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1. INTRODUCTION, DEFINITIONS AND NOTATIONS  
  
Let 𝑓𝑓 be a transcendental meromorphic function defined in the open complex plane С. A monomial in 𝑓𝑓 is an 
expression of the form  𝑀𝑀[𝑓𝑓] = (𝑓𝑓)𝑛𝑛0  (𝑓𝑓(1))𝑛𝑛1 … (𝑓𝑓(𝑘𝑘))𝑛𝑛𝑘𝑘   where n0,n1,n2,…,nk are non negative integers. 𝛾𝛾𝑀𝑀 = n0 +
n1 + ⋯+ nk   and ГM=n0+2n1+…+(k+1)nk are respectively called the degree and weight of the monomial. 
 
If 𝑀𝑀1[𝑓𝑓],𝑀𝑀2[𝑓𝑓], … ,𝑀𝑀𝑛𝑛[𝑓𝑓] denote monomials in 𝑓𝑓, then 𝑄𝑄[𝑓𝑓] = 𝑎𝑎1 𝑀𝑀1[𝑓𝑓] + 𝑎𝑎2 𝑀𝑀2[𝑓𝑓] + ⋯+ 𝑎𝑎𝑛𝑛  𝑀𝑀𝑛𝑛[𝑓𝑓], where 𝑎𝑎𝑖𝑖 ≠
0(i=1,2,…,n) is called a differential polynomial generated by 𝑓𝑓 of degree 𝛾𝛾𝑄𝑄 = 𝑀𝑀𝑎𝑎𝑀𝑀 {𝛾𝛾𝑀𝑀𝑗𝑗 ∶ 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛} and weight 
Г𝑄𝑄 = 𝑀𝑀𝑎𝑎𝑀𝑀{Г𝑀𝑀𝑗𝑗 ∶ 1 ≤ 𝑗𝑗 ≤ 𝑛𝑛}.  
 
Also we call numbers 𝛾𝛾𝑄𝑄 = 01≤𝑗𝑗≤𝑛𝑛

𝑀𝑀𝑖𝑖𝑛𝑛  𝛾𝛾𝑀𝑀𝑗𝑗  and k (the order of the highest derivative of𝑓𝑓) the lower degree and the order of 
𝑄𝑄[𝑓𝑓] respectively. If 𝛾𝛾𝑄𝑄 = 𝛾𝛾𝑄𝑄 , 𝑄𝑄[𝑓𝑓] is called a homogeneous differential polynomial. 
 
For 𝑎𝑎 ∈ 𝐶𝐶 ∪ {∞}, the quantity 
 
𝛿𝛿(𝑎𝑎; 𝑓𝑓) = 1 − limsup

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

= liminf
𝑟𝑟→∞

𝑚𝑚(𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

  

 
is called the Nevanlinna’s  deficiency of the value ‘a’. Similarly the Valiron defect of ‘a’ is defined as 
 
∆(𝑎𝑎; 𝑓𝑓) = 1 − liminf

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

= limsup
𝑟𝑟→∞

𝑚𝑚 (𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

.  

 

The term 𝛿𝛿𝑅𝑅
(𝑘𝑘)(𝑎𝑎;𝑓𝑓) = 1 − limsup

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓(𝑘𝑘))
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

  for 𝑘𝑘 = 1,2,3, … is called the relative Nevanlinna’s defect of ‘a’ with 

respect to 𝑓𝑓(𝑘𝑘). In a like manner ∆𝑅𝑅
(𝑘𝑘)(𝑎𝑎; 𝑓𝑓) = 1 − liminf

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑎𝑎 ;𝑓𝑓(𝑘𝑘))
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

