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ABSTRACT

In this paper, we present an algorithm of the Laplace homotopy analysis method (LHAM) to obtain the solutions for
system of nonlinear fractional partial differential equations. The fractional derivatives are considered in Caputo
sense. The proposed algorithm gives a procedure for constructing the set of base functions and gives the high order
deformation equations in simple form. This method is applied to solve four systems of nonlinear fractional partial
differential equations. Numerical results shows that LHAM is easy to implement and accurate when applied to solve
system of equations.

Key words: Systems of nonlinear fractional partial differential equations, Caputo derivatives, Laplace homotopy
analysis method, homotopy analysis method.

1. INTRODUCTION

Fractional order ordinary and partial differential equations as generalization of classical integer order ordinary
differential equations are increasingly used to model problems in fluid flow, continuum and statistical mechanics,
physics, engineering, economics, biology and other applications. Half order derivatives and integrals proved to be
more useful for the formulation of certain electro-chemical problems then the classical model. A review of some
applications of fractional calculus in continuum and statistical mechanics is given by Mainardi [1]. One of the most
recent works on the subject of fractional calculus i.e. the theory of derivatives and integrals of fractional order, is the
book of Podlubny [5], which deals principally with fractional differential equations and today there are many works
on fractional calculus. For most of fractional differential equations there exist no method that yield on exact solution
of fractional differential equations, so approximation or numerical techniques must be used, such as Adomian
decomposition method [2,4,17,18,21], variation iteration method [17,20,26,27], homotopy perturbation method
[7,11,12,19,27], homotopy perturbation transform method [24] and so on. However region of convergence of the
corresponding result is rather small as shown in this paper.

Recently, Liao [15] proposed a powerful analytical method, namely the homotopy analysis method (HAM) for
solving linear and nonlinear differential and integral equations. Different from perturbation techniques the HAM does
not depend upon small or large parameters. A systematic and clear exposition on HAM is given in [16]. This method
has been successfully applied to solve many types of nonlinear problems such as Riccati differential equation with
fractional order [6], nonlinear Vakhnenko equation [25], the Glauret-jet problem [22], fractional KdV-Bergers -
Kuromoto equation [8] and so on. The objective of present paper is to apply the Laplace homotopy analysis method
[10] to provide symbolic approximate solutions for the system of linear and nonlinear partial differential equations of
fractional order. The Laplace homotopy analysis method is the combination of HAM and Laplace transform. The
organization of this paper is as follows: A brief review of the fractional calculus is given in next section. The Laplace
homotopy analysis method is presented in section 3; four numerical examples are given to show the applicability of
the considered method in section 4.

2. BASIC DEFINITIONS

For the concept of fractional derivatives, we will adopt Caputo’s definition which is a modification of the Riemann-
Liouville definition and has the advantage of dealing properly with initial value problems in which the initial conditions
are given in terms of the field variable and their integral order which is the case in most physical processes. Some basic
definitions and properties of fractional calculus theory which we have used in this paper are given in this section.
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Definition 2.1: A real function f(x), x > 0 is said to be in the space C,, u € R, if there exist a real number p (>p) such

that f(x) = xPf,(x), where f;(x) e C [0,00), and it is said to be in the space CC: iff £(M eCH ,meN uU{0}.

Definition 2.2:.The Riemann-Liouville fractional integral operator of order o > 0 of a functionf € C,, pn>—-11is
defined as

X
J“f(x):%jo (X—1)% ()t , @ >0,x >0 W

39 f(x) =f(x) @)
Properties of the operator J* can be found in [9, 13], we mention only the following:

M J*IPF(x)=I*P f(x)

iy  J*IPFO) =3P 3% f(x)

Tr+D) oy
INa+y+1)
For f eCu ,u>—-1,a,p>0andy > —-1.

i)y J*x'=

Definition 2.3:.The fractional derivative of f(x) in the Caputo sense is defined as [9]

X
D% f(x)=J"™* D f(x)=; [ (x=pm ettt dt 3)
I'm-a)’o

For m—1<a<m, m e N, x > 0, feC".
Also, we need here three basic properties
@ DY I*f(x)=f(x)

Xk

, x>0
k!

m-1
i J*DEf(x)=fx)-> fX0"
k=0

(iii) D% x" = F(y+1)

X = X% x>0,y > 0.
I'(y—a+1)

For m—l<a<m,meN,p > —-landf eCE‘.

