), 1,1)}
> Ml(Z’JZ:t)

(i.e), My(Tz",w,t) > My(z’,z,t/q)

Therefore we have
M]_(Z s Z’,qt) Z MZ(TZ’:W:t) Z Ml(Z,Z’,t)

Which is a contradiction. (since g<1)

Thus z=2z".

So the point z is the unique fixed point of ST. Similarly, we prove the point w is also a unique fixed point of TS. .
This completes the proof.

Remark 2.8: If (X,My, ¥) and (Y,M,, #¥) are the same fuzzy metric spaces, then by the above theorem 2.7, we get the
following theorem, as corollary.

Corollary 2.9: Let (X,M, #) be a complete fuzzy metric space. If S and T are mappings from X into itself satisfying
the following conditions:

M(Tx,TSy,qt) = min {M(x,Sy,t), M(y,Tx,t), M(y,TSy,t), M(x,STx,t)}
M(Sy,STx,qt) > min {M(y,Tx,t), M(x,Sy,t), M(x,STx,t), M(Tx,TSy,t)}

for all x,yin X where q <1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y. Further
Tz=wand Sw=z.

Theorem 2.10: Let (X,My, *¥) and (Y,M,, #) be two complete fuzzy metric spaces. If T is a mapping from X into Y
and S is a mapping from Y into X , satisfying following conditions:

M,(Tx, TSy, qt) > min{My(x, Sy, t), Mx(y, Tx, t), Ma(y, TSy, t), My(X, STX, t), My(Sy, STx, )} 1)
My(Sy, STx, qt) > min{Mx(y, Tx, t), My(X, Sy, t), My(X, STX, t), Mx(Tx, TSy, t), My(y, TSy, t)} 2

for all xin X and yin Y where g <1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz=wand Sw=z.

Proof: Let %o be an arbitrary point in X. Define a sequence {x,}in X and {y,} in Y, as follows:
Xn=(ST)" Xo, Yn=T(X1) forn=1.2,....
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we have
My (X Xns1,0t) = My ((ST)" X0, (ST)™ o ,qt)
M, (S(T(ST)™ X0, ST(ST)" %o ,qt)
My(ST(Xq-1) , STXq, qt)
Ma(SYn, STXq ,qt)

AV | I IR AV TR T T |

MiN{Ma(Yn, TXn,t), M1(Xn,SYn,t), M1 (X0, STXp,t), Ma(TXn, TSYR), Ma(Yn, TSYn 1)}
min {Ma(Yn,Yn+1,8), M1(Xa,Xn,t), M1(Xn,Xn+1,t), M2(Yne1,Yoer, ), Ma(Yn, Yosr,£)}
min {Ma(Yn,Yn+1,1), 1, M1(Xn,Xn+1,8), 1, Ma(Yn,Ynea, 1)}
MZ(Yn y Yn+1,t)
Also we have
Ma(Yn,Yn+1,0t) = Ma(TXn.1,TXn,qt)
= Mz(TXn_l s TSyn,qt)
> min {Ml(Xn_l,Syn,t), Mz(yn,TXn_l,t), Mz(yn,Tsyn,t), Ml(xn—l ,STXn_l,t), Ml(Syn,STXn_l,t)}
= MiN{M1(Xn-1,%n,t), Ma(Yn,¥n,t), M2(Yn,Yns1,t), M1(Xn-,Xn,t), Ma(Xn1,%n, U3}
= min{Ml(Xn_l,Xn,t), 1, Mz(yn;ynﬂ,t), Ml(xn—l,xnit); Ml(Xn_l,Xn,t}}
> Ml(Xn_l,Xn,t)
Now

Ml(xn ,Xn+1,qt) Z Mz(yn;yn+1,t)
> M(Xn-1, Xn,t/0)

> My (Xo, X1, /g™ — 1asn—oo (since g<1)

Thus {x,} is a Cauchy sequence in X. Since (X,My, #¥) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point win'Y.

