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ABSTRACT 

We prove a common fixed point theorem for three self mappings in complex valued metric spaces. Our result 
generalizes some recent results in the literature due to Azam et. al.[1] and Sintunavarat et. al.[14]. Also, an example is 
given to illustrate our obtained result.  
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1. INTRODUCTION 
 
Banach’s fixed point theorem plays a major role in fixed point theory. It has applications in many branches of 
mathematics. Because of its usefulness, a lot of articles have been dedicated to the improvement and generalization of 
that result. Most of these generalizations have been made by considering different contractive type conditions in 
different spaces. In 2011, Azam et. al.[1] made one such generalization by introducing a complex valued metric space. 
In fact, they obtained a sufficient condition for the existence of common fixed points of a pair of mappings satisfying 
some contractive type conditions in this setting. Very recently, Sintunavarat et. al. [14] generalized this result by 
replacing the constants of contraction by some control functions. The purpose of this work is to obtain a common fixed 
point result for three self mappings in complex valued metric spaces which generalizes the results of [1] and [14].  
 
2. PRELIMINARIES 
 
Let C/  be the set of complex numbers and Czz /∈21 , . We can define a partial ordering   on C/  as follows: 1z 2z  

if and only if )Im()Im()Re()Re( 2121 zzandzz ≤≤ . 
 
Thus,  1z 2z  if one of the following conditions is satisfied: 

(i) )Im()Im()Re()Re( 2121 zzandzz == ; 

(ii) )Im()Im()Re()Re( 2121 zzandzz =< ; 

(iii)  )Im()Im()Re()Re( 2121 zzandzz <= ; 

(iv)  )Im()Im()Re()Re( 2121 zzandzz << .  
 
In particular, we will write 1z

≠
 2z  if 21 zz ≠  and one of (ii), (iii), and (iv) is satisfied and we will write 21 zz   if 

only (iv) is satisfied. It follows that 
(i)  10 z 212 zzz ≤⇒ ; 

(ii) 10 z
≠
 212 zzz <⇒ ; 

(iii) 1z 2z  and 3132 zzzz  ⇒ ; 

(iv) 10,, zandbaRba ≤≤∈  12 azz ⇒  2bz . 
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Definition 2.1. ([1]) Let X  be a nonempty set. Suppose that the mapping CXXd /→×:  satisfies the following 
conditions:  
(i) 0 ;0),(,),,( yxifonlyandifyxdandXyxallforyxd ==∈  
(ii) ;,),,(),( Xyxallforxydyxd ∈=  

(iii)  ),( yxd  Xzyxallforyzdzxd ∈+ ,,),,(),( . 
 
Then d is called a complex valued metric on X and ),( dX is called a complex valued metric space. Note that 

),( yxd  ),(1 yxd+  and so, 1
),(1

),(
≤

+ yxd
yxd

. 

 
Example 2.2. ( [14] ) Let CX /= . Define the mapping CXXd /→×: by 2121 ),( zzezzd ik −= , 

where Rk ∈ . Then ),( dX  is a complex valued metric space.  
 
Definition 2.3. ( [1] )  Let ),( dX be a complex valued metric space, )( nx be a sequence in X  and  Xx∈ . 

(i) If for every Cc /∈ , with c0  there is Nn ∈0  such that for all cxxdnn n ),(,0> , then )( nx is said to 

be convergent, )( nx converges to x  and x  is the limit point of )( nx . We denote this by xxnn
=

∞→
lim  or 

∞→→ nasxxn . 

(ii) If for every Cc /∈ , with c0  there is Nn ∈0  such that for all cxxdnn mnn ),(,0 +> , where Nm∈ , 

then )( nx  is said to be Cauchy sequence. 

(iii)  If every Cauchy sequence in X  is convergent, then ),( dX  is said to be a complete complex valued metric 
space. 

 
Lemma 2.4. ([1]) Let ),( dX be a complex valued metric space and let )( nx be a sequence in X . Then )( nx  

converges to x  if and only if ∞→→ nasxxd n 0),( . 
 
Lemma 2.5. ([1]) Let ),( dX be a complex valued metric space and let )( nx be a sequence in X . Then )( nx  is a 

Cauchy sequence if and only if ∞→→+ nasxxd mnn 0),( , where Nm∈ . 
 
Definition 2.6. ([4]) Let T and S  be self mappings of a set X . If  SxTxw ==  for some x  in X , then x  is 
called a coincidence point of T and S and w  is called a point of coincidence ofT and S .  
 