  for 𝑘𝑘 = 1,2,3, … is called the relative Valiron defect 

of ‘a’ with respect to𝑓𝑓(𝑘𝑘). Xiong [3] has shown various relations between the usual defects and relative defects of 
meromorphic functions. Following Datta and Mondal [1], in the paper we consider 𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓], 𝑄𝑄[𝑓𝑓] being a 
differential polynomial in 𝑓𝑓 and 𝑛𝑛 = 1,2,3, … and compare the relative Valiron defect with the relative Nevanlinna 
defect of 𝐹𝐹. 
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The term 𝑆𝑆(𝑟𝑟, 𝑓𝑓)denotes any quantity satisfying 𝑆𝑆(𝑟𝑟, 𝑓𝑓) = 𝑜𝑜{𝑇𝑇(𝑟𝑟, 𝑓𝑓)} as 𝑟𝑟 → ∞ through all values of 𝑟𝑟 if 𝑓𝑓is of finite 
order and except possibly for a set of 𝑟𝑟 of finite linear measure otherwise. We do not explain the standard definitions 
and notations of the value distribution and the Nevanlinna theory as those are available in [2]. 
 
2. LEMMAS       
 
In this section we present some lemmas which will be needed in the sequel. 
 
Lemma 1: Let 𝑘𝑘 be any positive integer and 𝜑𝜑 = ∑ 𝑎𝑎𝑖𝑖𝑛𝑛

𝑖𝑖=0 𝑓𝑓(𝑖𝑖), where 𝑎𝑎𝑖𝑖  are meromorphic functions such that 
𝑇𝑇(𝑟𝑟, 𝑎𝑎𝑖𝑖) = 𝑆𝑆(𝑟𝑟, 𝑓𝑓) for𝑖𝑖 = 0,1,2, … , 𝑘𝑘. 
 
Lemma 2:  Let 𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓] where 𝑄𝑄[𝑓𝑓] is a differential polynomial in 𝑓𝑓. If 𝑛𝑛 ≥ 1 then 𝑜𝑜𝑟𝑟→∞𝑙𝑙𝑖𝑖𝑚𝑚 𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
= 1. 

 
The proof is omitted. 
 
Lemma 3: Let 𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓] where 𝑄𝑄[𝑓𝑓] is a differential polynomial in 𝑓𝑓. If 𝑛𝑛 ≥ 1 then for any  
 
𝛼𝛼, 𝛿𝛿𝑅𝑅𝐹𝐹(𝛼𝛼; 𝑓𝑓) = 𝑜𝑜  𝑟𝑟→∞

𝑙𝑙𝑖𝑖𝑚𝑚𝑖𝑖𝑛𝑛𝑓𝑓 𝑚𝑚 (𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

 and ∆𝑅𝑅𝐹𝐹(𝛼𝛼; 𝑓𝑓) = 𝑜𝑜   𝑟𝑟→∞
𝑙𝑙𝑖𝑖𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙 𝑚𝑚(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 . 

 
Proof: In view of Lemma 2 we get that 
 
                        𝛿𝛿𝑅𝑅𝐹𝐹(𝛼𝛼; 𝑓𝑓) = 1 − limsup

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

 

                                       = 1 − limsup
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

. 𝑜𝑜𝑟𝑟→∞𝑙𝑙𝑖𝑖𝑚𝑚 𝑇𝑇(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

 

                                       = 1 − limsup
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

. 1 

                                       = 1 − limsup
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

 

                                       = liminf
𝑟𝑟→∞

𝑚𝑚(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

 

                                       = liminf
𝑟𝑟→∞

𝑚𝑚(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

. 𝑜𝑜𝑟𝑟→∞𝑙𝑙𝑖𝑖𝑚𝑚 𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝐹𝐹)

 

                                       = liminf
𝑟𝑟→∞

𝑚𝑚(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

. 1 

                                       = liminf
𝑟𝑟→∞

𝑚𝑚(𝑟𝑟 ,𝛼𝛼 ;𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

. 
 
This proves the first part of the lemma. 
 
Similarly the second part of Lemma 3 follows. 
 
3. THEOREMS. 
 
In this section we present the main results of the paper. 
 
