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ABSTRACT 
This paper presents an analysis for M/M/2/N queue with heterogeneity, and two general different balk functions. By 
using the hyper geometric function, the given model will be discussed. Some measures of effectiveness are deduced. 
Also, some special cases in the given model are obtained.  In fact this paper is a continuation and more generalization 
to the works done by many researchers such as Abou-El-Ata[1,2,3], Singh[12], Krishnamorthi [6] and others. 
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 1. INTRODUCTION 

 
Morse [7] introduced the concept of heterogeneity service and obtained the steady-state results for two cases. Staaty [8] 
has discussed Morse ̕ s problem and obtained the explicit expressions for the steady -state probabilities and the mean 
number in the system. Singh [12] has considered two heterogeneous server Markovian queues with balking and 
compared its efficiency with the corresponding homogeneous system. Abou-El-Ata [1,2] considered a Markovian 
queues with both balking and heterogeneity with a modified queue discipline of both Singh [12]  and Krishnamoorthi 
[6]. Sharma and Dass [9] have also analyzed the busy period distributions for M/M/2/N queuing system with 
heterogeneous servers and obtained the probability density function of the busy period and its mean and variance. 
Sharma and Dass[10], Sharma and Maheswar [11]  discussed M/M/2/N queuing system with un-identical services 
rates at the two channels and with correlated servers. The closed form solution is obtained and results for M/M/1/N 
model can be derived as a particular case by putting𝜇𝜇2 = 0.  Also by putting μ = 𝜇𝜇2 obtained the results for M/M/2/N 
queue having equal service rates at both.  Abou-El-Ata and Hariri[3], studied the queue with balking function in the 
number which in the queue𝑏𝑏n .  Krishna Kumar et al. [5]  discussed the transient solution of M/M/2 queue with 
heterogeneous servers and the possibility of catastrophes. El-Paoumy and Nabawey [4]  studied the queue with the 
arriving customer joins the queue if the expected waiting time is short, and not join the expected waiting time in long.  
Thus this work was early studied by many researchers in case of only one property.  Krishnamoorthi [6]  considered 
Poisson queue with heterogeneity and two alternative queue disciplines one with slight and the other with a great 
modification of the classical one (FIFO).  In this paper we adds a more third property (n-1) α due to the reneging factor. 
This means that we treats a truncated Poisson queue (capacity N) with balking function, reneging and heterogeneity. By 
using the hyper geometric function, the given model will be discussed. Some measures of effectiveness are deduced. 
Also, some special cases for different values of p and q such as: p, q=0,1 in the given model are obtained.  Finally we 
draw some graphs using four Corollaries results in terms of the convergent hyper geometric functions of two basic 
measures in the steady-state case.    
 
2.  ANALYZING THE PROBLEM 

 
Consider the truncated two-channel queue: M/M/2/N with finite capacity, heterogeneity, reneging and balking. Assume 
that the arrival units follow the Poisson process with arrival rate λ. The service time of the units is exponentially 
distribution with rates𝜇𝜇1, 𝜇𝜇2. The units are served according to the general discipline as follows: 
 
1. If the two servers are busy, the units wait in the queue; 
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2. If one server is free the head unit in the queue goes to it, and; 

 
3. If both servers are free, the head unit of the queue chooses channel I with Probability 𝜋𝜋1 or channel II with 
probability 𝜋𝜋2;  𝜋𝜋1 + 𝜋𝜋2 = 1. 
 
Assume the balk concept satisfies the non-increasing probability function: 

 

10 1;n nb b+< < < 2n ≥  and 0 , 1nb b = for 0,1n = 
 

Where, 

nb =  Prob.{a unit joints the queue} 
 
I.e. any unit balks with probability  (1 − 𝑏𝑏𝑛𝑛) . 

 
Also assume units renege according to a random variable T with probability function given by: 

 

( ) ; 0, 0.td t e tαα α−= > ≥ 
 

Let 𝑟𝑟(𝑛𝑛) = 𝛼𝛼(𝑛𝑛 − 2) be reneging effect when there are n units, 𝑛𝑛 > 2 in the system and 𝑟𝑟(0) = 𝑟𝑟(1) = 𝑟𝑟(2) = 0 for 
𝑛𝑛 = 0,1,2. 

