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ABSTRACT

The comparative growth rates of composite entire or meromorphic functions and differential monomials, differential
polynomials generated by one of the factors have been investigated in this paper.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS

For any two transcendental entire functions f and g defined in the open complex plane C, Clunie [4] proved that
lim —T(r, fo9) = and lim —T(r, fo9) =
row T(r,f) row T(r,g)

Singh [13] proved some comparative growth properties of logT (r, fog) and T(r, f). He also raised the problem of
investigating the comparative growth of logT (r, fog) and T(r, f) which he was unable to solve. However, some
results on the comparative growth of logT (r, fog)) and T (r, g) are proved in [8]

Let f be a non-constant meromorphic function defined in the open complex plane C. Also let ng;, nyj, ... ny; (k = 1)

K
be non-negative integers such that for each j,Znij >1.We call M;[f]= 4" (FD) . (F®)™ where
i—0
K K
T(r,4;) = S(r, f) to be a differential monomial generated by f. The number y, = Z n; and Iy = Z(I +1)n;
i—0 i=0

S
are called respectively the degree and weight of M;[f] {[6].[12]}. The expression P[f]= z M;[f] is called a

j=t
differential polynomial generated by f. The numbers y, = maxy,, and I'; =maxI’, are called respectively the
I<j<s ] I<j<s ]
degree and weight of P[f] {[6],[12]}. Also we call the numbers » =miny,, and k (the order of the highest
_p 1I<j<s I

derivative of (f) the lower degree and the order of P[f] respectively. If y, =yp, P[f] is called a homogeneous
differential polynomial. In the paper we further investigate the question of Singh [13] mentioned earlier and prove
some new results relating to the comparative growths of composite entire or meromorphic functions and differential
monomials, differential polynomials generated by one of the factors. We do not explain the standard notations and
definitions of the theory of entire and meromorphic functions because those are available in [16] and [7]. Throughout
the paper we consider only the non-constant differential polynomials and we denote by P;[f] a differential polynomial
not containing f i.e., for which ny; = 0 for j = 1,2,...s. We consider only those P[f], Py[f ] singularities of whose
individual terms do not cancel each other. We also denote by M[f] a differential monomial generated by
transcendental meromorphic function f.
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The following definitions are well known.

Definition 1: The order p; and lower order A, of a meromorphic function f are defined as

. logT(r, f) . ogT(r, f)
p, = limsup———— and M\s = liminf———
Fo i Se logr roe  logr
If £ is entire, one can easily verify that
. log”IM(r, ) - ogPmM(r, )
p; = limsup———— and A = liminf ———
f oo 1 oo logr

Where log!¥lx = log(log"~'x) for k = 1,2,3, ... and log!”lx = «x.

If pr < oo then f is of finite order. Also p; = 0 means that f is of order zero. In this connection Datta and Biswas [5]
gave the following definition.

Definition 2: [5] Let f be a meromorphic function of order zero. Then the quantities p;* and A;" of f are defined by:

T(r, T(r,
pf" = limsup .f) and A;* = liminf (r.f
roe lOgr roe  logr

If f is an entire function then clearly
o logM(r, f) e _ v LogM(r, f)
pf- = limsup———— and A" = liminf ———.
rosoo logr 0o logr

Definition 3: Let 'a’ be a complex number, finite or infinite. The Nevanlinna deficiency and the Valiron deficiency of
'a’ with respect to a meromorphic function f are defined as

: Noraf) . . m@af)
6(a; f) =1 —limsup———— = liminf ———=
/ SPTen T
and
o NOaf) m(r,a; f)
A(a; f) = 1 — liminf —————— = limsup————.
/ TS ML YO
Definition 4: The quantity ®(a; f) of a meromorphic function f is defined as follows
O f) =1 - N, af)
a; =1-—limsup————.
P, )

Definition 5: [15] For aeC U {co}we denote byn(r, a; f| = 1), the number of simple zeros of f — a in
|Z| <r,N(r,a; f| = 1) is defined in terms of n(r, a; f| = 1)in the usual way. We put

Sila;f)=1- limsupwf(;r—f}lc)zn,

the deficiency of ‘a’ corresponding to the simple a -points of f i.e., simple zeros of f — a.