Definition 2.7. ([7]) Let T and S  be self mappings of a nonempty set X . The mappings T and S  are weakly 
compatible if STxTSx =  whenever SxTx = . 
 
Definition 2.8.  A mapping  XXT →:  in a complex valued metric space ),( dX is said to be expansive if there is 
a real constant 1>c  satisfying 
                                                     ),( yxdc  ),( TyTxd  
for all Xyx ∈, . 
 
3. MAIN RESULTS 
 
In this section, we always suppose that C/ is the set of complex numbers and   is a partial ordering on C/ . Throughout 
the paper we denote by N  the set of all positive integers. 
 
Lemma 3.1. ([2]) Let X  be a nonempty set and the mappings  XXfTS →:,,  have a unique point of 
coincidence v  in X . If ),( fS  and  ),( fT are weakly compatible, then TS ,  and f  have a unique common fixed 
point.                 
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Theorem 3.2. Let ),( dX  be a complex valued metric space and XXTSf →:,, . Suppose there exist mappings 

)1,0[:, 21 →∧∧ X  such that for all :, Xyx ∈  

(i) ;2,1)()()()( =∧≤∧∧≤∧ iforfxTxandfxSx iiii  

(ii) ;1)()( 21 <∧+∧ fxfx  

(iii) ),( TySxd 

),(1
),(),()(),()( 2

1 fyfxd
TyfydSxfxdfxfyfxdfx

+
∧

+∧ . 

 
If )()()( XfXTXS ⊆∪  and )(Xf  is complete, then Sf ,  and T  have a unique point of coincidence. 
Moreover, if ),( fS  and ),( fT are weakly compatible , then Sf ,  and T  have a unique common fixed point in 
X .  

 
Proof. Let Xx ∈0 be arbitrary. Choose a point Xx ∈1  such that 01 Sxfx =  which is possible since 

)()( XfXS ⊆ . Also, we may choose a point Xx ∈2  satisfying 12 Txfx =  since )()( XfXT ⊆ . Continuing 

in this way, we can construct a sequence )( nfx in )(Xf  such that 

oddisnifSxfx nn ,1−=  

        evenisnifTxn ,1−= . 
 
If Nn∈  is odd, then by using hypothesis we obtain 
 

),(),( 11 nnnn TxSxdfxfxd −+ =  

                         
),(1

),(),()(
),()(

1

1112
111

nn

nnnnn
nnn fxfxd

TxfxdSxfxdfx
fxfxdfx

−

−−−
−− +

∧
+∧  

                         
),(1

),(),()(
),()(

1

1112
111

nn

nnnnn
nnn fxfxd

fxfxdfxfxdfx
fxfxdfx

−

+−−
−− +

∧
+∧= . 

Therefore, 

),()(),( 1111 nnnnn fxfxdfxfxfxd −−+ ∧≤
),(1

),(
),()(

1

1
112

nn

nn
nnn fxfxd

fxfxd
fxfxdfx

−

−
+− +

∧+  

                          ),()(),()( 112111 +−−− ∧+∧≤ nnnnnn fxfxdfxfxfxdfx  

                          ),()(),()( 122121 +−−− ∧+∧= nnnnnn fxfxdTxfxfxdTx  

                          ),()(),()( 122121 +−−− ∧+∧≤ nnnnnn fxfxdfxfxfxdfx  

                          ),()(),()( 132131 +−−− ∧+∧= nnnnnn fxfxdSxfxfxdSx  

                          ),()(),()( 132131 +−−− ∧+∧≤ nnnnnn fxfxdfxfxfxdfx  

                             
                          ),()(),()( 102101 +− ∧+∧≤ nnnn fxfxdfxfxfxdfx  
 
which implies that 

),(
)(1

)(
),( 1

02

01
1 nnnn fxfxd

fx
fx

fxfxd −+ ∧−
∧

≤ . 

 
If Nn∈  is even, then  
 

),(),(),( 111 −−+ == nnnnnn TxSxdSxTxdfxfxd                             

                         
),(1

),(),()(
),()(

1

112
11

−

−−
− +

∧
+∧

nn

nnnnn
nnn fxfxd

TxfxdSxfxdfx
fxfxdfx  
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),(1

),(),()(
),()(

1

112
11

−

−+
− +

∧
+∧=

nn

nnnnn
nnn fxfxd

fxfxdfxfxdfx
fxfxdfx . 