 
Now let:  𝑃𝑃𝑛𝑛(𝑡𝑡) = Prob. {that there are n units in the system at time t}, and let 

 
𝑃𝑃𝑖𝑖𝑖𝑖 (𝑡𝑡) be probability when 𝑖𝑖, 𝑗𝑗 = 0 only, i.e. 

 
𝑃𝑃0 =𝑃𝑃00= Prob. {system is empty}; 

 
𝑃𝑃10  = Prob. {the second server is busy}, 

 
𝑃𝑃01= Prob. {the first server is busy }, also, 

 
𝑃𝑃1 = 𝑃𝑃01 + 𝑃𝑃10  𝑎𝑎𝑎𝑎𝑎𝑎  𝑃𝑃2 = 𝑃𝑃11. 

 
 
3. STEADY-STATE PROBABILITIES   

 
The steady-state difference equations are: 

 
−𝜆𝜆𝑃𝑃00 + 𝜇𝜇1𝑃𝑃10 + 𝜇𝜇2𝑃𝑃01 = 0, 𝑛𝑛 = 0                                                                                                                               (3.1) 

 

�
−�𝜆𝜆 + μ1�𝑃𝑃10 + 𝜇𝜇2𝑃𝑃11 + λ𝜋𝜋1𝑃𝑃00     = 0                                          
−�𝜆𝜆 + μ2�𝑃𝑃01 + 𝜇𝜇1𝑃𝑃11 + λ𝜋𝜋2𝑃𝑃00     = 0,         𝑛𝑛 = 1                   

�                                                                                 (3.2) 

 
−(𝑏𝑏2𝜆𝜆 + μ)𝑃𝑃2 + (𝜇𝜇 + 𝛼𝛼)𝑃𝑃3 + λ𝑃𝑃1   = 0,    𝑛𝑛 = 2                                                                                                          (3.3) 

 
i.e. 

 
−{𝑏𝑏𝑛𝑛𝜆𝜆 + μ + (𝑛𝑛 − 2)α}𝑃𝑃𝑛𝑛 + {μ + (𝑛𝑛 − 1)α}𝑃𝑃𝑛𝑛+1 + 𝑏𝑏𝑛𝑛−1λ𝑃𝑃𝑛𝑛−1 = 0;  3 ≤ 𝑛𝑛 ≤ 𝑁𝑁 − 1                                                 (3.4) 
             

 
−{μ + (𝑁𝑁 − 2)α}𝑃𝑃𝑁𝑁 + 𝑏𝑏𝑁𝑁−1λ𝑃𝑃𝑁𝑁−1  = 0,                                                                                                                       (3.5) 

 
Where,   𝜇 = 𝜇𝜇1 + 𝜇𝜇2. 

 
Adding the three relations of (3.1), (3.2) we have: 

 

10 01 2 11 1 11 0;P P P Pλ λ µ µ− − + + =   11 1P Pµ λ= 
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 i.e.    
𝑃𝑃2 = 𝜌𝜌𝑃𝑃1;    𝜌𝜌 = 𝜆𝜆

𝜇𝜇
≤ 1, 𝜇𝜇 = 𝜇𝜇1 + 𝜇𝜇2                                                                                                                             (3.6) 

 
From relation (3.1) we have           

 

( )10 00 2 01
1

1 .P P Pλ π
µ

= −                                                                                                                                           

 
Substituting in the second relation of (3.2) it is clear: 

 
𝑃𝑃11 = 1

𝜇𝜇1
��𝜆𝜆 + μ2�𝑃𝑃01 − 𝜆𝜆𝜆𝜆2𝑃𝑃00�                                                                                                                                 (3.7) 

 
 

Substituting in the first relation of (3.2)  we get: 
 

( ) ( ) ( ){ }2
1 00 2 01 2 01 2 00 1 00

1 1

1 0P P P P Pµλ µ λ π λ µ λπ λπ
µ µ

− + − + + − + = 

 

( ) ( ){ }1 2 2 01 1 2 2 2 1 002 ,P Pλ µ µ µ λ λ µ λµ π λµ π+ + = + − − 
 

( )
( )

2
01 00

2 2 1
P P

λ ρ π
µ ρ

+
=

+
 

 
Also, 

 
 

 

𝑃𝑃1 = 𝑃𝑃10 + 𝑃𝑃01 = 𝜆𝜆�𝜌𝜌�μ1+μ2�+𝜇𝜇2𝜋𝜋1+𝜇𝜇1𝜋𝜋2�
𝜇𝜇1𝜇𝜇2(2ρ+1)

𝑃𝑃00     = ∆𝑃𝑃0                                                                                                    (3.8) 
 

where, 
 

∆=
𝜆𝜆�𝜌𝜌�μ1 + μ2� + 𝜇𝜇2𝜋𝜋1 + 𝜇𝜇1𝜋𝜋2�

𝜇𝜇1𝜇𝜇2(2ρ + 1) . 