Yang [14] proved that there exists at most a denumerable number of complex numbers aeC U {0} for which

Si(af)>0and Y. &(af) <4
aeC {x}

Definition 6: [9] For a € CU{x} let n,(r,a; f) denotes the number of zeros of f —a in |z| <r where a zero of

“multiplicity < p[]is counted according to its multiplicity and a zero of multiplicity = p is counted exactly p times;
and N, (r, a; f) is defined in terms of n, (r, a; f) in the usual way”. We define

6,(a;f)=1- limsup%o};)f)

Definition 7: [3] P[f] is said to be admissible if
(i)P[f] is homogeneous, or
(ii)P[f] is non homogeneous and m(r, f) = S(r, f).
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2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 1: [1] If f is meromorphic and g is entire then for all sufficiently large values of r,

T(r,
T&f%)SH+OGHE£%%5ﬂMUﬂlﬂ-

Lemma 2: [2] Let f be meromorphic and g be entire and suppose that0 < u < p, < oo. Then for a sequence of values

of r tending to infinity,
T(r,fog) = T(exp(r*), f).

Lemma 3: [5] If f be any meromorphic function of order zero. Then
y logT(r,f) _
rl—r>£1c log[z]r -

Lemma 4: [3] Let Py[f] be admissible. If f is of finite order or of non-zero lower order and z O(a; f) = 2 then

a#owo

T(T, PO [f]) _
TG

Lemma 5: [3] Let f be either of finite order or of non-zero lower order such that ®(co; f) = ¥ g2, 0,(a; f) =1 or
6(0, ) = Yz 6(a; f) = 1 Then for homogeneous Py[f],

TR

o T(rf) | PUT

Lemma 6: Let f be a meromorphic function of finite order or of non zero lower order. If ..., ®(a; f) = 2, then the
order (lower order) of homogeneous P, [f] is same as that of f if f is of positive finite order.

Proof: By Lemma 4
logT (r, B[]
m-—-————
== logT(r, f)

— 1 logT (r, Po[f])
Prorf) = HMSUD T logr
~ limsup 29T ) | LogT (@ Rl D
r—mop logr  r-> logT(r,f)

exists and is equal to 1.

In a similar manner, Ap, s = 4.

This proves the lemma.

Lemma 7: Let f be a meromorphic function of finite order or of non-zero lower order such that ®(ew;f) =
Ya=x0p(a; f) = 1.Then the order (lower order) of homogenous Py[f] and f are same when f is of finite positive
order.

We omit the proof of the lemma because it can be carried out in the line of lemma 7 and with the help of Lemma 6.
In a similar manner we can state the following lemma without proof.

Lemma 8: Let f be a meromorphic function of finite order or of non-zero lower order such that §(e, f) =
Yz 6(a; f) = 1. Then for every homogenous P,[f] the order (lower order) of Py[f] is same as that of f when f is of
finite positive order.

Lemma 9: [10] Let f be a transcendental meromorphic function of finite order or of non-zero lower order and
ZaE(CU{OC} 61 (a; f) =4, Then
lim T(r,M[f])
>0 T(‘I’, f)
NGf)
T(r.f)

=Ty — (Tw = 1y)0(0; ),

where ©(c; f) = 1 — limsup,_,
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Lemma 10: If f be a transcendental meromorphic function of finite order or of non-zero lower order and
Yaecuie} 01(a; f) = 4, then the order and lower order of M[f] are same as those of f when f is of finite positive order.

We omit the proof of the lemma because it can be carried out in the line of lemma 6 and with the help of Lemma 9.

3. THEOREMS

In this section we present the main results of the paper.