Therefore, 

),()(),( 111 −+ ∧≤ nnnnn fxfxdfxfxfxd
),(1

),(
),()(

1

1
12

−

−
+ +

∧+
nn

nn
nnn fxfxd

fxfxd
fxfxdfx  

                          ),()(),()( 1211 +− ∧+∧≤ nnnnnn fxfxdfxfxfxdfx  

                          ),()(),()( 112111 +−−− ∧+∧= nnnnnn fxfxdTxfxfxdTx  

                          ),()(),()( 112111 +−−− ∧+∧≤ nnnnnn fxfxdfxfxfxdfx  

                          ),()(),()( 122121 +−−− ∧+∧= nnnnnn fxfxdSxfxfxdSx  

                               
                          ),()(),()( 102101 +− ∧+∧≤ nnnn fxfxdfxfxfxdfx  
 
which gives that 

),(
)(1

)(
),( 1

02

01
1 −+ ∧−

∧
≤ nnnn fxfxd

fx
fx

fxfxd . 

 
Thus for any positive integer n , it must be the case that 

),(
)(1

)(
),( 1

02

01
1 nnnn fxfxd

fx
fx

fxfxd −+ ∧−
∧

≤ .                                                                                                      (3.1) 

If we let 
)(1

)(
:

02

01

fx
fx

∧−
∧

=α , then by repeated application of (3.1) 

),(),( 11 nnnn fxfxdfxfxd −+ ≤ α  

                           

.),(

),(

10

12
2

fxfxd

fxfxd

n

nn

α

α

≤

≤ −−

  

Now, for all nmNnm >∈ ,, , we have 

),( mn fxfxd  ),(),(),( 1211 mmnnnn fxfxdfxfxdfxfxd −+++ +++  . 
 
Therefore, 

),( mn fxfxd ≤ ),(),(),( 1211 mmnnnn fxfxdfxfxdfxfxd −+++ +++   

                         

( )
.),(

1

),(

10

10
11

fxfxd

fxfxd
n

mnn

α
α

ααα

−
≤

+++≤ −+


 

 
Since )1,0[∈α , taking limit as ∞→nm, , we have 0),( →mn fxfxd  which implies that )( nfx  is a Cauchy 

sequence in )(Xf . By completeness of )(Xf , there exist Xvu ∈, such that  fuvfxn =→ . 
 
Now,  
 
 ),( Tufud  ),(),( 1212 Tufxdfxfud nn ++ +  

                    ),(),( 212 TuSxdfxfud nn += +  

                    ),()(),( 22112 fufxdfxfxfud nnn ∧++ ),(1
),(),()(

2

2222

fufxd
TufudSxfxdfx

n

nnn

+
∧

+  
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which implies that 

),()(),(),( 22112 fufxdfxfxfudTufud nnn ∧+≤ + ),(1
),(),()(

2

2222

fufxd
TufudSxfxdfx

n

nnn

+

∧
+  

                    ),()(),( 22112 fufxdfxfxfud nnn ∧+≤ + ,),(),()( 2222 TufudSxfxdfx nnn∧+  

since 1  ),(1 2 fufxd n+ .   

                    ),()(),( 20112 fufxdfxfxfud nn ∧+≤ + ),(),()( 12202 Tufudfxfxdfx nn +∧+ . 
 
Taking ∞→n , it follows that 0),( =Tufud  and hence 0),( =Tufud . Therefore, vTufu == . Similarly, we 

can show that vSufu == .  
 
Thus, vTuSufu ===  and so v  becomes a common point of coincidence of Sf ,  and T . 
 
For uniqueness, let there exists another point Xvw ∈≠ )(  such that wTxSxfx ===  for some Xx∈ . Thus, 

),(),( TxSudwvd =  

              
),(1

),(),()(),()( 2
1 fxfud

TxfxdSufudfufxfudfu
+

∧
+∧  

              

),()(
),(1

),(),()(),()(

1

2
1

wvdv
wvd

wwdvvdvwvdv

∧=
+

∧
+∧=

 

 
which implies that 

),()(),( 1 wvdvwvd ∧≤ . 
 
Since 1)(0 1 <∧≤ v , it follows that 0),( =wvd  and so wv = . If ),( fS  and ),( fT are weakly compatible, 

then by Lemma 3.1, Sf ,  and T  have a unique common fixed point in X . 
 
As an application of Theorem 3.2, we have the following results. 
 
Corollary 3.3. [[14], Theorem 3.1]  Let ),( dX  be a complete complex valued metric space and XXTS →:, . 

