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ABSTRACT 

An out-dominating function (ODF) of a digraph  is a function  such that 
 for all , where  consists of  with all vertices adjacent from it. For a real valued 

function , the weight of  is . The fractional out-domination number of a digraph , 

denoted , equals the minimum weight  of an ODF of . In this paper, we develop a method for finding 
 for an out-tree that satisfies specific condition. A supporting proof for this method is also given. We also apply 

this method to the out-trees directed path and directed star. 
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1. INTRODUCTION 
 
We use Harary[3] for notation and terminology which are not defined here. The concept of dominating function and 
fractional domination number have been introduced in [6]. A dominating function (DF) of a Graph  is a 
function  such that  for all ,  

 
where . A DF  is called minimal dominating function (MDF)  
if there is no DF  of  such that  for all  and  for some .  For a real-
valued function , the weight of   is  and  so . 

The boundary set  and the positive set  of a DF  are defined by  and 
. 

 
Let  and  be the subsets of . We say that  dominates  and it can be written as , if every vertex in 

 is adjacent to some vertex  in . In this connection, the following theorem( Theorem 1.1) provides a necessary 
and sufficient condition for a DF to be a MDF. 
 
Theorem 1.1. [2] A DF  of  is a MDF if and only if  . 
 
For a graph , the fractional domination number  is defined by =min{  is a MDF of G}.  Although 
domination and other related concepts have been extensively studied for undirected graphs, the respective analogue on 
digraphs have not received much attention. Of course, a survey of results on domination in digraphs by Ghoshal, 
Lasker, and Pillone is found in Chapter 15 of Haynes et al. [4], but most of the results in this survey chapter deals with 
the concepts of kernels and solutions in digraphs and also on dominations in tournaments. For a survey of dominating 
functions, we also refer the research reviews by Haynes et al. [5]. As an initiation of the present research work, we 
already   transferred the concept of dominating function (DF) and fractional domination number   to digraphs, 
called out-dominating function and fractional out-domination number  in [7]. In continuation, a method has 
been developed for finding    for an out-tree that satisfies specific condition and it has been presented in the 
present paper along with its specific application. 
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2. OUT-DOMINATING FUNCTION 
 
In this paper, we deal with digraphs which admit no self loops and no multiple arcs. Let    be a digraph with vertex 
set   arc set .  Either      is adjacent from  or   is adjacent to  if  is an arc of . The out-degree od( )  of 
a vertex  is the number of vertices that are adjacent from it and the in-degree id( ) is the number of vertices adjacent 
to it. Let  denote the set of all vertices of  which are adjacent from . Let .  
 
Definition 2.1. [7]    An out-dominating function (ODF) of a digraph   is a function  such 
that  for all . 

 
Definition 2.2. [7]   An ODF  is called a minimal ODF if there is no ODF  of  such that  for all 

 and  for some . 
 
Definition 2.3. [7]  The fractional out-domination number, denoted , is defined by =min{  is a 
minimal out-dominating function of }. 
 
Definition 2.4. [7]  Let  and  be two subsets of . We say that  out-dominates  B and write   if every 
vertex  is adjacent from some vertex in . 
 
Notation 2.5. 
1.  
 
2.  
 
Theorem 2.6. [7] An out-dominating function  of a digraph  is a minimal out-dominating function if and only if 

. 
 
Definition 2.7. [3] A source in  is a vertex by which all other vertices can be reached. 
 
Definition 2.8. [3] A semi cycle is an alternating sequence  of distinct vertices and arcs 
starting and ending at , but each arc  may be either  or ). 
 
So, in an out-tree, the point with in-degree 0 is called source or arborescence. 
 
Theorem 2.10 [3]   A weak digraph is an out-tree if and only if exactly one point has in-degree 0 and all other points 
in-degree 1. 
 
3. A METHOD FOR FINDING   OF AN OUT-TREE 
 
In this method, the vertices of the out-tree are grouped into  different levels as follows: 
 
1. Identify the vertices with out-degree 0. Let them be . They can be called as level 1 vertices. 
 
2. Identify the vertices which are adjacent to at least  any one or more of the level 1 vertices. Let them be 

 and they can be called as level 2 vertices. 
 
3. Identify the vertices which are adjacent to at least  any one or more of the level 2 vertices and not equal to any of the 
level 2 vertices. Let them be  and they can be called as  level 3 vertices. 
 
4. Identify the vertices which are adjacent to at least any one or more of the level 3 vertices and not equal to any of the 
level 3 vertices.. Let them be  and they can be called as level 4 vertices. 
 
These steps are to be proceeded, until all the vertices are identified. It is assumed that the vertices in an odd level are 
not adjacent to vertices in the same as well as any other odd level. As a consequence,   shall be equal to 
number of vertices in odd levels. 
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 (i.e.),  

 
A supporting proof for this result is presented in the following theorem. 
 