Now we prove Tz=w

We have
M, (Tz,w,gt) = lim M, (Tz,Yn1,qt)
n—oo

= lim M, (Tz, TSy, ,qt)

n—o0

> [im min{My(z,Syn,t), Ma(Yn, TZ,t), Ma(Yn, TSYn,1), M1(z,STz,t), My (Sy, STz,1)}
n—o

= 1im min{My(z, Xn,t), Ma(Yn, TZ,1), Ma(Yn, Yas1,t), M1(z,STZ,t), My(X,,STZ,t)}
n—oo

= min{l, My(w, Tzt), 1, My(z,STzt), My(z,STz,t)}

> My(z,STzt)

My(z,STz,qt) = lim My(x,, STz, qt)

n—oo
= lim My(Sy,, STz, qt)
n—oo
> lim min{My(y,, Tz, t), M1(z, Syn, t), Ma(z, STz, t), My(TZ, TSy, t), Ma(Yn, TSyn, )}
n—o0
= !]im min{MZ(ym TZ! t)l Ml(zl Xn, t)i Ml(zl STZi t)i MZ(TZ;yn+1,t), Mz(yn 1yn+1,t)}
—o

= min{My(w, Tz, t), 1, My(z, STz, t), My(Tz, w, t), 1}
> My(Tz,w,t)

Hence
M,(Tz, w, gt) > M,(Tz, w, t/q)

Thus Tz = w.
Now we prove Sw = z.

Suppose Sw # z.
M (Sw, z, qt) = lim My(Sw, X1, qt)
n—oo

= lim My(Sw, STx,, qt)

n—o0
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> [im min{My(W, TXq,t), M1 (X, SW,t), My(Xn,STX0,t), Ma(TXn, TSW, 1), Mo (Y, TSXn, )}

n—o0

= Ilm min{MZ(W,ynﬂ,t), Ml(xnlswlt)l Ml(xnlxn+1lt)i Ml(yn+1,TSW,t), MZ(Yn,Yn+1-t)}

n—oo
=min{1, My(z,Sw,t), 1, My(w, TSw,t), 1}
> My(w, TSw,t)

Now
Ma(W, TSw,qt) = 1im Ma(Yn+1, TSW,qt)
n—o

= [im My(Tx,, TSw,qt)
n—oo

> lim min{M (X, SW,t), Ma(W, TX,,t), Mao(W, TSW,t), My (X, STX0,t), M1 (SW,STx,, 1)}
n—oo

= Iim min{Ml(Xn!SWlt)! MZ(W,yn+1,t), MZ(WiTSWit)l Ml(xnixnﬂit), Ml(SWan+lit)}

n—oo
=min{My(z,Sw,t), 1, My(w, TSw,t), 1, My(Sw,z,t)}
> My (Sw,z,t)
Hence
M1 (Sw,z,qt) > M,(w, TSw,t)

> M, (Sw,z,t/q)
Which is a contradiction.  (since g< 1)
Thus Sw = z.

Therefore we have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed point of ST and the point w is a fixed
point of TS.

Uniqueness: Let z” be the another fixed point of ST such that z# z’.

Now
Mi(z,z",qt) = My (Sw,STz",qt)
>min{My(w,Tz",t), My(z",Sw,t), My(z",STz",t), My(Tz’,TSw,t), Mao(w, TSw,t)}
= min{My(w,Tz’",t), My(z',zt), 1, My(Tz",w,t), 1 }
>My(Tz",w,t)

My(Tz',w,qt) = My(Tz', TSw,t)

> min{My(z’,Sw,t), Ma(w,Tz",t), Mi(z", TSz",t), M1(z",z,t), M1(z,STZ",t)}
=min{My(z’,z,t), Ma(w,Tz’ 1), 1, My(z",z,t), My(z, z",1)}
> Ml(Z, Z’,t)

Hence

Ml(Z’Z’:qt) = MZ(TZ’JWJt)

> Ma(z,z",t/q)

Which is a contradiction. (since g<1)

Thusz=7z".

So the point z is the unique fixed point of ST. Similarly, we prove the point w is also a unique fixed point of TS.

This completes the proof.