Lemma 2.1:.1f M—1l<o<m,meN, then the Laplace transform of the fractional derivative D¢ f(t) is
B m-1
L (DY f(t))=s* f(s)- Y. F¥0")s*™ ™ t>0 4)

k=0
Where f(S) is the Laplace transform of  (t).
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3. LAPLACE HOMOTOPY ANALYSIS METHOD

The homotopy analysis method which provides an analytic approximate solution is applied to various non linear
problems. They use the auxiliary linear operator to be Dt“ .In this section we extend the applications of Laplace
homotopy analysis method [10] to the following system of fractional differential equations:

Dfu, (x,t) = f (t,u, (x,t),u, (X, 1)) >0, 0<a<l 5)

Subject to the initial conditions

u; (x,0) =& 1=123..,n (6)

Applying the Laplace transform of both sides of equation (5), we have

L(Dfu, (%, 1)) =L (f(t,u; (x,1),u, (1))
Using (6), then we have

s“u. (x,8) —s“a = L(f (t,u,(x,t),u.(x,1))

Uy (x,5) = %+Si L(F (U, (x,1), U, (x,1)

_ ()
Where L(u; (X,t)) =u, (X,S)

The so-called zeroth-order deformation equation of the Laplace equation (7) has the form
- — — a 1 d
(L- )| ¢ (%,5,0) ~ U (x,5) | =1 h{@ (x,5,q) ==L LA L) axt, q)))} ®)

Where q € [0, 1] is an embedding parameter, when q=0 and g=1, we have % (x,s,0 %%(X,s) and
E(X,S,l) :u_i(X, S). Thus as q increases from 0 to 1, ZI(X,S,q) varies from E(X,S) to E(X, S) . Expanding

Z,(X, S,() in Taylor series with respect to g, one has

5.(%,5.0) = Ug (%,5) + Y U (x,5) 0"
ml 9

m

— 1 0
Where U, (X,S) Zﬁaqm $,(x,s,0) |q:0

(10)

If the auxiliary parameter hi and the initial guesses Q(X, S) are so properly chosen, then the series (9) is converses
at g=1 and one has

0, (%,8) = U (%,5) + 3 U (X,5)

Define the vectors

(11)

Ui (%,5) = {Up (X,8), Uy (,5), U (%,5),. .Uy (%,5))]

Differentiating equation (8) m times with respect to embedding parameter g, then setting q=0, hi = —1 and finally
dividing that by m! , we have the so-called m" —order deformation equation

@(X’ 8) = X Uigm 1) (X, 8) = Ry, (Uy 1y (X,9))
(12)
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where
= — 1( 1 o™ a
R, Uim-1 (X, 8)) = Uim-1 (X, 5)—7 —[f(t.d(xt, Q) ¢(Xt Q| —Q-x) (13)
S -1toq o S
And B 0 ,m<1
AT ms1

(14)

Applying the inverse Laplace transforms of (12), then we have the power series solution

u(x,t) = Zw:ui (x,1) of (5)

4. NUMERICAL EXAMPLES

In order to assess the advantage and the accuracy of the Laplace homotopy analysis method presented in this paper for
linear and nonlinear partial differential equations of fractional order, we applied it to the following problems:

Example 4.1: Consider the following time fractional non homogeneous nonlinear system [23]

a
Dfu-uyv-u=1

0<a,p<1

D/v+uv, +v=1 (15)
Subject to the initial conditions
u(x,0)=e> ,v(x,0)=¢" (16)
Taking the Laplace transform of both sides of (15) and by using (16), we have
u(x,s) _1 L(u,v) —ia(x, 5) el 1+1 =0

s“ s“ S s“ a7
- 1 L 1- 1, 1 0
v(x,s)+s7 (u y)+s—ﬁv(x,s)—ge — T
Then in view of (12) and (13), we have
N . m-1 1
u, (X,8) =z, U, (X,8)—| u,_ 1(x S)— Up Vo _1(x S)— (—e + a+1)(1 )
j=0

— — 5 1 — 1, 1 (18)
Vin (X,S) :vam—l(xvs) [ (X S)+ [Zujv(m—l—J)x]+S_ﬁVm—l(Xvs)_(ge + Sﬂ+1)(1_Zm)J
— 1 1
Uy (X,S) :Ee + o
— 1, 1
Vv, (X,S) :ge + I

— 1 1 1 1

Sa+l + s20:+l - Sa+l - Sa+ﬁ+l e

1 1 1 1
N e - g8+ - o - JeaE e

vy (%,8) ==
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U_(X S) = 1 - 2 1 + 1 e*X _ 2 _ 1—‘((X +ﬂ+1) 1 —X
2 ! Sa+ﬂ+1 S20:+ﬁ+1 Sa+ﬁ+1 Sa+2ﬂ+1 S20:+1 F(O( + 1)1—~(ﬂ + 1) S20:+ﬂ+1
(e +28+1) 1 . 1 ., 1 1,
2azpn © Y zan® Y aan T e ©
MNa+p+YI(F+1) s S S S
— 1 2 1 1, 2 (o + B +1) 1,
V,(X,S) = — — + +
2( ) Sa+/3+1 Sa+2ﬂ+l Sa+ﬂ+l SZa+/§‘+l SZ/}‘+1 F(O{ +1)F(ﬂ + 1) Sa+2ﬂ+1
F'(2a+ B +1) (SRS ST S S
[(a+ B +)C(B+1) s>+ S g gurzpi
Now

U(X,8) = Uy (X,8) + U, (X, 8) + U, (X,S) +. .

V(X,8) = Vy (X, 8) +V, (X, 5) +V, (X, 5) +.

(19)
Taking the inverse Laplace transform of both sides of (19), we have
. L ta tZa . tDH-ﬁ . t2a
u(x,t)=e"*+e — —e +e 7 —+...
INa+l) T'(2a+l) I'a+p+1) I'2a+1)
t/ t?/ e/ t?/
v(x,t) =e* —¢* + —e" + e + e
rp+1y r@2pg+l I'a+p+1) repg+1) 20)
If we take o =3 = 1, we have
—x tz —X+t
u(x,t)=e 1+t +§+ ..) =e
ﬁ.
vix,t)=e*l-t+—+..) =e*'
2! 1)
The result we have found now is the same with [23]
Example 4.2: Consider the following system of linear fractional PDEs
Dfu—-v, +u+v=0 0 p<1
<a,f <
D/v-u, +v+u=0 (22)
Subject to the initial conditions
u(x,0) =sinhx , v(x,0)=cosh x (23)
Taking the Laplace of both sides of the equation (22) and using (23), we have
— 1 — - 1.
u(x,s) ——( L(v,)—u(x,s)-v(x,s) )—=sin k=0
S S
- 1 — - 1
v(X,S) ——ﬁ( L(u,)—u(x,s)—v(x,s) )—=co Bx=0
S S (24)
Now in view of equation (12) and (13), we have
— — — 1 — — 1.
Uy, (X’ S) = Xm um—l(X’ S) - (um—l(xi S) - S_a( L(V(m—l)x ) - um—l(xi S) - Vm—l(x1 S) ) - ESIn h((l_ Zm)j
— — — 1 — — 1
Vi (8) = Vo2 (6,8) =| Vi (0,8) = (L (U ) = U a (68 = Vi1 (09) ) =0 BX(1-7,.)
(25)
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Uy (X, S) :%sinh X