 
From both relations (3.3) and (3.6) we deduce: 
 
(𝜇𝜇 + 𝛼𝛼)𝑃𝑃3 − 𝑏𝑏2𝜆𝜆𝑃𝑃2 = 𝜇𝜇𝑃𝑃2 − 𝜆𝜆𝑃𝑃1 = 0.                                                                                                                           (3.9) 
 
Also from relations (3.4) and (3.9) we obtain: 
 

( ){ } ( ){ } ( )1 1 1 3 2 21 2 ... 0,n n n n n nn P b P n P b P P b Pµ α λ µ α λ µ α λ+ − −+ − − = + − − = = + − =  

 
{𝜇𝜇 + (𝑛𝑛 − 1)𝛼𝛼}𝑃𝑃𝑛𝑛+1 − 𝑏𝑏𝑛𝑛𝜆𝜆𝑃𝑃𝑛𝑛 = {𝜇𝜇 + (𝑛𝑛 − 2)𝛼𝛼}𝑃𝑃𝑛𝑛 − 𝑏𝑏𝑛𝑛−1𝜆𝜆𝑃𝑃𝑛𝑛−1 = ⋯ = (𝜇𝜇 + 𝛼𝛼)𝑃𝑃3 − 𝑏𝑏2𝜆𝜆𝑃𝑃2 = 0, 
 
{𝜇𝜇 + (𝑛𝑛 − 2)𝛼𝛼}𝑃𝑃𝑛𝑛 − 𝑏𝑏𝑛𝑛−1𝜆𝜆𝑃𝑃𝑛𝑛−1 = 0;          2 ≤ 𝑛𝑛 ≤ 𝑁𝑁 − 1 
 
 
From (3.5) we have: 

 

𝑃𝑃𝑛𝑛 =
𝜆𝜆𝑏𝑏𝑛𝑛−1

𝜇𝜇 + (𝑛𝑛 − 2)𝛼𝛼
𝑃𝑃𝑛𝑛−1;                                 2 ≤ 𝑛𝑛 ≤ 𝑁𝑁 

 

( )
( )

1
01 00

1 2 1
P P

λ ρ π
µ ρ

+
=

+
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𝑃𝑃𝑛𝑛 =
𝜆𝜆𝑏𝑏𝑛𝑛−1

𝜇𝜇 + (𝑛𝑛 − 2)𝛼𝛼
.

𝜆𝜆𝑏𝑏𝑛𝑛−2

𝜇𝜇 + (𝑛𝑛 − 3)𝛼𝛼
. …  .

𝜆𝜆𝑏𝑏2

𝜇𝜇 + 𝛼𝛼
.
𝜆𝜆
𝜇𝜇
𝑃𝑃1 

 

𝑃𝑃𝑛𝑛 =
𝛾𝛾𝑏𝑏𝑛𝑛−1

𝛿𝛿 + (𝑛𝑛 − 2) .
𝛾𝛾𝑏𝑏𝑛𝑛−2

𝛿𝛿 + (𝑛𝑛 − 3) . …  .
𝛾𝛾𝑏𝑏2

𝛿𝛿 + 1
𝜌𝜌∆𝑃𝑃0;  𝛾𝛾 =

𝜆𝜆
𝛼𝛼

, 𝛿𝛿 =
𝜇𝜇
𝛼𝛼

 

 
𝑃𝑃𝑛𝑛 = ∆𝜌𝑃𝑃0 �

𝛾𝛾𝑛𝑛−2

(1+𝛿𝛿)𝑛𝑛−2
∏ 𝑏𝑏𝑟𝑟𝑛𝑛−1
𝑟𝑟=2 � ;      2 ≤ 𝑛𝑛 ≤ 𝑁𝑁                                                                                                              (3.10) 

 
 
From relations (3.8) and (3.10) we get: 

