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ABSTRACT

The purpose of the present paper is to establish some results involving coefficient conditions, extreme points,
distortion bounds, convex combination and radii of convexity for a new class of Salagean-type harmonic univalent
functions fixed points in the open unit disc.
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1. INTRODUCTION

A continuous complex-valued function f =u + iv defined in a simply connected domain D is said to be harmonic in

D if both u and v are real harmonic in D. In any simply connected domain we can write f =h + a where h and g are
analytic in D. We call h the analytic part and g the co-analytic part of f .

A necessary and sufficient condition for f to be locally univalent and sense-preserving in D is that
h'(2)|>]9'(2)|. zeD.

Let S,, denotes the class of functions f =h+ g which are harmonic univalent and sense-preserving in the open unit

disk for which f (0) =f, (O)—l =0.Thenfor f =h+ 5 € S,, we may express the analytic functions h and g as

h(Z)=Z+iaka , g(z):ibkzk,|b1|<1. 1)
k=2 k=1

Clunie and Sheil-Small [2] investigated the class S, as well as its geometric subclasses and established some

coefficient bounds. Since then, there have been several related papers on S, and its subclasses.

For f =h+ 5 given by (1), Jahangiri et al. [6] defined the modified Salagean operator of f as

D"f(z)=D"n(z)+(-1)"D"g(z) , (me Ny, N, =NU{0}) )

where
D"h(z)= z+ikmakz" and Dmg(z):ikmbkz" ,
2 P

where D™ stands for the differential operator introduced by Salgean [9].

Corresponding author: Saurabh Porwal'
'Department of Mathematics, UIET Campus, CSIM University, Kanpur-208024, (U.P.) India

International Journal of Mathematical Archive- 3 (7), July — 2012 2755



http://www.ijma.info/�

Saurabh Porwal* *, Ankit Dixitz, Avanish Kumar® and S.K. Ghai / Salagean-type Harmonic Univalent Functions with Fixed Points
/ lIMA- 3(7), July-2012, Page: 2755-2764

Nowfor 0<ar <1, 0<A<1l,meN,neNj;m>nand zeU, suppose that S,, (m,n;a;l)denote the family

of harmonic functions f of the form (1) such that

D"f(z) }>a, -

R
e{wm )+ - 2)D"f(2)
where D™ f is defined by (2).

Further let the subclass §H (m, n;a;l) consist of harmonic functions fm =h +§ in §H (m, n;a;l) so that h

and g, are of the form
h(z)=z->az" and g,(z) =(-1)""> b,z*; a,,b, >0. @)
k=2

k=1

By specializing the parameters in subclass S,, (m, n;a;/l) we obtain the following known subclasses studied earlier
by various authors.

1. 1f we put A =0 then it reduces to the class S,, (m, n; a) studied by Yalcin [13].

2. 1fweput m=1,n=0,A=0and m=2,n=1,4 =0 then it reduces to the class HS(a) and HK(a) studied
by Jahangiri [5].

3. 1f we put m=Ln=0,0=0,A=0and m=2,n=1,a =0,4=0with b, =0 then it reduces to the class
HS(O) and HK(O) studied by Avci and Zlotkiewicz [1] and Silverman [11].

4. Ifwe put m=1,n=0,=0,A=0and m=2,n=1,a =0,4 =0 then it reduces to the class HS(O) and
HK(O) studied by Silverman and Silvia [12], which is an improvement of [1, 11].

5. 1fwe put m=n+1,4 =0 then it reduces to the class H (n, a) studied by Jahangiri et al. [6].
6. If we put m=1,n=0 then it reduces to the class S,: (/1,05) studied by Oztrk et al. [8].

The classes SH (m, n;a;/I) and §H (m, n,a; /1) were extensively studied by Dixit and Porwal [3].

