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ABSTRACT

In this paper, some new elementary operators on Interval Fuzzy Numbers (IFNs) and some new operators on Interval
Fuzzy Number Matrices (IFNMs) are defined. Using these operators, some important properties are proved.

INTRODUCTION

Real world decision making problems are very often uncertain (or) vague in a number of ways. In 1965, Zadeh [6]
introduced the concept of fuzzy set theory to meet those problems. The fuzzyness can be represented by different ways.
One of the most useful representation is the membership function. Depending on the nature of the membership function
the fuzzy numbers can be classified in different forms, such as Triangular Fuzzy Numbers (TFNs), Trapezoidal Fuzzy
Numbers, Interval Fuzzy Numbers etc. Fuzzy matrices play an important role in scientific development. Fuzzy matrices
were introduced by M.G. Thomason [5]. A.K. Shymal and M. Pal introduced Triangular Fuzzy Number Matrices [2].
Interval Fuzzy Number Matrices are introduced by M. Pal, Gobinda Murmu and Anita Pal [4]. Two new operators and
some properties of fuzzy matrices over these new operators are given in [1]. Some new operators on Triangular Fuzzy
Numbers (TFNs) and Triangular Fuzzy Number Matrices (TFNMSs) are discussed in [3].

In this paper, some new elementary operators on Interval Fuzzy Numbers (IFNs) and some new operators on Interval
Fuzzy Number Matrices (IFNMs) are defined. Using these operators, some important properties are proved.

1. BASIC DEFINITIONS

Definition: 1.1 An Interval number is defined as A :[aL,aR]:{a: a, <a<ag}ywhere a_ and ag are the real

numbers called the left end point and right end point respectively of the interval A

Example: 1.2 A =[3, 6] is an interval number.

Definition: 1.3 A matrix of order nxn is said to be an interval matrix if all its elements are the interval numbers.

Definition: 1.4 An interval fuzzy number is defined as A =[a ,ag]={a:a, <a<ai}where a, ,a;<[0,1] and

are called the left end point and right end point respectively of the interval A

Example: 1.5 M = [0.65, 0.90] is an interval fuzzy number.

Definition: 1.6 A matrix of order nxn is said to be an interval fuzzy number matrix (IFNM) if all its elements are
the interval fuzzy numbers.
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[0.50.1] [0.10.7]

Example: 1.7 M=
[[0.3,0.2] [0.6,0.4]

} is an interval fuzzy number matrix.

2. SOME NEW OPERATORS ON INTERVAL FUZZY NUMBERS AND INTERVAL FUZZY NUMBER
MATRICES

A

Definition: 2.1 Let l\?l =[m_ ,mgland N =[n_,NL] be two interval fuzzy numbers where

m,_ ,mg, N, N €[0,1]. Then the following operators are defined.

A

W MeN = [m_+n_ —mn_,mg+n,—men. |,

@ MoN = [m.n.,mgng]

3) |\7| v N = (M. v N .Mg Vv Ng ] where x v y means max {x, y}. That is, x v y = max {x, y}.
4 |\7| A N = [m_ A~ n_,mg ANg]where x Ay means min {x, y}. Thatis, x A y = min {x, y}.
5 MON - [M. SN, My ©ngJwhere x Sy = {())(: ::))EZ;/

©® M =N if M >n,_ and m, > n,.

@ M+N - [M +n  m,+n.].

Definition: 2.2 Let M = (M ij)mxn and N = (Nij)mxn be two interval fuzzy number matrices Of the same order
where |\7|ij =] mLij ’mRij ] and I\Alij = [nLi,- ,nRij ]. Then the following operators are defined.

1) MeN=(M; e N,)

@ MON=(M;o Ny

3 MvN=(M; v N;)

@) MaN=(M; AN

6 MEN=(M; S N;)

6) M=Niff M;=N; vi=1tom,j=1ton.

Property: 2.3 For any interval fuzzy number matrix M,

() M&M=M
(i) MOM<M

Proof:

(i) Theij™ elementof M @® M is M i © M;; which is equal to
[mLij + mLiJ— —ml_ij -mLij .mRiJ— + mRiJ— _mRiJ— -mRiJ— ]
Consider

mLij +m|_ij _mLij My = mLij +mLij (1—mLij )Zml_ij 1)

ij

Mg, +Mp —Mg Mg = Mg+ Mg 1-Mg, )= Mg, )

From (1) and (2), we get that
M@M=M.
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(ii) The ij" element of MOM is M ; © M ; which is equal to
[mLij -mLij ,mRij -mRij 1

- mg

2 2
since, My, <M Mg .

1) ] ] ]
2

, mR.. ] which is less than or equal to [ m|_ij , mRij 1

ij

2
| mLiJ-

Therefore, M ©® M <M.

A

Definition: 2.4 Let M = (|\7| ;j ) be an nxn interval fuzzy number matrix. Then M is Nearly irreflexive iff M ; < M i
forallij=1,2,...... n.