 

𝑃𝑃𝑛𝑛 = �
∆𝑃𝑃0,                                                 𝑛𝑛 = 1

∆𝜌𝑃𝑃0 �
𝛾𝛾𝑛𝑛−2

(1+𝛿𝛿)𝑛𝑛−2
�∏ 𝑏𝑏𝑟𝑟𝑛𝑛−1

𝑟𝑟=2         ,     2 ≤ 𝑛𝑛 ≤ 𝑁𝑁  
�                                                                                                  (3.11) 

 
Let us use Abou El-Ata [2] more general balk function which is 
 

𝑏𝑏𝑟𝑟 =
𝛽𝛽

(𝑟𝑟 − 1)𝑝𝑝 �1 −
𝑟𝑟 − 1
𝑁𝑁

�
𝑞𝑞

;   𝑝𝑝, 𝑞𝑞 ≥ 0, 𝑟𝑟 ≥ 1, are all + ve integers 

 
where  𝑏𝑏0, 𝑏𝑏1 = 1  and the number 𝑟𝑟 ≤  the number of servers. Also, 0 ≤ 𝑏𝑏𝑟𝑟 ≤ 1 is a non-increasing function of  𝑟𝑟 .  
 
Therefore the relation (3.11) becomes 
 

( ) ( )

2 1

0
22

11
1 1

qn n

n p
rn

rP P
Nr

γ βρ
δ

− −

=−

   − = ∆ −    +  −     
∏

 

( )
( )
( )

2 1

0
22

11
1 1

qqn n

n p
rn

r N
P P

N r
γρ β
δ

− −

=−

   − −− = ∆     +   −     
∏ 

 

( )
( )

( )
( )

2 1

0
22

1 1;
1 1

n q qn

n p
rn

r N
P P

Nr

αλ
ρ α β

δ

− −

=−

   − − − = ∆ =     +  −      
∏

 
 

( )
( )

( ){ }
( ){ }

2
2

0
2

1

1 2

qn
n

n p
n

N
P P

n

αλ
ρ

δ

−
−

−

   − = ∆  
 +  −    

 
Then relation (3.11) becomes: 
 

𝑃𝑃𝑛𝑛 = �
∆𝑃𝑃0,                                                 𝑛𝑛 = 1

∆𝜌𝑃𝑃0 �
{(1−𝑁𝑁)𝑛𝑛−2}𝑞𝑞 (𝛼𝛼𝛼𝛼 )𝑛𝑛−2

{(𝑛𝑛−2)!}𝑝𝑝 (1+𝛿𝛿)𝑛𝑛−2
� , 2 ≤ 𝑛𝑛 ≤ 𝑁𝑁, α = 𝛽𝛽 �−1

𝑁𝑁
�
𝑞𝑞 �                                                                                  (3.12) 

 
To get 𝑃𝑃0 we use the boundary condition: ∑ 𝑃𝑃𝑛𝑛 = 1,𝑁𝑁

𝑛𝑛=0  
 

( ){ } ( )
( ){ } ( )

2

2
0 0 0

2
2

1
1

2 1

q n
N

n
p

n
n

N
P P P

n

αλ
ρ

δ

−

−

=
−

−
= + ∆ + ∆

− +
∑  

 
Replace (𝑛𝑛 − 2) by the number n we obtain: 

 

( ){ } ( )
( ){ } ( )

1
0

2

1
1

1

q n
N

n
p

n
n

N
P

n

αλ
ρ

δ
−

=

−
= + ∆ + ∆

+
∑
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( ) ( ){ } ( )
( ) ( ){ } ( )

2
1

0
0

1 1
1

1 1

q n
N

n n
p

n
n n

N
P

n

αλ
ρ

δ

−
−

=

−
= + ∆ + ∆

+
∑ 

 
𝑃𝑃0

−1 = 1 + ∆ + ∆𝜌𝜌 q+1𝐹𝐹𝑝𝑝+1�    ;   −𝛼𝛼𝛼𝛼1+𝛿𝛿 ,1,…,1              
2−𝑁𝑁,1−𝑁𝑁,…,1−𝑁𝑁 �                                                                                               (3.13) 

 
The expected number of units in the system is: 

 

( )
` ` `

1 0
0 2 2 2

1
N N N N

n n n n
n n n n

L nP P nP P n P P
= = = =

= = + = ∆ + − +∑ ∑ ∑ ∑ 

 