Theorem 3.1. Let   be an out-tree. The vertices of  are grouped into  levels as per our discussion in this section. 
It is assumed that the vertices in an odd level are not adjacent to the vertices in the same as well as any other odd level. 
Then  shall be equal to the number of vertices in odd levels 
 

(i.e.),   , where  is the number of vertices in the ith level. 

 
Proof: Let  be the vertices in the ith level, .  
 
Let  if   is odd and let  if  
 is even.  

 
Since  we get 

.  
 
Since , it follows that 

.  
 
Every vertex in level 2 is adjacent to at least one vertex in level 1. Therefore,  
 

.  
 
Since , we get 

.  
 
Continuing the process for all the levels, we get  for all . Since  values at odd level vertices 
are 1 and  values at even level vertices are 0, = all vertices at odd levels. If  is a vertex in an odd level,  
shall contain no vertex in odd levels other than . Therefore, for a vertex at odd level, . Hence, 

. (i.e.) . (i.e.) . So, by theorem 2.6,  is a minimal out-dominating function of 
. Therefore,  and = Number of vertices at odd levels. 

 

So,                                   (1) 

 
Let  be an out-dominating function of . Since  we get 

. 
 
Now, 

  
                                        (2) 
 
The  vertices in an odd level are not adjacent to vertices in the same level. In addition, they are not adjacent to vertices 
in any other odd level.  If  is a vertex in an odd level,  shall contain no vertex in odd levels other than .  Also, 

 for any  two vertices  and . For , if , let .  
 
Then ,  is adjacent from both   and . Therefore, . This is a contradiction as  is an out-tree. 
 
 



K. Muthu Pandian*/ FRACTIONAL OUT-DOMINATION NUMBER OF AN OUT-TREE/ IJMA- 3(8), August-2012. 

© 2012, IJMA. All Rights Reserved                                                                                                                                                  3116 

 
Case (i):  is odd 
 
From (1),  
 

 +   
 
values at some vertices at even levels. (Reasoning:  For a vertex  in an odd level,  shall contain no vertex in 
odd levels other than   and  for any two vertices  and ).  
 
Therefore,  
 

(i.e.) 
 for any out-dominating function  of .   

 
Therefore,   
 
Case (ii):  is even 
 
This is similar to case (i) and it can be proved that . 
 

Hence                                                             (3) 

 

Therefore, from (1) and (3)  

 
Note 3.2The method developed in this section in terms of number of levels and oddness or evenness of the number of 
levels is applied for some special out-trees. 
 

Corollary 3.3 For a directed path , , where  is the smallest integer such that  

 

Proof:  Let ,  where  and  and 
this is clearly an out-tree. 
 
1. Identify the vertices with out-degree 0.  is the only vertex with out-degree 0. This is the level 1 vertex and 

therefore  
2. Identify the vertex which is adjacent to .   is the  vertex adjacent to . This is the level 2 vertex  and 

therefore  . 
 
3.  Identify the vertex which is adjacent to  .   is the  vertex adjacent to . This is the level 3 vertex and 

therefore   
 
Proceeding the process as above, the last level ( i.e the th level) vertex is . Therefore, . 
 
Clearly the vertices in an odd level are not adjacent to vertices in the same as well as  any other odd level. 
 
Case (i):  is odd  
 

 

 
Case (ii):  is even 

 

 



K. Muthu Pandian*/ FRACTIONAL OUT-DOMINATION NUMBER OF AN OUT-TREE/ IJMA- 3(8), August-2012. 

© 2012, IJMA. All Rights Reserved                                                                                                                                                  3117 

 

Hence,  

Corollary 3.4. For a directed star ,   
 

Proof: Let , where ,  and  and 
this is clearly an out-tree. 
 
1. Identify the vertices with out-degree 0. They are . These are level 1 vertices and therefore . 
2. Identify the vertices which are adjacent to at least any one or more of the level 1 vertices.  is the only vertex 

adjacent to level 1 vertices. Therefore,  is the level 2 vertex and also it is the last level. So, . 
 

Clearly, the vertices in an odd level are not adjacent to vertices in the same level and not adjacent to vertices in any 
other odd level. 
 

Therefore, =  (since m=2) 

(i.e.) . 
 
Hence, the developed method could be applied effectively to the directed path and directed star. 
 
4. CONCLUSION 
 
In this paper, we have developed a method for finding  for an out-tree that satisfies specific condition. We tried 
to develop a method for finding  for any out-tree, but so far without success. So, we conclude the paper with 
the following open problem. 
 
Problem 4.1 Develop a method for finding  for any out-tree  
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