Remark 2.11: If (X,My, #¥) and (Y,M,, ¥) are the same fuzzy metric spaces, then by the above theorem 2.10, we get
the following theorem, as corollary.

Corollary 2.12: Let (X, M, #) be a complete fuzzy metric space. If S and T are mappings from X into itself satisfying
the following conditions:

M(Tx, TSy, qt) > min {M(x, Sy, t), M(y, Tx, t), M(y, TSy, t), M(X, STx, t),M(Sy, STx, t)}

M(Sy, STX, gt) > min{M(y, Tx, t), M(X, Sy, t), M(x, STx, t), M(Tx, TSy, t), M(y, TSy, t)}
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for all x, yin X where q <1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y. Further
Tz=wand Sw=z.

Theorem 2.13:  Let (X,M,, ¥) and (Y,M,, #) be two complete fuzzy metric spaces. If T is a mapping from X into Y and
S is a mapping from Y into X, satisfying the following conditions:

M,(Tx, TSy, t) > min{My(x, Sy, t), My(Sy, STx, t), Ma(y, Tx, t) EM,(y, TSy, t), Mi(x, STX, t)} 1)

My(Sy, STx, t) > min{M(x, Sy, t) #M;(x, STX, t), Ma(y, TSy, t), Ma(y, Tx, t), Ma(Tx, TSy, t)} 2
for all xin XandyinY where q <1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz=wand Sw=z.

Proof. Let xq be an arbitrary point in X. Define a sequence {x,}in X and {y,} in Y, as follows:
Xn=(ST)" X0, Yn=T(X1) forn=1,2,....

We have
My (X Xas1,0t) = My ((ST)" X0, (ST)™! %o ,t)

= My(S(T(ST)™™ %o, ST(ST)" Xo,0t)
= Ml(ST(Xn_l), STX,, qt)
= My(Syn, STX, ,qt)
> min{My(Xn, Syn,t) FEM(Xn,STXn,t), Ma(Yn, TSYn,t), Ma(Yn, TXn,t), Mo(TXn, TSYn, 1)}
= min{Ml(Xmet) :}LMI(Xmel,t), M2 (Y, Yn+1,8), M2(Vn,Yoe1,t), Mo(Yne1,Yn+1,0)}
=min{l :!‘LMI(Xmel,t), M2 (Yn,Yn+1,t), M2(Yn,Yns1,t), 1}
> Ma(Yn, Yn+1,t)

Now
Mz (Y, Yn+2,0t) = Ma(TX01, TX0,qt)
= Mz(TXn_l,Tsyn,qt)
> min{Ml(Xn_l,Syn,t),Ml(Syn,STXn_l,t),Mz(yn,TXn_l,t) :!'LMz(yn,Tsyn,t), Ml(Xn_l,STXn_l,t)}
=min {Ml(Xn_l,Xn,t), 1, 1*M2(yn,yn+1,t), Ml(Xn_l,Xn,t)}
> Ml(Xn_l,Xn,t)
Hence

Ml(xmxnﬂiqt) Z Mz(yn;yn+1,t)
> My(Xn-1,Xn,1/0)

> My(Xo, X1, t/g""™) —1 asn—oo  (since q< 1)

Thus {x,} is a Cauchy sequence in (X,My, ¥ ). Since (X,My, #) is complete, it converges to a point z in X. Similarly,
we can prove that the sequence {y,} is also a Cauchy sequence in (Y,M,, #). Since (Y M,, #) is complete, it converges
toapointwin.

Now we prove Tz =w..