( )
( ){ } ( )
( ){ } ( )

2

2
0 0 0, 1 1

2
2

1
1

2 1

q n
N

n
q pp

n
n

N
L P P n P F

n

αγ
ρ ρ

δ

−

−
+ +

=
−

−
= ∆ + ∆ − + ∆

− +
∑ 

 
Let us replace (𝑛𝑛 − 2) by n we have: 

 

( )
( ) ( ){ } ( )
( ) ( ){ } ( )

2

0 0 0, 1 1
2

2

1 1
1

1 1

q n
N

n n
q pp

n
n n

N
L P P n P F

n

αγ
ρ ρ

δ

−

+ +
=

−

−
= ∆ + ∆ + + ∆

+
∑ 

 

𝐿𝐿 = ∆𝑃𝑃0 + ∆𝜌𝜌𝑃𝑃0
𝑑𝑑

𝑑𝑑(𝛼𝛼𝛼𝛼) �𝛼𝛼𝛾𝛾 𝑞𝑞+1𝐹𝐹𝑝𝑝+1� + ∆𝜌𝜌𝑃𝑃0 .𝑞𝑞+1 𝐹𝐹𝑝𝑝+1 

 
𝐿𝐿 = ∆𝑃𝑃0 �1 + 2𝜌𝜌. 𝑞𝑞+1 𝐹𝐹𝑝𝑝+1�    ;   −𝛼𝛼𝛼𝛼1+𝛿𝛿 ,1,…,1              

2−𝑁𝑁,1−𝑁𝑁,…,1−𝑁𝑁 � + 𝜌𝜌 (2−𝑁𝑁)(1−𝑁𝑁)𝑞𝑞 (𝛼𝛼𝛼𝛼 )
1+𝛿𝛿

. 𝑞𝑞+1 𝐹𝐹𝑝𝑝+1�                                                   (3.14) 
 

This hyper geometric function which is convergent and it represents a finite summation since all terms of 
the series 𝑈𝑈𝑛𝑛 = 0 at𝑛𝑛 > 𝑁𝑁.  
   
4.  SPICIAL CASES  
   
To trace this model we discuss some special cases for different values.  

 
Corollary 4.1: Let  𝑝𝑝 = 𝑞𝑞 = 0, 𝑏𝑏𝑟𝑟 = 𝛽𝛽;  𝑟𝑟 ≥ 2, 𝑏𝑏0𝑏𝑏1 = 1, thus relations (3.12) and (3.13) become: 

 

𝑃𝑃𝑛𝑛 = �
∆𝑃𝑃0,                                                 𝑛𝑛 = 1

∆𝜌𝑃𝑃0 �
(𝛽𝛽𝛽𝛽)𝑛𝑛−2

(1 + 𝛿𝛿)𝑛𝑛−2
� ,                     2 ≤ 𝑛𝑛 ≤ 𝑁𝑁,

� 

 
𝑃𝑃0

−1 = 1 + ∆ + ∆𝜌𝜌  .1 F1(    ;   −𝛽𝛽𝛽𝛽1+𝛿𝛿
2−𝑁𝑁 )                                                                                                                       (3.15) 

 
Where, .1 F1 is called the confluent hyper geometric function. 

 
𝐿𝐿 = ∆𝑃𝑃0 �1 + 2𝜌𝜌. 1 𝐹𝐹1�

2−𝑁𝑁
1+𝛿𝛿   ;  �−𝛽𝛽𝛽𝛽� + 𝜌𝜌𝜌𝜌𝜌𝜌 �2−𝑁𝑁

1+𝛿𝛿
� . 1 𝐹𝐹1� ;   −𝛽𝛽𝛽𝛽2+𝛿𝛿             

3−𝑁𝑁         ��                                                               (3.16) 
 
Which are the same results as in Abou-El-Ata and Hariri[3]. 
 
Corollary 4.2: Let 𝑝𝑝 = 1, 𝑞𝑞 = 0,     𝑏𝑏𝑟𝑟 = 𝛽𝛽

𝑟𝑟−1
; 𝑟𝑟 ≥ 2,      𝑏𝑏0,  𝑏𝑏1 = 1. 