Vo (X,8) = %cosh X

u, (x,8) =— o= cosh x

— 1

v, (X,8) = i sinh x

u_(x S)=-— coshx+icoshx+ sinh x
2\ Sa+,8+1 32a+l Sa+,8+1

— 1 . 1 . 1

Vv, (X,8) =— pev sinh x +Wsmh X +Wcosh X

U, (X, 5) 1 coshx- cosh X+ ——~—sinh x
3\ S20:+ﬂ+1 s30:-¢-1 52a+ﬂ+l

V,(X,8) = —————cosh x —isinh X +Lsinh X
3\M - Sa+zﬂ+1 S3ﬁ+l Sa+2ﬂ+l

So

U(X,s) = Uy (X,8) + U, (X, 8) + U, (X,S) +. .
V(X,8) = Vy (X, 8) +V, (X,5) +V, (X, 5) +.

Now taking the inverse Laplace transform of both sides of equation (26), we have

. t20{ t40{ ta t3a
u(x,t) =sinh x<1+ + +...p—cosh x + +..
I'2a+1) TI'(4a+1) INa+1l) TI'(Ba+l)
t?/ t* t’ t%
v(x,t) = cosh x{1+ + +...p.—sinh x + +..
rep+1) T@Ap+1) rp+1) 1@+l

If we take o = = 1, we have

t* t°
u(x,t) =sinh x{1+—+—+..}—cosh x{t +—+...}
21 41 3!

t* t°
v(X,t) = cosh x{l+—+—+ } —sinh x{t +—+ }
2! 41 3!
The result we have found now is the same with [3]

Example 4.3: Consider the following system of fractional PDEs

Dfu-D/v+u+v=0
O<a, p<1
Dfv-D/u+v+u=0

Subject to the initial conditions
u(x,0) =sinh x , v(x,0) = cosh x

Taking the Laplace transform of both sides of (29) and using (30), we have
— 1 B — - 1.
u(x,s)——( L(DJv)—u(x,s)-v(x,s) )—=sin k=0
S S
- 1 P - 1
V(x,8) ——( L(D{u)—u(x,s)—Vv(x,s) )—=co Bx=0
S S
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In view of the equation (12) and (13), we have

— — — 1 B — — 1.

um (X,S) =Zmum—1(xvs)_ Um_l(X,S)——a( L(Dx Vm—l)_um—l(xl S)_Vm—l(xis) )__Sln h((l_lm)
S S

Vo () =zmm(x,s)—(m<x,s)—sia( L(D/y) Uy (%:8) =V (15) ) =<0 bx(l—zm)]

(32)

So
Uy (x,8) = %sinh X
— 1
Vo (X,8) = gcosh X
— 1 .
u, (x,8) = Sa_+l(f1(x) —sinh x — cosh x)
v,(x,8) = %(gl(x) —sinh x — cosh x)

s
E(x,s):%(gz(x)—Zgl(x)—2f1(x)+25in X+ 2co Bx)

S
\/_z(x,s):%(fz(x)—Zgl(x)—Zfl(x)+23in x+2co Bx)

S
U(X,8) = Uy (X,8) + U, (X, 8) + U, (X,S) +. .
V(X,8) = Vy (X, 8) +V, (X, 5) +V, (X,5) +. (33)

Now taking the inverse Laplace transform of both side of equation (33), we have

a 2a

t )
f.(X) —sinh x —cosh x) + ——
+1)( 1 )+F(2a+1)

u(x,t) =sinh x + - (9,(x) —2f,(x) - 29,(x) + 2sinh x+ 2cosh X) +...