Several authors, such as ([4], [7], [10] ) studied the subclasses of analytic univalent functions with fixed points.
Recently, Dixit and Porwal [6] investigated a subclass of harmonic univalent functions with fixed points and negative
coefficients. In the present paper an attempt has been made to study the subclasses of Salagean-type harmonic univalent
functions with fixed point in the following way

Afunction f =h +§ where

o0 o0
k k
h(z)=az+> az", g(z)=) bz", a >0 |b|<1 5)
k=2 k=1
is said to be in the family SH (m, n,a, A, ZO) if the coefficient condition (3) is satisfied
f(ZO):ZO’_1<ZO <1, 20750. (6)
Further, we let g(m, N, a, l, Zo) consist of harmonic functions fm =h+ a is in

Sy (m, n;a; A, Zo)so that h and gy, are of the form
h(z)=az-> az" and g,(2) =(-1)""> bz*; a,b >0. @)
k=2 k=1
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In the present paper, results involving the coefficients, extreme points, distortion bounds, convex combinations and
radii of convexity for the above classes SH (m, n,a; A, ZO) and SH (m, n,a; A, Z, ) of harmonic univalent
functions have been investigated.

2. MAIN RESULTS

We first prove a necessary and sufficient condition for functions in SH (m, n,a; A, Z, ) .

Theorem 2.1: Let fm =h+ gy, besuchthat hand gy, are given by (7). Furthermore, let

= k™ (1-ad)—a(1-2)k" 2 k™ (1-ad)-(-1)"" a(1-2)k"
22 w |ak|+§ - b <a,. ®

where al:1+Zakzg‘l—(—l)m‘lzbkz(')“l, meN,neN,,m>n, 0<a<land 0<A <1, then f
kf

is sense-preserving, harmonic univalent in U and fe SH (m, n,a; A, Zo).

Proof: If Z, # Z,, then,
(@)= (@), [9n(2) - 00 ()]
h(z)-h(z,) |~ | h(z)-h(z,)

Zbk (Z1k - le()
kel

—1-
al(zl_zz)+zak(zlk _le()
k=2
> kb |
>1- K
ai_zk|ak |
k=2

2knEkz(l_m)ié)“‘”ov(l—ﬂ))|bk|
>1- ar:zzkn(k(l oil)aa(l"l))|ak|

R
>1- S Z —a(- Ak )

-
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[i K™ (1-ad)—(-1)" " a(1- 2)K" MJ

= l-«o
T wkmlaz —a(1-A)K"
&3, A=A
= -a
since (m>n)
>0, (Using (8))
which proves univalence.
Also we have
[h(z) [ a, - > k|a |z
k=
>a - ) kla|
k=2
= k"(1-ad)-a(l-2)k"
> _
222, - |
2 k™ (1-ad)-(-1)"" a(1-2)k"
> b
é o b, |
= k™ (1—ad)-(-1)"" a(1-2)k"
k=1 -

Hence f is sense preserving in U.

Using the fact that Re @ > « if and only if

|1—0:+a)| >|1+a—a)|, it suffices to show that
(1-@){2D"f (2)+(1-2)D"f (2)}+ D" (2)| - |1+ @) {AD"f (2) + (1-2) D" f (2)} -D"f (2)| >0. (@)
Substituting for D™ f (Z) and D" f (Z)in L.H.S. of (9), we have

:‘(2—a)a12+i[(1—a)(ﬂkm+(1—/1)k”)+k Jacz +( Z[ "(1-0) K" + (1-a) (1- )K"+ (-1 k" |b, 7

k=2

—aaiz+g[(1+a){/lkm+(1—/1)k} "azt (-1 z[ KO (1 a)+ (L) (1= K ()K" | 2

k=1

00

~a)af2- 3 K" (1-at)- <1—z>k"}|ak||z|k—§<
i

2. [l+a)ﬂkm k} (I+a)(1-

I

)" [(1-@) K" +k" |+ (1- @) (1= A)K"

i
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2(1-a)a|g - 23 [k (1-a2)-a(1- )k JJa [z - 22 [K" (- ad) + @ (1~ )K" ]|n.||2|if m—nisodd
k=2 k=1

2(1-a)a 7|23 (K" (1-a2)-a(1-2)k |la |2 - 23 [ k" (1-a)-a(1- 2)k"]Ib,)|2]if m-niseven
k=2 k=1

= k" (1-al)—a(l-2)k" = k™(1-ad)-(-1)""a(1-2)k" §
=z<1—a>|z|{a1 > N e }

k=2 - k=1 (24

{ ikm (1- a/l) a(l- Iakl 21«“ (1-ad) (1—_121 a(l—/i)k”|bk|}

k=2 -

The last expression is non negative by (8), and so the direct part of the theorem is proved.