Theorem 1: Let 𝑓𝑓 be a transcendental meromorphic function of finite order 𝜌𝜌𝑓𝑓  and satisfying the condition 
 𝑚𝑚(𝑟𝑟, 𝑓𝑓) = 𝑆𝑆(𝑟𝑟, 𝑓𝑓). If 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐  are three non zero finite complex numbers then 
 
3𝛿𝛿(𝑎𝑎; 𝑓𝑓) + 2𝛿𝛿(𝑏𝑏; 𝑓𝑓) + 𝛿𝛿(𝑐𝑐; 𝑓𝑓) + 5∆𝑅𝑅𝐹𝐹(∞;𝐹𝐹) ≤ 5∆(∞; 𝑓𝑓) + 5∆𝑅𝑅𝐹𝐹(∞;𝐹𝐹)  
 
where 𝐹𝐹 is a differential polynomial in 𝑓𝑓 of the form 𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓] with 𝑛𝑛 ≥ 1. 
 
Proof: Let us consider the following identity  
 
𝑏𝑏 − 𝑎𝑎
𝑓𝑓 − 𝑎𝑎

  = �
𝐹𝐹

𝑓𝑓 − 𝑎𝑎
�
𝑓𝑓 − 𝑎𝑎
𝐹𝐹

−
𝑓𝑓 − 𝑏𝑏
𝐹𝐹

� −
𝑓𝑓 − 𝑐𝑐
𝐹𝐹

.
𝐹𝐹
𝑓𝑓

.
𝐹𝐹

𝑓𝑓 − 𝑎𝑎
�
𝑓𝑓 − 𝑎𝑎
𝐹𝐹

−
𝑓𝑓 − 𝑏𝑏
𝐹𝐹

�� .
𝑓𝑓
𝑐𝑐

 

 
Since 𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� ≤ 𝑚𝑚 �𝑟𝑟, 𝑏𝑏−𝑎𝑎

𝑓𝑓−𝑎𝑎
� + 𝑂𝑂(1) and 𝑚𝑚�𝑟𝑟, 𝑓𝑓

𝑐𝑐
� ≤ 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1), we get from the above identity in view of 

Lemma 1 that 
 
𝑚𝑚�𝑟𝑟, 𝑏𝑏−𝑎𝑎

𝑓𝑓−𝑎𝑎
�   ≤ 𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� + 𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
�+ 𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� +𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
� + 𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� + 𝑚𝑚�𝑟𝑟, 𝑓𝑓

𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) 
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𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� ≤ 2𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� + 2𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
� + 𝑚𝑚�𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� +𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 

 
𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� ≤ 2𝑇𝑇 �𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� − 2𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� + 2𝑇𝑇 �𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
� −2𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
� + 𝑇𝑇 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� 

                                    +𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                                                                                             (1) 
 
Now by the relation 𝑇𝑇 �𝑟𝑟, 1

𝑓𝑓
� = 𝑇𝑇(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) and in view of Lemma 1 it follows from (1) that  

 
𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� ≤ 2𝑇𝑇 �𝑟𝑟, 𝐹𝐹

𝑓𝑓−𝑎𝑎
� − 2𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑎𝑎

𝐹𝐹
� + 2𝑇𝑇 �𝑟𝑟, 𝐹𝐹

𝑓𝑓−𝑏𝑏
� −2𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑏𝑏

𝐹𝐹
� + 𝑇𝑇 �𝑟𝑟, 𝐹𝐹

𝑓𝑓−𝑐𝑐
� − 𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� 

                               +𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 
 

𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑎𝑎
� ≤ 2 �𝑁𝑁 �𝑟𝑟,

𝐹𝐹
𝑓𝑓 − 𝑎𝑎

� − 𝑁𝑁 �𝑟𝑟,
𝑓𝑓 − 𝑎𝑎
𝐹𝐹

��  + 2 �𝑁𝑁 �𝑟𝑟,
𝐹𝐹

𝑓𝑓 − 𝑏𝑏
� − 𝑁𝑁 �𝑟𝑟,

𝑓𝑓 − 𝑏𝑏
𝐹𝐹

�� 

                                   +𝑁𝑁 �𝑟𝑟, 𝐹𝐹
𝑓𝑓−𝑐𝑐

� − 𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑐𝑐
𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                                                     (2) 