t’ : 2 :
V(X,t) = cosh x + ,(X) =sinh x —cosh x) + ——( f,(x) = 2f,(X) — 29, (X) + 2sinh x + 2cosh x ) +...
x1) F(a+1)(g() ) F(2a+1)( (x) =21, (x) =29, (x) )
(34)
where
N X2 P el
f,(x) = + + +...
r@-p) r@-p rG-p)
X—Zﬁ X2—2/3 X4—2/3
f,(x) = + + +...
ra-2p) r@-2p) rG-2p)
N x35 X575
9, (X) = ———+x*7 + +...
r'(2-p) r@4-p) I(6-7)
Xl—Zﬂ X3—2ﬁ X5—2/3
gz(x) =

+ + +...
r2-2p) r@-2p) r®-2p)

The result we have found now is the same with [14] for h, = h, =-1
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Example 4.4:.Consider the following system of fractional PDEs
a

Diu+v,w, —v,w, =-u
B —

Dfv+wu, +wu, =

14 —
D/w+u,v, +uv, =w

(35)
Subject to the initial conditions
u(x,y,0) =", v(x,y,0) =e*” ,w(x,y,0) =e™ (36)
Taking the Laplace transform of both sides of equations (35) and using (36), we have
. 1 1 X+y
u(x,y,s)+—( L(v,w, —v,w, +u) )—=e"’ =0
S S
- 1 1.,
v(X,V,s) +—ﬁ( L(wu, +w,u, —v) )—=e =0
S S
Yy 1 1 —X+y
w(X, y,8) +—( LUy, +uv, —w) )-=e™ =0
S S (37)
Now in view of the equation (12) and (13), we have
m-1 m-1
(X y S) Zm m-; 1(X y S) m 1(X y S)+7 L V]me -1-j)y _ZV]yW(m—l—])x +um—1 ) ><ﬂ/(]' lm)
j=0 j=0
m-1 m-1
(X y S) Am m—l(x Y S) —1(X Y S) /f( L iju(m—l—J)y zwjyu( -1-j) le )_ e* y(l /}//m)
j=0 j=0
m-1 m-1
W (X y S) Km Wi 1(X y S) (X,y,S)‘l'*( L ujxv(mflfj)y zujyv(m—l—J)x Wmlj ) —X+Y(1 Zm)
=0 =0 (38)

(X, y,9) = T
h(xy.5) = Zer
W0, ,5) = e
0xY.9) = - e
WK y.9) = et
WX Y.8) = e

L (X, Y,5) = e

2a+1

— 1 _
V(X y,8) = 2P e

N 1 B
W00 Y,9) = e
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U(X, Y, 8) = Uy (X, ¥,5) +Uy (X, ¥,8) + U, (X, Y, ) +. .
V(X,Y,8) = Vo (X, ¥, 8) +V; (X, ¥, 8) +V, (X, Y, ) +. . .

W(X, Y, S) = Wy (X, Y,8) + W, (X, ¥, 5) + W, (X, Y,5) +. (39)

Now taking the inverse Laplace transform of both sides of (39), we have

a 2a
u(x, y,t) = e {1— t t }

+ +
INa+1) T'(Qa+1)

B 2
v(x,y,t)=e"" {l+ t ¢ }

7 2y
w(x,y,t)=e"" {1+ t t }

+ +
rp+1) 12p+1)

+ +
I'y+1) T(2yr+1) (40)

If we take 0. = B =y =1, then we have

u(x, y, ) =e*'" v(x y, ) =" wix, y,t) =e (41)

The result we have now is the same with [3]

CONCLUSION

In this paper, Laplace homotopy analysis method which is based on homotopy analysis method and Laplace transform
is used to solve the system of partial differential equations of fractional order. The nonlinear term can be easily
handled by the use of m™ -order deformation equations of HAM. Different from the other analytical methods, it
provides us a simple way to adjust and control the convergence region of solution in series by choosing proper value
for auxiliary parameters h and auxiliary linear operator. Also we can see that the homotopy perturbation transform
method is the special case of Laplace homotopy analysis method. Finally, generally speaking, the proposed approach
can be further implemented to solve other nonlinear problems in fractional calculus field.
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