Suppose Tz#w.
We have
My(Tz,w,qt) = rl]m M2(TZ,Yn+1,0t)
= lim My(Tz,TSy,,qt)
N0

> 1im min{My(z,Syn,t),M1(Syn,STZ,t), Ma(yn, TZ,)*Ma (Y, TSYn 1), M1(z,STZ 1)}
n—oo

lim min{My(z,%n,t), M1(Xn,STZ,1), Ma(Yn, TZ,1)*Ma(Yn,Yns1,1), M1(z,STz,1)}
n—oo
My(z,STz,t)

%
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Now
M;(z,STz,qt) = lim My(x,,STz,qt)

n—o0

lim M;(Sy,,STz,qt)
n—o
||m min{l\/ll(z,Syn,t)*l\/ll(Z,STZ,t),Mz(yn,,TSyn,t),Mz(Yn,TZ,t), MZ(TZ,TSYn,t)}

n—oo

= r|'|im min{Ml(Z,Xn,t)*Ml(Z,STZ,t), Mz(yn,ynﬂ,t), Mz(ymTZ,t), MZ(TZi yn+1,t)}

v

= min{1*My(z,STz,1), 1, My(w, Tz,t), Mx(Tz, w,t)}
> My(Tz,w,t)

Hence
My(Tz,w,qt) > My(z,STz,t) > M,(Tz,w,t/q) (since g<1) which is a contradiction.

Thus Tz = w.
Now we prove Sw = z.
Suppose Sw # z.
We have
My (Sw,z,qt) = 1im My(Sw,Xq+1,qt)
nN—o0
= lim My(Sw,STx,,qt)
n—o
> [im min{M; (X, SW,t)*M1 (Xn, STX, 1), Ma(W, TSW,1), Mo(W, TXp,t), Ma(TX,, TSW, 1)}

n—oo

Iim min{Ml(XmSwit)*Ml(Xanﬂ,t), MZ(WiTswlt)l MZ(W,yn+1,t)| Mz(yn+1,W,t)}
n—oo

%

Ma(w, TSw,t)
Now

MW, TSw,qt) = lim My(Yn+1, TSW,qt)
n—o
= [im M,(Tx,, TSw,qt)
n—oo
> [im min{My (X,,SW,t), M1 (SW,STX,t), Ma(W, TXn,t)*Mo(W, TSW), My(Xn, TXn, 1)}

n—o0

= lim max{M; (X, SW,t), M1 (SW,X1+1,£), Ma(W, Yi+1,t) *Ma(W, TSW, t), M1 (X0, Yn+1,) }

nN—o0

> Ml(ZlSWlt)

Hence

M, (Sw,z,qt) > Ma(w, TSw,t) > M, (z,Sw,t/q) (since g<1) which is a contradiction.

Thus Sw=z.

We have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed point of ST in X and the point w is a fixed
pointof TSin Y.

Uniqueness: Let z" # z be the another fixed point of ST in X.

We have

Mi(z, z',qt) = My(Sw, STz',qt)
>min{My(z",Sw,t)*My(z",STz",t), Mp(W, TSw,t), My(w,Tz’,t), Ma(Tz",TSw,t)}

=min{My(z’,z,t)*1, 1, My(w,Tz’",t), My(Tz",w,t)}
> Mz(TZ’,W,t)
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Now
My(Tz ,w,qt) = My(Tz", TSw,qt)

>min{M(z’,Sw,t), M(Sw,STz",t), Ma(w,Tz",t)*My(w, TSw,t), My(z",STZ',t)}
= min{M(z',zt), Mi(z,2".t), Ma(w,Tz",t)*1, 1}
> My(z,z",1)

Hence

Mi(z, z’,qt) > My(Tz’,w,t) > Mi(z,z",t/q) which is a contradiction.
Thus z=7".
So the point z is a unique fixed point of ST. Similarly, we prove the point w is also a unique point of TS.

This completes the proof.

Remark 2.14: If (X, My, #) and (Y, My, ¥) are the same fuzzy metric spaces, then by the above theorem 2.13, we get
the following theorem, as corollary.

Corollary 2.15: Let (X, M, #) be a complete fuzzy metric space. If S and T are mappings from X into itself satisfying
the following conditions:

M(Tx,TSy,t) > min{M(x,Sy,t), M(Sy,STx,t), M(y,Tx,t) #M(y,TSy,t), M(x,STx,t)}
M(Sy,STx,t) > min{M(x,Sy,t) #M(x,STx,t), M(y,TSy,t), M(y,Tx,t), M(Tx,TSy,t)}

for all x, yin X where q < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y. Further
Tz=wand Sw=z
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