Theorem 1: Let f be a meromorphic function and g be an entire function such that 0 < A < ps < py < . Also let

Yz O(a; f) = 2. Then

y logT(r,fog)
msup—mm—m——mk— = 0,
P T (r, Polf)

Proof: Since p; < p, we can choose ¢ (>0) in such a way that
prte<py—e<pg. ¢Y)

Now in view of lemma 2 we obtain for a sequence of values of r tending to infinity that
lOgT(T,ng) = lOgT{expr(F’g_E)’f}

i.e., logT(r,fog) = (Af — ¢)logexpr®Pa~®
i.e, logT(r,fog) = (A —&)r®s=®). (2)
Again by lemma 6, we have for all sufficiently large values ofr,
logT(r,Py[f]) < (ppo[f] + ¢)logr
i.e.,logT(r,Py[f]) < (pf + ¢)logr 3
i.e., T(r,P[f]) < rere), “4)
Therefore from (2) and (4) it follows for a sequence of values of r tending to infinity,

logT(r,fog) _ (4 — &)rPs=®
T(rPlfD) —  ploste)

)

Now in view of (1) it follows from (5) that

I logT(r,fog)
msup—mm—m——m— = 0,
e DT (r, Polf)

This proves the theorem.

In the line of Theorem 1 the following corollary may be deduced.

Corollary 1: Let f be a meromorphic function and g be an entire function with 0 < Ar < ps < A, < 0. Also let
Yaz0O(a; f) = 2. Then

. logT (1, fog)

limsup————F—-=

=00 T(T, PO[f])

Remark 1: The conclusion of Theorem land Corollary 1 can also be drawn under the hypothesis ©(w; f) =
Yazo0p(@ f) =10r8(o; f) = Yars6(a; f) = Linstead of ¥, 0(a; f) = 2.

In the line of Theorem 1 and with the help of Lemma 10 we may state the following theorem without proof.

Theorem 2: Let f be a meromorphic function and g be an entire function such that 0 < A < ps < py < co. Also let

Yaccuie 01(a; f) = 4. Then
logT (r, fog) _

limsup =D
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In view of theorem 2, the following corollary may also be deduced. Hence the proof is omitted.

Corollary 2: Let f be a meromorphic function and g be an entire function such that 0 < A < p; < 1, < 0. Also let
Yaecuiw} 01(a; f) = 4. Then
I logT(r, fog)
msup——=
P TT MU

Theorem 3: Let f be a meromorphic function such that 0 < A < py < o0, §(o0; f) = Ye2.6(a; f) =1 and g be an

entire function with finite order, then for every positive constant A and every real number «

I logT(r,fog)
P logT (r, Py DY~

Proof: Let us suppose that
0<e< min{)»f, Xg}.

If a is such thatl + o < 0, then the theorem is trivial. So we suppose that 1 + o > 0. Now from Lemma 2 we get for a
sequence of values of r tending to infinity

logT (r, fog) = logT(expr(pg_g),f)
i.e., logT(r,fog) = (A — )logexpr(Pa=e)
i.e., logT(r,fog) = (Af - e)r(pg_g). (6)
Again from the definition of pp £ it follows for all sufficiently large values of r
logT (r*, Py[f]) < (pp s + €)Alogr
logT(r*, By[f]) < (py + €)Alogr
i.e., {logT(r*, Po[f DI < (pp + &)1 A (logr)t+e. 7
Now from (6) and (7) it follows for a sequence of values of r tending to infinity

logTfog)  _ (3 —&)rs
{LogT G BFDI™ = (py + )7 AT (logr)

+og=e)
Since(lo;% — o asr — oo, the theorem follows from above.
Remark 2: The conclusion of Theorem (3) can also deduced if we replace §(o; f) = Yq206(a; f) = 1 by O(o0; f) =
Yazn0p(a; f) = 10r Y2, O(a; f) = 2 rspectivly.

Theorem 4: Let f be a meromorphic function such that 0 < A; < py <, ¥secu 01(a; f) = 4 and g be an entire
function with finite order, then for every positive constant A and every real number a

. logT (r, fog) _
MSUP ogT(rA, MDD}

The proof of the theorem can be established in the line of Theorem 3 and with the help of Lemma 10 and therefore is
omitted.
Remark 3: The conclusion of Theorem 3, Theorem 4 and Remark 2 can also deduced if we take g be an entire

function with non zero lower order instead of “finite order”.