Property: 2.5 Let M and N be two interval fuzzy humber matrices, then

()M®&®N>MQON
(i) If M and N are nearly irreflexive then M @ N and M © N are nearly irreflexive.

Proof: Let M :(|\7Iij)where Mi,-:[mLij ’mRij Jand N = ( Nij)where
NAij = [nL” 1 nR” ]

(i) Theij™ element of M & N is |\7|ij @ Nij which is equal to

[mLij + nLij - m|_ij . r-]|_ij ’mRij + nRij - mRij 'nRij ] and that of
MONis My o N, =(M, N, Mg Ngi.

Now consider ml—ij + nl—ij - mLij . nLij - ml—ij . n|_ = m (1— )+ nl—ij (1- ml—ij ) >0 (since 0 meij <1&

osnLij <I)
mLij +n|_ij —m|_ij .n|_ij > m|_ij .n|_ij .
similarly, Mg +Ng Mg . Ng >Mg  Ng

ij ij = i T

Thus, M®&N>M O N.

(i) Since M and N are nearly irreflexive, M i < |\7| and N < N for all i j.

~l ml—ii ! mRii 1=l m'—ij ! mRij ]
ml—ii = mLij and mRii = mRij 1)

similarly, [ N, Mg, 1< Ny, Mg, ]

]

nl—ii = nLij and nRii = nRij 2

Let éij and [3ij be the ijth elements of M @ N and M © N respectively.Then

cij_c“{ L Ty —My Ny Mg 1 mun“}—[mhﬁn,ﬂ —m,_ N Mg +ng mR“.nRJ

=1 mLij + nLij B mLij 'nLij B m'—ii B n'—ii + mLii ‘ nLii ’
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mRij + nRij B mRij ' nRij B mRii B nRii + mRii ' nRii ]
= [ My .- Ny - a-MyH.a-Nyg), a-Me ) .- Ny - - Mg ).a-Ng )l

From (1) and (2), we get
@M .a-Ng)-a-MyH).a-Ny ) zo0as =My =1-My

and -y =1-Ny, 3)

similarly, (1- Mg, ).1-Ng, )~ 1-Mg, ).1-Ng ) =0 (4)

From (3) and (4), we get éij > C.

i
Hence, M @ N is nearly irreflexive.

Now consider,

[3ij—15ii =[mLij Ny mRij -nRij 1-1Mg, Ny Mg Ng g

ij i+ L

= [mLij 'nLij B m'—ii 'nLii ’ mRij : nRij B mRii : nRii ]

But ml_ij -nLiJ— —m|_ii : n|_ii >0, Mg -nRij —mR--nRii =0 (By (1))

ij ii

- Dy = D;
Hence, M © N is nearly irreflexive.

Property: 2.6 Let M, N and Q be three interval fuzzy number matrices. If M <N, then
LM P®QND®Q
MO Q=NOQ

Proof: Let M = (|\7Iij) where |\7|ij =[mLij ’mRij 1,N= (Nij) where Nij = [n|_ij ,nRij ] and Q=((§ij) where
éij:[qLij ! qRij 1

(1) Let [Sij , éij , Ifij and éij be the ijth elements of M@ QN® QM ® Q and N ® Q respectively.

But the ijth elementof M @Q ,ND®Q, MO Qand N O Qs |\7|ij @éij,

A

Nij S Qij,Mij ©) Qij and Nij Oéij Then

I\7Iij ® Qij :5ij =M, +0y, -My, Ay, Mg +0g -Mg . Ug ]
Nij ® (':)ij = Eij = [r||_ij +q|_ij —nLU. .qL". ,nRij +QRU— _nRij .qRij]
Mijeéij = Ifij =[mLij .qLU. ,mRij .qRij]

Nij o) Aij = éij =[Ny, Ay, . Ng, . Gr,1

ie, ml_ij +q|_ij _mLiJ— .qLij < nLiJ— +q|_ij _nLiJ— .qLij
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Thus, we get
[mLij +Q|_ij —ml_ij .QLU .mRij +QR” —mRij -QRU]S[nLij +Q|_ij —nl_ij -qLij ,nRij +szij _nRij -qRij]

A

ie, D, < E; forallij.

~ M, ® Q<N ® Q; forallij.
Hence, M@ Q<N® Q.

@Also[My G Mg Gy 1<Nyy Gy N, Ggy ]
e, F,<G, forallij.

A

“M,0Q, < N,0Q, Vij

Hence, MO Q<N ©® Q.