 
In view of {p.34, [2]} it follows from (2) that 
 
𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
�  ≤ 2 �𝑁𝑁(𝑟𝑟,𝐹𝐹) + 𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� − 𝑁𝑁(𝑟𝑟, 𝑓𝑓 − 𝑎𝑎) − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
�� +2 �𝑁𝑁(𝑟𝑟,𝐹𝐹) + 𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓−𝑏𝑏
� − 𝑁𝑁(𝑟𝑟, 𝑓𝑓 − 𝑏𝑏) − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
�� 

                              + �𝑁𝑁(𝑟𝑟,𝐹𝐹) + 𝑁𝑁 �𝑟𝑟, 1
𝑓𝑓−𝑐𝑐

� − 𝑁𝑁(𝑟𝑟, 𝑓𝑓 − 𝑐𝑐) − 𝑁𝑁 �𝑟𝑟, 1
𝐹𝐹
�� +𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                               (3)  

 
Now applying the condition 𝑚𝑚(𝑟𝑟, 𝑓𝑓) = 𝑆𝑆(𝑟𝑟, 𝑓𝑓) it follows from (3) that 
 
𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� ≤ 5𝑁𝑁(𝑟𝑟,𝐹𝐹) − 5𝑁𝑁(𝑟𝑟, 𝑓𝑓) − 5𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� + 2𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓−𝑎𝑎
� +2𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓−𝑏𝑏
� + 𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓−𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) 

 

𝑖𝑖. 𝑒𝑒. , liminf𝑟𝑟→∞
𝑚𝑚�𝑟𝑟 , 1

𝑓𝑓−𝑎𝑎�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
≤ 5 liminf𝑟𝑟→∞ �

𝑁𝑁(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

− 𝑁𝑁(𝑟𝑟 ,𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

−
𝑁𝑁�𝑟𝑟 ,1𝑓𝑓�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
� + 2limsup

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑎𝑎�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
+ 2limsup

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑏𝑏�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
  

                                                 +limsup
𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑐𝑐�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 

 

𝑖𝑖. 𝑒𝑒. , liminf
𝑟𝑟→∞

𝑚𝑚�𝑟𝑟 , 1
𝑓𝑓−𝑎𝑎�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
≤ 5liminf

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

− 5liminf
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)   −5liminf

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 ,1𝑓𝑓�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
+ 2limsup

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑎𝑎�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)   

                                                                         +2limsup
𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑏𝑏�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
+ limsup

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑐𝑐�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)  

 
𝑖𝑖. 𝑒𝑒. , 𝛿𝛿(𝑎𝑎; 𝑓𝑓) ≤ 5{1 − ∆𝑅𝑅𝐹𝐹(∞; 𝑓𝑓)} − 5{1 − ∆(∞; 𝑓𝑓)} − 5{1 − ∆𝑅𝑅𝐹𝐹(0;𝑓𝑓)} + 2{1 − 𝛿𝛿(𝑎𝑎; 𝑓𝑓)} + 2{1 − 𝛿𝛿(𝑏𝑏; 𝑓𝑓)} 

                                               +{1 − 𝛿𝛿(𝑐𝑐; 𝑓𝑓)}   

 
𝑖𝑖. 𝑒𝑒. ,3𝛿𝛿(𝑎𝑎;𝑓𝑓) + 2𝛿𝛿(𝑏𝑏; 𝑓𝑓) + 𝛿𝛿(𝑐𝑐; 𝑓𝑓) + 5∆𝑅𝑅𝐹𝐹(∞; 𝑓𝑓)   ≤ 5∆(∞; 𝑓𝑓) + 5∆𝑅𝑅𝐹𝐹(0; 𝑓𝑓). 
 

 This proves the theorem. 
 
Theorem 2: Let 𝑓𝑓 be a meromorphic function of finite order satisfying the condition 𝑚𝑚(𝑟𝑟, 𝑓𝑓) = 𝑆𝑆(𝑟𝑟, 𝑓𝑓) and also let If 
𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓] is a differential polynomial in 𝑓𝑓 with 𝑛𝑛 ≥ 1. If 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 and 𝑑𝑑 are any four distinct complex numbers then 
 
 𝛿𝛿(𝑑𝑑; 𝑓𝑓) + 𝛿𝛿𝑅𝑅𝐹𝐹(𝑏𝑏; 𝑓𝑓) + 𝛿𝛿𝑅𝑅𝐹𝐹(𝑐𝑐;𝑓𝑓) ≤ 2. 
 