In the line of Theorem 3 one may state the following theorem without proof.

© 2012, IJMA. All Rights Reserved 2803



Sanjib Kumar Dattal*, Tanmay Biswas’ and Dilip Chandra Pramanik’ / GROWTH OF DIFFERENTIAL MONOMIALS AND
DIFFERENTIAL POLYNOMIALS... / IIMA- 3(7), July-2012, Page: 2799-2808

Theorem 5: Let f be a meromorphic function and g be an entire function such that 0 <4, < p, <, and
O(0;9) = YaxeOp(@; g) =1 or 6(0;9) = Xas06(a;9) =1  0F ¥o2,.0(a; g) =2, then for every positive
constant A and every real number a

logT(r, fog)

mSUp CogT (4, PoLF DI

In the line of Theorem 5 and with the help of Lemma 10 we may state the following theorem without proof.

Theorem 6: Let f be a meromorphic function and g be an entire function such that 0 <1, < p, <o and
Yaecu(=) 61(a; g) = 4, Then for every positive constant A and every real number «

: logT (1, fog)

WP TlogT G, Mgy

Theorem 7: Let f be a meromorphic function and g be an entire function such that 0 < As < pf < 0, ¥4, 0(a; ) =
2and 0 < pgy <oo.Then

log®T(r, fo
Pr -~ row LogT(r, Polf]) ~ 4

Proof: SinceT (1, g) < logtM(r, g), we have from Lemma 1 for all sufficiently large values of r,
T(r,fog) < {1+ o(MITM(r,9).f)
i.e.,logT(r, fog) < (pf + s)logM(r,g) +0(1)
i.e.,logPT(r,fog) < log?'M(r, g) + 0(1)
i.e.,log®!'T(r, fog) < (p, + €)logr + 0(1). )
Again from (6) we obtain for a sequence of values of r tending to infinity that
logIT(r, fog) = (p, — €)logr + O(1). 9)

Also from the definition of A, we have for all sufficiently large values of r,
logT (r, B [f]) = (lpo[f] —¢)logr

i.e.,logT(r,Py[f]) = (45 — &)logr. (10)

Therefore from (8) and (10) we have for all sufficiently large values of r that
log®IT(r, fog) - (pg + €)logr + 0(1)
logT(r,P[fD ~— (Af — )logr

log®T(r, fo
limsup—g (r.fo9) <P

U TogT(r, Polf D)~ 7y v

Again from (3) and (9) it follows for a sequence of values of r tending to infinity
log®¥IT(r, fog) - (pg — €)logr + 0(1)
logT(r,Po[f]) — (ps + €)logr

log?!'T(r, fo
limsup 209 “jog) (r.fog) > Py

= —. 12
"SP TogTr Bl = by (12
Thus the theorem follows from (11) and (12).

Remark 4: In addition to the conditions of Theorem 7 if f is of regular growth i.e., pf = A;. Then
. log?IT(r,fog) _p,
msup—r—— = —

r—»oop logT(T: PO [f]) pf
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Remark 5: The conclusion of Theorem 7 and Remark 4 can also be drawn under the hypothesis @(oo; f) =
Yazw 0y (a; f) =101 8(0; f) = Yz 6(a; f) = Linstead of}Y, .., O(a; f) = 2.

Theorem 8: Let f be a meromorphic function and g be an entire function such that
0< /1f < Pr < o, ZaE(CU{OO} 61(61; f) =4and 0 < Py < .Then
log®T(r, fo
Py < limsupM < p—g.
pr e logT(r,MIf) ~ 4

The proof is omitted because it can be carried out in the line of Theorem 7 and with the help of Lemma 10.