Suppose there exist mappings )1,0[:, 21 →∧∧ X  such that for all :, Xyx ∈  

(i) ;2,1)()()()( =∧≤∧∧≤∧ iforxTxandxSx iiii  

(ii) ;1)()( 21 <∧+∧ xx  

(iii) ),( TySxd 

),(1
),(),()(),()( 2

1 yxd
TyydSxxdxyxdx

+
∧

+∧ . 

 
Then S and T have a unique common fixed point in X . 
 
Proof. The result follows from Theorem 3.2 by taking If = , the identity mapping. 
 
Corollary 3.4. [[1], Theorem 4] Let ),( dX  be a complete complex valued metric space and XXTS →:, . If 
S and T satisfy   

),( TySxd 

),(1
),(),(),(

yxd
TyydSxxdyxd

+
+
µλ  

 
for all Xyx ∈, , where  µλ,  are nonnegative reals with 1<+ µλ , then S and T have a unique common fixed 
point. 
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Proof. The desired result can be obtained from Theorem 3.2 by setting Ifandxx ==∧=∧ µλ )(,)( 21 . 
 
Corollary 3.5. [[14], Theorem 3.7] Let ),( dX  be a complex valued metric space, XXTf →:, be such that 

)()( XfXT ⊆  and )(Xf  is complete. Suppose there exist mappings )1,0[:, 21 →∧∧ X  such that for all 
:, Xyx ∈  

(i) ;2,1)()( =∧≤∧ iforfxTx ii  

(ii) ;1)()( 21 <∧+∧ fxfx  

(iii) ),( TyTxd 

),(1
),(),()(),()( 2

1 fyfxd
TyfydTxfxdfxfyfxdfx

+
∧

+∧ . 

 
Then f and T have a unique point of coincidence. Moreover, if f and T are weakly compatible,  then f and T have a 
unique common fixed point in X . 
 
Proof. The conclusion of the Corollary follows from Theorem 3.2 by considering TS = .  
 
Corollary 3.6. Let ),( dX  be a complex valued metric space and let XXTf →:, satisfy 

),( TyTxd 

),(1
),(),(),(

fyfxd
TyfydTxfxdfyfxd

+
+
µλ  

for all Xyx ∈, , where  µλ,  are nonnegative reals with 1<+ µλ . If )()( XfXT ⊆  and )(Xf  is complete, 
then f and T have a unique point of coincidence. Moreover, if f and T are weakly compatible, then f and T have a 
unique common fixed point in X . 
 
Proof. Putting µλ =∧=∧= )(,)(, 21 xxTS  in Theorem 3.2, we can prove this result.  
 
Corollary 3.7.  Let ),( dX  be a complete complex valued metric space and XXT →: . Suppose there exist 

mappings )1,0[:, 21 →∧∧ X  such that for all :, Xyx ∈  

(i) ;2,1)()( =∧≤∧ iforxTx ii  

(ii) ;1)()( 21 <∧+∧ xx  

(iii) ),( TyTxd 

),(1
),(),()(),()( 2

1 yxd
TyydTxxdxyxdx

+
∧

+∧ . 

 
Then T has a unique fixed point in X . 
 
Proof. The conclusion of the Corollary follows from Theorem 3.2 by considering TS =  and If = . 
 
Theorem 3.8. Let ),( dX  be a complete complex valued metric space and let XXf →:  be an onto expansive 
mapping i.e., XXf =)( and there exists a real constant 1>c   such that  
 

),( yxdc  ),( fyfxd  
 
for all Xyx ∈, . Then f has a unique fixed point in X . 
 
Proof. We can prove this result by applying Corollary 3.6 with 0, == µandIT . 
We conclude with an example. 
 
Example 3.9. Let ),1[ ∞=X . Define XXfT →:, by 12 −= xTx  and 45 −= xfx . If ud is the usual 

metric on X , then T and f are not contraction mappings as for all Xyx ∈,  

yxTyTxdu −= 2),(  
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and 

yxfyfxdu −= 5),( . 
 
So, we can not apply Banach contraction theorem to find the unique fixed point 1 of T and f . 
 
We consider a complex valued metric CXXd /→×:  by 
 

Xyxallforyxiyxyxd ∈−+−= ,,),( . 
 
Then ),( dX  is a complete complex valued metric space.  
 
Now,  
 

[ ]yxiyxTyTxd −+−= 2),(  

                   ),(
5
2 fyfxd=  

                   ),(
2
1 fyfxd . 

 

Since XXfXT == )()( , we have all the conditions of Corollary 3.6 with 0,
2
1

== µλ . So, applying Corollary 

3.6 we can obtain a unique common fixed point 1 of T and f  in X . 
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