Proof: Let us consider the following identity 
 

1
𝑓𝑓−𝑑𝑑

= �1
𝑎𝑎
� 𝐹𝐹
𝑓𝑓−𝑎𝑎

− 𝐹𝐹−𝑎𝑎
𝑓𝑓𝑛𝑛

. 𝑓𝑓𝑛𝑛

𝑓𝑓−𝑎𝑎
� . � 𝐹𝐹

𝑓𝑓−𝑑𝑑
. 1
𝐹𝐹
�� . (𝑓𝑓 − 𝑎𝑎)  

 
Since 𝑚𝑚(𝑟𝑟, 𝑓𝑓 − 𝑎𝑎) ≤ 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1), we get from the above identity in view of Lemma 1 that 
 

𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑑𝑑
� ≤ 𝑚𝑚 �𝑟𝑟,

1
𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 
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𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑑𝑑
� ≤ 𝑇𝑇 �𝑟𝑟,

1
𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟,

1
𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 

 
Now by the relation 𝑇𝑇 �𝑟𝑟, 1

𝐹𝐹
� = 𝑇𝑇(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) we get from the above  

 
𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑑𝑑
� ≤ 𝑇𝑇(𝑟𝑟,𝐹𝐹) − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                                                                        (4) 

 
Now by Nevanlinna’s second fundamental theorem it follows from (4) that 
 
𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑑𝑑
� ≤ 𝑁𝑁� �𝑟𝑟, 1

𝐹𝐹
� + 𝑁𝑁� �𝑟𝑟, 1

𝐹𝐹−𝑏𝑏
� + 𝑁𝑁� �𝑟𝑟, 1

𝐹𝐹−𝑐𝑐
� − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                              (5)     

 
As 𝑁𝑁� �𝑟𝑟, 1

𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� ≤ 0 and applying the condition 𝑚𝑚(𝑟𝑟, 𝑓𝑓) = 𝑆𝑆(𝑟𝑟, 𝑓𝑓) it follows from (5) that 

 

𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑑𝑑
� ≤ 𝑁𝑁� �𝑟𝑟,

1
𝐹𝐹 − 𝑏𝑏

� + 𝑁𝑁� �𝑟𝑟,
1

𝐹𝐹 − 𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓)            

𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑑𝑑
� ≤ 𝑁𝑁 �𝑟𝑟,

1
𝐹𝐹 − 𝑏𝑏

� + 𝑁𝑁 �𝑟𝑟,
1

𝐹𝐹 − 𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓)         

 
𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟, 1

𝑓𝑓−𝑑𝑑
� ≤ 𝑇𝑇 �𝑟𝑟, 1

𝐹𝐹−𝑏𝑏
� − 𝑚𝑚 �𝑟𝑟, 1

𝐹𝐹−𝑏𝑏
� + 𝑇𝑇 �𝑟𝑟, 1

𝐹𝐹−𝑐𝑐
� −𝑚𝑚 �𝑟𝑟, 1

𝐹𝐹−𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) 

 

𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑑𝑑
� ≤ 𝑇𝑇(𝑟𝑟,𝐹𝐹) −𝑚𝑚�𝑟𝑟,

1
𝐹𝐹 − 𝑏𝑏

� −𝑚𝑚 �𝑟𝑟,
1

𝐹𝐹 − 𝑐𝑐
� + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) 

 