 
Hence relations (1.12) and (1.13) are: 

 

𝑃𝑃𝑛𝑛 = �
 ∆𝑃𝑃0,                                                                  𝑛𝑛 = 1

∆𝜌𝑃𝑃0 �
(𝛽𝛽𝛽𝛽)𝑛𝑛−2

(𝑛𝑛 − 2)! (1 + 𝛿𝛿)𝑛𝑛−2
� ,                     2 ≤ 𝑛𝑛 ≤ 𝑁𝑁,

� 
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𝑃𝑃0

−1 = 1 + ∆ + ∆𝜌𝜌.  1 𝐹𝐹 2(2 − 𝑁𝑁, 1,1 + 𝛿𝛿;  −𝛽𝛽𝛽𝛽)                                                                                                       (3.17) 
 

where, .1 F2 is a convergent hyper geometric function  since it represents a finite summation due to Abou-El-Ata 
notation.  
 
𝐿𝐿 = ∆𝑃𝑃0 �1 + 2𝜌𝜌.1 𝐹𝐹2� ;   −𝛽𝛽𝛽𝛽1,1+𝛿𝛿              

2−𝑁𝑁                � + 𝜌𝜌𝜌𝜌𝜌𝜌 �2−𝑁𝑁
1+𝛿𝛿

��                                                                                              (3.18) 
 
Corollary 4.3: Let  𝑝𝑝 = 0, 𝑞𝑞 = 1, 𝑏𝑏𝑟𝑟 = 𝛽𝛽 �1 − 𝑟𝑟−1

𝑁𝑁
� ;  𝑟𝑟 ≥ 2, 𝑏𝑏0𝑏𝑏1 = 1, thus relations (3.12) and (3.13) 

reduce to: 
 

( ) ( )
( )

0

2

2
0

2

, 1

1
, 2 ,

1

n
n n

n

P n

NP
P n N

N
αγ βρ α

δ

−

−

−

∆ =
  −= −  ∆ ≤ ≤ = +   

 

 
𝑃𝑃0

−1 = 1 + ∆ + ∆𝜌𝜌  .2 𝐹𝐹 1 �2 − 𝑁𝑁, 1 − 𝑁𝑁, 1 + 𝛿𝛿;   𝛽𝛽𝛽𝛽
𝑁𝑁
�                                                                                                 (3.19) 

 
𝐿𝐿 = ∆𝑃𝑃0 �1 + 2𝜌𝜌. 2 𝐹𝐹 1 � ;   𝛽𝛽𝛽𝛽

𝑁𝑁  1+𝛿𝛿     
2−𝑁𝑁,1−𝑁𝑁  � − 𝜌𝜌𝜌𝜌𝜌𝜌 (2−𝑁𝑁)(1−𝑁𝑁)

𝑁𝑁(1+𝛿𝛿)
. 2 𝐹𝐹 1 � ;   𝛽𝛽𝛽𝛽

𝑁𝑁  2+𝛿𝛿    
3−𝑁𝑁,2−𝑁𝑁   ��                                                        (3.20) 

 
The hyper geometric function . 2 𝐹𝐹1 is really convergent. If β=1 we have the same results of Abou-El-Ata[1]. 

 
Corollary 4.4: Let  𝑝𝑝 = 𝑞𝑞 = 1, 𝑏𝑏𝑟𝑟 = 𝛽𝛽 �1 − 𝑟𝑟−1

𝑁𝑁
� ;  𝑟𝑟 ≥ 2, 𝑏𝑏0𝑏𝑏1 = 1, thus relations (3.12) and (3.13) are: 

 

𝑃𝑃𝑛𝑛 = �
 ∆𝑃𝑃0,                                                       𝑛𝑛 = 1

∆𝜌𝑃𝑃0 �
(1 − 𝑁𝑁)𝑛𝑛−2(𝛼𝛼𝛼𝛼)𝑛𝑛−2

(𝑛𝑛 − 2)! (1 + 𝛿𝛿)𝑛𝑛−2
� ,           2 ≤ 𝑛𝑛 ≤ 𝑁𝑁,𝛼𝛼 =

−𝛽𝛽
𝑁𝑁

  
� 

 
𝑃𝑃0

−1 = 1 + ∆ + ∆𝜌𝜌  .2 𝐹𝐹2 �2 −𝑁𝑁, 1 − 𝑁𝑁, 1,1 + 𝛿𝛿;   𝛽𝛽𝛽𝛽
𝑁𝑁
�                                                                                               (3.21) 