Remark 6: In addition to the conditions of theorem 8, let f is of regular growth, i.e., p; = 4. Then
. log®'T(r, fog) _p,
msup—— = —
et logT(r, MIfD  pf

In the line of Theorem 7 the following two corollaries may be deduced:

Corollary 3: Let f be a meromorphic function and g be an entire function such that 0 < A; < py < 0,0 < 4, < p, <
0, and 0(0; g) = Y20 0p(@; g) = 10r §(; g) = Y g2 6(a; g) = 101 ¥yzo ©(a; g) = 2. Then
log®T(r, fo
Py < limsupM < p—g.
Py row LOgT(r,Po[g]) — 4

In addition if g is of regular growth then
limsun (9T (. fog)
msup—-———,—————_—=
r’ 1ogT(r,Polg])

Corollary 4: Let f be a meromorphic function and g be an entire function such that 0 < Ar < py < 0,0 <1, < p,; <
0, andY. s ecufe} 01(a; g) = 4. Then
log®T(r, fo
Py < limsupw < p_g
Pr~ row logT(r,M[g]) — 4

In addition if g is of regular growth then

i log®T(r, fog) )
oeP TogT(r, Mg])

Theorem 9: Let f[_T 1be a meromorphic function of order zero and g be an entire function of non zero finite order.
Also let 0(; g) = Y420 0,(a; g) = 1. Then
I logT(r,fog) _ 1
msup-—m————"—7"=—
roa’ logT(rA, Polg]) ~ A
Where A > 0.

Proof: In view of Lemma 2 and Lemma 3 we obtain for a sequence of values of r tending to infinity that
logT (r, fog) = logT{expr®s=), f}

i.e.,logT(r, fog) = (1 — &)log@expr(Ps=e)
i.e.,logT(r,fog) = (1 —¢&)(p, — €)logr . (13)

Again by Lemma 7, we have for all sufficiently large values of r,
logT (r*, Py[g]) < (pp,g) + €)logr™

i.e.,logT(r*,Pylg]) < A(p, + €)logr. (14)
Therefore from (13) and (14) we obtain for a sequence of values of r tending to infinity that
logT (r,fog) (1—8)(pg —¢)logr
logT (r4,Polg]) = A(pg+£)logr (15)

Since (> 0) is arbitrary, the theorem follows from (15).
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Remark 7: The conclusion of Theorem 9 can also deduce if we replace ©(o; g) = ¥+ 0,(a; g) =1 by
Yiazwo 0(a; g) =2 0r§(e0; g) = Yoz 6(a; g) = 1 respectively.

Theorem 10: Let f be a meromorphic function of order zero and g be an entire function of non zero finite order. Also
let Yo ecugeo) 81(a; g) = 4. Then for any positive real number A.

y logT(r,fog) - 1
el logT (4, M[g]) ~ A

The proof is omitted because it can be carried out in the line of Theorem 9 and with the help of Lemma 10.

Theorem 11: Let f and g be two entire functions such that 0 < Af" <o, 0< 1, < p,; <o and B(x;g) =
Za;too 8p(a; g) = 1 Then
logT(r, fog)

e logT(ra, Polgl)
where A is any positive real number.
Proof: We know that for each r > 0 [11]
T(r,fog) = %logM {%M G,g) + o(1),f} (16)

Let us choose ¢ in such a way that 0 < & < min{A;*, 1, }.

Now we get from (16) for all sufficiently large values of r that
T(r,fog) = %(/1}* —¢&)logM G,g) +0(1)

Ag—€
i.e.,T(r,fog) = %(/1}* — s) G) St 0(1). a7
Therefore we obtain from (14) and (17) for all sufficiently large values of r that
g —€
T(r.fog) > %(A;*_E)(Z) ! o (18)
logT (r4,Polg]) — A(pg +¢)logr ’

As 1, > 0, the theorem follows from (18).

Remark 8: If we take 0 < p;" < oo instead of 0 < At < oo in Theorem 11and the other conditions remain the same,

then in the line of Theorem 11 one can easily verify that

limsupM = o0
roo LogT(r4, Polg])

Remark 9: Also if we consider 0 < 4, < o or 0 < p, < o instead of 0 < 1, < p, < oo in Theorem 11 and the other
conditions remain the same, then in the line of Theorem 11 one can easily verify that

limsup 29T fog)
P 10gT (4, Py [9])

Remark 10: The conclusion of Theorem 11, Remark 8 and Remark 9 can also deduced if we replace ©(; g) =
Za;too 8p(a; g) =1 by Za;too O(a;9) =2 or 5(00;9) = Za¢oo 6(‘1; g) =1 respectively.