Conversely, for functions fm of the form (7), we notice that the condition

D" f,(2)
Re{ﬂDmfm(z)+(1—/1)D”fm(z)} >

is equivalent to

~a)az-Y[k"(1-a2)-a(l- )k ]a,z +(—1)2m'li[km(1—a/1)—(—l)m'”a(l—/l)k”]bkgk

Re =il = 50, (10
a,z— Y [ K" +(1-2)k" Ja 2" +( Z[/lkm ) (- l)k”}bkfk

k=2

The above required condition (10) must hold for all values of z in U. Upon choosing the values of z on the positive real
axis where 0 <z =r <1, we must have

a,(1-a)- Y[k (1-a1)-a(1- )k Ja,r - Y [k" (1-at) - (-1 " a(L-2)K" o,

k=2 k=L >0. (11)

0

_Z[ﬂ“km +(1_/1)kn:|akrk71 —i[ﬂkm +(—1)m_n (1_/1)kn}bkrk71

k=2 k=1

If the condition (8) does not hold, then the numerator in (11) is negative for r sufficiently close to 1.

Hence there exist Z, = I in (0, 1) for which the quotient in (11) is negative. This contradicts the required condition for

f e S_ m,Nn;a; A, Z, ) and so the proof is complete.
H 0

Next we determine the extreme points of closed convex hulls of SH (m,n;a;/i,zo) denoted by clco

Su (Mm;a; 4,2,).
Theorem 2.2: Let f_ be given by (7). Then fm ex(m,n;a;l,zo) if and only if
fu(2)= Z X (2)+ i 9 (2)). where hy (z) =

l-a K
hk(z)zz_km(l—a/l)—a(l—/l)k” 2" (k=234..),
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m-1 l-a
gmk(z)= Z"’(_l) km(l—a/i)—(—l mfna(l—ﬂ)kn

2 (k=123..) % 20,y 20,3 (x +v,)=a,.

In particular the extreme points of g(m, n,a; A, ZO) are {hk} and {gmk }

Proof: Suppose

f(2) = Zxk 2)+ Y, O (2))

Thenikm (I-ad)-a(1l-2)k" 1-« y
1- k" (1-el)-a(1-A)k" "

a )-a
< K" (1-ad)—(-1)"" (1= 2)K’ 1-a
+§ —o (km(l_aﬂ)_(_]_)mna(l—/i)kn yk}
:Zxk+gyk
=, —-X%<a,

andso f €S, (m,n;a;;t, ZO).
Conversely, if f e clcoSH (m,n;a;i, zo) then

l-«
kK"(1-al)-al-2 )K"

l-a
k"(1-ad)-(-1)""al- 2 )K"

a, < (k=234..)and b, < (k=123...).

k" (1-ad)-a(1-2)k A, (k=2,3,4....) and yk=k (l—axl)—(—l) a(l—l)k
l-o l-a

(k :1,2,3....). Then by Theorem 2.1,0<x, <a,, (k = 2,3,4....) and 0<y, <a,, (k :1,2,3....) . We define

b,,

Set X, =

xizal—Z:xk—Zyk and note that by Theorem 21 X >0 . Consequently, we obtain

f.(2)= Z(Xk (2)+ YO (2 )) as required.

The following theorem gives the bounds for functions in SH (m, n,a, A, ZO) which yields a covering result for
this class.

Theorem 2.3: Let fm € g(m, n,a; A, ZO).Then for |Z| =r <1 we have

l1-a (1-ad)-(-1)""a(1-2)
2" (1-ad)-a(l-2) 2""(1-ad)-a(l-A)

f (7)) <(a+ r+i r’lzl=r<1
(a,+b) by

and
1 l1-a (1-aa)-(-)""a(1-2)

(@2 (8, -B)r =5 2""(1-ad)-a(l-1) 2""(1-ad)-a(l-2) By jrhfz]=r <1,
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Proof: We only prove the right hand inequality. The proof for the left hand inequality is similar and will be omitted.

Let fm € SH (m, n,a; A, ZO).Taking the absolute value of fm we have

£,(2)|= (2 +b)r i(awb)k

k=2

611+bl a+b

8

=
\ |

:(a1+b1)r+ 1- a( i 1__aa — )(ak+bk)r2

(l a/”t) k:2
1-a)r’ o[ k"(1-ad)-a(l-A)k"  k"(1-ad)-(-1)""a(l-A)K"
S(a1+bl)r+2m(1—a/1)—2”a(1—/1)[kz_2:[ — a + — k\]J
l-«

<(a,+b)r-= _(1_0"1)_(_1)m a bl]r

2" 2™ " (1—0(/1)—05(1—/1) 2" ”(1 a/i)
The following covering result follows from the left hand inequality in Theorem 2.3.