Property: 2.7 For any two interval fuzzy number matrices M and N,
@QMOAN>MvN>MEN

BYMvN) viM EN)=MvN

C©(MvN)= (MEN) <N

(M AN>MvN) v(MZN)

)M @®N>MvN) & (M S N)

Proof:

@MO®N>MvN>MSN

Let C;, D; and E;; be the ijth elements of M@ N, M v N and M © N respectively.
But the ij" elements of M@ N, M v N and M = N are l\?lij ® N, , M iV Nij and I\?Iil—@ Nij . Then
M; ® N; = C;

:[mLij +nLij —ml_ij Ny

ij

ij

mRij + nRij —mRU— -nRij ]
[m,, +n, @-mg,).mg +ng (1-mg )]

>[myg, Mg, ]

> M,

[n, +m, (1—”LU, ),nle + Mg (1-ng )]

>[Ny, Ng, ]

>N,

o A o 1)
Miijij = Dij =max{Mij,Nij}
S[ml_ij +n|_ij _mLij Ny ,mRij +nRij - Mg -nRij]

ij ij

= C; (from (1))
Thus, C; = D; forallij.
ie, M; ® N = M, vN, V ij.
Hence, M @ N>M v N 2
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Now consider
Iéu‘ = Mij@Nij :[mLu’ en'-ij 'mRij enRij]
m_, m_ >n_
where mLij enLij - 0, mL.J. §n|_.J.
ij ij
i.e., mLij enLij < mLij
<max My, Ny

Mg, & N < Mg

ij

< max{ mRij , r]Rij }
Aij < max{[ mLij , mRij 1, [nl—ij ' nRij 1}
< max{ |\7|ij , NAij}
<M, vN

Thus, MEN<Mv N

From (2) and (3), we get M@N>M v N>M < N,

Let D, éij and I:|ij be the ijth elements of M v N, M = N and (M v N) v (M 5N) respectively.

ij
But the ijth elements of M v N, M = Nand (M v N) v (M & N) is Miijij,
M, © N, and (M vN;)v(M;EN;). Then
Ijij = MijVNij :[m|_ij anij 'mRij \/nRij ] where mLij \/n|_ij :max{mLij 'nLij }

Eij = MijeNAij:[mLij @nLij ’mRij lQnRij] where
m,. m, >ng
M, en, = 0, m,_ <n,

ij ij
@MvN) vi(M SN)=MvN

Case (i): m|_ij > nl—ij ’mRij >nRij .

AMGEN, =My Mg Jand Mv N =M, Mg 1. Then

F'ij = [mLij ymRij ]V[mLij ’mR ]

]

=My, Mg ]
= Mij\/ Nij
~H, = D
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Case (ii) : m|_ij >n|_ij ,mRij < nR .

ij
~MyEN, =My, oland My v N, =[M Ng 1 Then
Hy=1My, o1v My, Mg, ]
=[Myg, . Ng, ]
= M, vN;
~H, = D;
Case (iii): My, <N Mg >Ng
= MyEN; =[0, Mg Jand Myv Ny =[Ny, Mg 1. Then

ﬁij: [O, mRij ]V[nl-ij ’mRij ]

=[n|_i,- ,mRij]
=M, VN,
=D

Case (iv): My, <Ny, Mg <Ng
= MyEN; =[00]and Myv N, =[Ny, , Nk, 1. Then
Hy=100v [Ny, N, ]

=[Ny, . Ng; 1

=M, VN,

Hij = Dij
s Inall cases, D.. = Hij,

A

ie, MyvN, =(M;vN;)v(M;SN,)

ij ij ij ij
Hence MvN=(Mv N)v (M < N).
C©)(MvN)Z (MEN) <N
Let Ifij be the ijth elements of (M v N) & (M < N).But the ijth element of
MvN)E MEN)is(M;vN,)S (M, ©N,).

Case (i): m|_ij > n|_ij , mRij > nRij

~MGEN, =My, Mg Jand My v Ny=[My Mg 1Then
ﬁij = [mLU YmRij ]e[ml_IJ 'mRij ]
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[mLij eml—ij , mRij @mRij ]
[0,0].

Case (i): My, <N Mg > Ng,
~MyEN; =[0, Mg Jand My v Ny =[Ny Mg 1Then
Fy=(0. Mg 190Ny Mg g
=pen, My oMg
=[Ny, .a
Case (iii): My, >N Mg <Ng
~MyEN; =My, oland Myv N =[M Mg 1Then
Fy=(My, oMy Ny
=M, eM 0eNg ]
=10, Mg, ]
Case (iv): My, <Ny, Mg <Ng
= MyEN; =[00]and Myv Ny =[Ny, , Nk, 1. Then
F =002y, Mg, ]
=[S N, 09 Ng ]
=[nLij ,nRij]
Nii

From case (i) to case (iv), we see that the ijth element of Fij is either 0 or N i according as [ ml—ij , mRij ] >or<to

[Ny, Mg, 1
Thus, (M v N) & (ME& N) < N.
(dMBAN>(MvN)v(MZN)
(MvN) v(M EN)=MvN<M @ N (By Property 2.6)
Hence, M @ N> (M v N)v (M & N).
)M @AN>MvN)= (M S N)
It is obvious that N< M v N
~(MvN) & (M S N) <N (by (i)
<MvN

<M®N
Hence, M @ N> M v N) & (M £ N).
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