In the line of Theorem 11 and with the help of Lemma 10 we may state the following theorem without proof.

Theorem 12: Let f and g be two entire functions such that 0 < A" < 00, 0 < A; < py; < o0 and Y, ecugo} 01(a; g) =
4. Then

lim —T(r' fo9) =00

row logT(r4, M[g])
where A is any real number.

Remark 11: If we take 0 < p¢* < oo instead of 0 < A" < oo in Theorem 12 and the other conditions remain the same,
then in the line of Theorem 12 one can easily verify that

I T(r,fog)

m-———--————=
row logT (r4, M[g])
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Remark 12: Also if we consider 0 < 4, < o or 0 < p, < o instead of 0 < 1, < p; < o in Theorem 12 and the
other conditions remain the same, then in the line of Theorem12 it can be shown that

limsup L fo9)
! logT (™, M[g])

Remark 13 : If we take f be a meromorphic function with order zero in Theorem 1land Theorem 12 and the other
conditions remain the same then Theorem 11and Theorem 12 remain valid with “limsup” instead of “lim”.

Theorem 13: Let f be meromorphic and g be entire functions such that 0 < A, < py < o, ¥,.,, 0(a; f) =2 and
pg" < oo. Then
logT (1, fog)
M= a prm
_ N re T(r4, Po[f])
where A is any positive real number.

Proof: In view of Lemma 1 and the inequality T(r, g) < log*tM(r, g) we get for all sufficiently large values ofr that,
T(r,fog) < {1+ o(MITM(, 9).f)

i.e.,logT(r,fog) < (pf +¢&)logM(r, g) + 0(1)
i.e.,logT(r,fog) < (pf + e)(p;* + &)logr + 0(1). (19)

Again from the definition of A, we have for arbitrary positive ¢ and for all sufficiently large values of r,
logT (r*, Py[f]) = A(Ap,(s) — €)logr
i.e., T(r4, Py[f]) = raGr=s), (20)

Therefore it follows from (19) and (20) for all sufficiently large values of r that
logT (r.fog) < (of+e)(pg+e)logr +0(1)
T(rA Polf]) ~ Alr=e) '

(21)
As Ay > 0, the theorem follows from (21).

Remark 14: If we take 0 < py <o or 0 < A <o instead of 0 < A; < py < oo in Theorem 13 and the other
conditions remain the same, then in the line of Theorem 13 one can easily verify that

limi flogT(r,fog) — 0

e TR

Remark 15: Also if we take 15" < oo instead of pg;* < o in Theorem 13 and the other conditions remain the same,
then in the line of Theorem 13 one can easily verify that
limi flogT(r,fog) _
N ATH

Remark 16: The conclusion of Theorem 13, Remark 14 and Remark 15 can also deduced if we replace
Yazreo O(@ f) = 2Dy 0(00; f) = Ygse 6 (a; f) = 1 0r 8(o; f) = Ygzoo 6(a; f) = 1 respectively.

0.

In the line of Theorem 13 and with the help of Lemma 10 we may state the following theorem without proof.

Theorem 14: Let f be meromorphic and g be entire functions such that 0 < A < py < 0, Ygecue) 61(a; f) =4 and
pg" < . Then for any positive real number A,
logT (1, fog)
m-———-————-——=
row T(r4, M[f])

Remark 17: If we take 0 < py <o or 0 < 4 < oo instead of 0 < A; < py < oo in Theorem 14 and the other
conditions remain the same, then in the line of Theorem 14 one can easily verify that

limi flogT(r,fog) — 0

e TEAMI)

Remark 18: Also if we take 45" < oo instead of pg;* < co in Theorem 14 and the other conditions remain the same,
then in the line of Theorem 14 one can easily verify that

limi flogT(r,fog) _

e T M)
where A is any real number.
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