Corollary 2.4: Let f_of the form (4) be so that fm eﬁ(m,n;a;;t, ZO).Then

L 2a-l-a[2"aa+2'(1-2)a-1] 2" —1—a[2m,1+2” (1-A)=A—(-1)"" (1—1)}
ot ez 2" (1—ad)-a(1-4)2 &

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic functions of the

form f. (2) = alz—Zakz +(-1)" 1Z:bkz and F,(z) = alz—ZAkz ZBkz we define
k=2 k=1

the convolution of two harmonic functions f and F as

(fn*Fn)(2)= f (2)*Fi alz—zakAkz +(-1)" 1Zkakz - 1

Using this definition, we show that the cIassg(m, N, o, ﬂ, Z, ) is closed under convolution.

Theorem 2.5: For 0< B <a <1 let fm eg(m,n;a;i,zo) and Fm eg(m,n;ﬂ;ﬂ,,zo) . Then
fm * Fn € SH (MM a5 4,20) < SH (M, n; 85 4,2¢).
Proof: Let f,(2) =az—3 82" +(-1)"* 30,z bein Sy, (M, N; x5 4, 2, ) and

k=2 k=1

F.()=az-Y Az +(-1)"" > B,z bein S, (m, n; B4, 2, ) . Then the convolution f_*F_is given by
k=2 k=1
(12) .We wish to show that the coefficients of fm * | satisfy the required condition given in Theorem 2.1. For

Fn e SH (m, n B A, ZO)We note that A, <land B, <1. Now, for the convolution function f  *F_ we get
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4-ah) (O el ANy o
1-

a

<

l-«

k"(1-ad)-all —ﬂ)k”akJerm(l—aﬂ,)—(l )" "ol AK" b,

-

SD EM8 EMS

. (since €S, (m,na;2,2,)).

Therefore f., * F, €SH (m,n;a;ﬂ,zo) c SH (m,n;ﬂ;/i,zo). for 0<f<a<l.
Next, we show that SH (m, n,a; A, Z, ) is closed under convex combinations of its members.

Theorem 2.6: The cIassg(m, N, o, /1, Z, ) is closed under convex combination.
Proof: For 1 =1,2,3..... let f, : (Z) € x(m,n;a;/”t, Zg) , where fmi (2) is given by
oy (2) = alz—Zakz +( mlzbk_k.

Then by Theorem 2.1’

:Z:Z:km(l—a/ll)_—a(l—/i "(1-ad)-(-1)" " a(1-2)k"

l-a

ak+i b, <.
k=1

o

For Zti =1,0<t; <1, the convex combination of fmi may be written as
i=1

éti fn (z):alz—kZiZl:tak JZ F(~)™ 12(2“% JEK

Then by (8),

i (1-ad) a(l—z)k”itiaki+ikm(1—a/1)—(—1)m” (1- thk

= - l-«o
© K™ (1—ald) -« 2 k™ (1-ad) 1m‘“a 1-A)k"
Y Z ( ) (1- k.+Z (1 ) a(l-4) b,
i1 k=2 -« k=1 -

o0
S alzti = al.
i=1

o0

This is the condition required by Theorem 2.1 and so Zti fmi (Z) € Sy (m, na; A, ZO)-
i=1

Theorem 2.7: If f,, € SH (m,n;a;}t,zo) then f is convex in the disc

(1-a)(a-h)

K| (1-a)-{(2-a2) - (1) a(t-2)jb,
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Proof: Let f,, € SH (m,n;a;/l, ZO), and let r(O <r <1) be fixed. Then r " i (rz) €SH (m,n;a;/i, ZO) and
we have

k=2 k=2
<3 k" (1-ad)-a(1-2)k akJrk (1-ad)-(-1) " a(1-2)k b, krt
k=2 1—0{ 1—Of
B L RS T | I
<a b,
provided
krkfl < a’l_bl
~ (1—05/1)—(—1)”"”05(1—/1)b1
l-a
which is true if
Her
r<min (1—a)(a1—b1?nn (k=234...)
| (1-a)-{(t-a2) - (<) " a(1-2)]b
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