 
𝐿𝐿 = ∆𝑃𝑃0 �1 + 2𝜌𝜌. 2 𝐹𝐹 2 � ; 𝛽𝛽𝛽𝛽

𝑁𝑁  1,1+𝛿𝛿      
2−𝑁𝑁,1−𝑁𝑁   � − 𝜌𝜌𝜌𝜌𝜌𝜌 (2−𝑁𝑁)(1−𝑁𝑁)

𝑁𝑁(1+𝛿𝛿)
. 2 𝐹𝐹 2 � ; 𝛽𝛽𝛽𝛽

𝑁𝑁  2,2+𝛿𝛿    
3−𝑁𝑁,2−𝑁𝑁 ��                                                             (3.22) 

 
I would like to draw some graphs by using the four corollaries' results in terms of the convergent hyper geometric 
functions of both the following two basic measures of effectiveness such as 𝑃𝑃0, 𝐿𝐿 in the steady-state which are: 
 
a) The probability that there are no units in the system 𝑃𝑃0, 
b) The expected number of units in the system 𝐿𝐿. 
 
We drew four different graphs for both the measures of assumes the values of the following parameters and constants: 
i)  The integers  𝑝𝑝, 𝑞𝑞 given in (1984), (1995) general balk function 
 

( )
11 ;

1
r p

rb
Nr

β − = − 
 −

0 1, 1,b b = 2r ≥ and , 0.1p q =  

 
ii)  The constant balk function parameter 𝛽 = 0.5. 
iii)  The capacity of the queue:  𝑁𝑁 = 10,15. 
iv)  The capacity of the queue:  𝑁𝑁 = 10,15. 

 
Really he considered 𝛾 = 𝜆𝜆

𝛼𝛼
, 𝛿𝛿 = 𝜇𝜇

𝛼𝛼
  to have any arbitrary values which satisfy the following condition:  

 

,λρ
µ

= 1 2µ µ µ= +  where 5.α = 
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In fact he drew four different types of graphs two for each measure in the steady-state case. The two graphs of 𝑃𝑃0 are 
shown in figures (1.1), (1.2) when 𝑁𝑁 = 10 and 15 respectively in case of the four corollary's results. The other two 
graphs of L are shown in figures (1.3), (1.4) when 𝑁𝑁 = 10 and 15 respectively in case of the four corollary's results 
also. Finally from figures (1.1), (1.2)  it is clear that the graphs of are decreasing function of ρ, while from figures 
(1.3), (1.4) the graphs of L are increasing of ρ. 
 
5. GRAPHS    

 
We draw two graphs for 𝑃𝑃0 and the measure of effectiveness L calculated in this model for different values of capacity 
𝑁𝑁 = 10 and 15. Let us substitute the values of 
 

( )0 0.1 0.9,ρ =  1 6,µ =  2 5,µ =  1 0.4,π =  

2 0.6,π =  5,α =  ( )1 2 ,λ µ µ ρ= +  

,λγ
α

=  
( )1 2µ µ

δ
α
+

=  and 0.5.β =  

 
In relations(1.15) → (1.22). We easily calculate the following subsidiary important Table (5.1) below.  Clearly the 
required graphs of 𝑃𝑃0, 𝐿𝐿 are drawn against ρ as shown in Fig. 5.1, Fig. 5.2, Fig. 5.3 and Fig. 5.4 respectively. 

 

 
 

Table -5.1 
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Fig. 5.1 
N=10 

 

 
Fig. (5.2) 

N=15 
 

 
Fig. (5.3) 

N=10 
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Fig. (5.4) 
N=15 

6. CONCLUSION    
 
In this paper, the Model M/M/2/N is studied with heterogeneity, and two general different balk functions. By using the 
convergent of the hyper geometric function and from the boundary condition  ∑ 𝑃𝑃𝑛𝑛 = 1,𝑁𝑁

𝑛𝑛=0   the given model will be 
discussed. Some measures of effectiveness are deduced. Also, some special cases for different values of p and q such 
as: p, q=0,1 in the given model are obtained. We draw some graphic for four corollaries results in terms of the 
convergent hyper geometric functions of two basic measures of effectiveness in the steady-state case.   
 
Finally, it's worthwhile to mention that the proposed model can be applied other applications in futures. This our task. 
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