𝑖𝑖. 𝑒𝑒. , liminf
𝑟𝑟→∞

𝑚𝑚�𝑟𝑟 , 1
𝑓𝑓−𝑑𝑑�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
≤ 2liminf

𝑟𝑟→∞

𝑇𝑇(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

− liminf
𝑟𝑟→∞

𝑚𝑚�𝑟𝑟 , 1
𝐹𝐹−𝑏𝑏�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 −liminf

𝑟𝑟→∞

𝑚𝑚�𝑟𝑟 , 1
𝐹𝐹−𝑐𝑐�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 

 
𝑖𝑖. 𝑒𝑒. , 𝛿𝛿(𝑑𝑑; 𝑓𝑓) ≤ 2.1 − 𝛿𝛿𝑅𝑅𝐹𝐹(𝑏𝑏; 𝑓𝑓) − 𝛿𝛿𝑅𝑅𝐹𝐹(𝑐𝑐; 𝑓𝑓)         
 
𝑖𝑖. 𝑒𝑒. , 𝛿𝛿(𝑑𝑑; 𝑓𝑓) + 𝛿𝛿𝑅𝑅𝐹𝐹(𝑏𝑏; 𝑓𝑓) + 𝛿𝛿𝑅𝑅𝐹𝐹(𝑐𝑐; 𝑓𝑓) ≤ 2.                                                        
 
This proves the theorem. 
 
Theorem 3: Let 𝑓𝑓 be a transcendental meromorphic function of finite order 𝜌𝜌𝑓𝑓  and satisfying the condition 𝑚𝑚(𝑟𝑟, 𝑓𝑓) =
𝑆𝑆(𝑟𝑟, 𝑓𝑓). If 𝑎𝑎 and 𝑐𝑐 are any two distinct complex numbers and let 𝐹𝐹 = 𝑓𝑓𝑛𝑛𝑄𝑄[𝑓𝑓] is a differential polynomial in 𝑓𝑓 with 
𝑛𝑛 ≥ 1 then  
 

𝛿𝛿(0;𝑓𝑓) + 𝛿𝛿(𝑐𝑐; 𝑓𝑓) + ∆𝑅𝑅𝐹𝐹(∞; 𝑓𝑓) ≤ ∆(∞; 𝑓𝑓) + 2∆𝑅𝑅𝐹𝐹(0;𝑓𝑓). 
 
Proof: Consider the following identity 
 

𝑐𝑐
𝑓𝑓

= ��1 −
𝑓𝑓 − 𝑐𝑐
𝐹𝐹

.
𝐹𝐹
𝑓𝑓
� �

𝐹𝐹
𝑓𝑓 − 𝑎𝑎

.
1
𝐹𝐹
�� . (𝑓𝑓 − 𝑎𝑎) 

 
Since 𝑚𝑚�𝑟𝑟, 1

𝑓𝑓
� ≤ 𝑚𝑚 �𝑟𝑟, 𝑐𝑐

𝑓𝑓
� + 𝑂𝑂(1)𝑎𝑎𝑛𝑛𝑑𝑑 𝑚𝑚(𝑟𝑟, 𝑓𝑓 − 𝑎𝑎) ≤ 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1),  we get from the above identity in view of 

Lemma 1 that 
 

𝑚𝑚�𝑟𝑟,
𝑐𝑐
𝑓𝑓
� ≤ 𝑚𝑚(𝑟𝑟,

𝑓𝑓 − 𝑐𝑐
𝐹𝐹

) + 𝑚𝑚�𝑟𝑟,
1
𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 

 
𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟, 1

𝑓𝑓
� ≤ 𝑇𝑇 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� + 𝑇𝑇 �𝑟𝑟, 1

𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                              (6) 
  

Now by Nevanlinna’s first fundamental theorem and in view of Lemma 1 it follows from (6) that 
 

𝑚𝑚�𝑟𝑟,
1
𝑓𝑓
� ≤ 𝑇𝑇 �𝑟𝑟,

𝐹𝐹
𝑓𝑓 − 𝑐𝑐

� − 𝑁𝑁 �𝑟𝑟,
𝑓𝑓 − 𝑐𝑐
𝐹𝐹

� + 𝑇𝑇(𝑟𝑟,𝐹𝐹) − 𝑁𝑁 �𝑟𝑟,
1
𝐹𝐹
� + 𝑚𝑚(𝑟𝑟,𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).   
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𝑖𝑖. 𝑒𝑒. ,𝑚𝑚�𝑟𝑟, 1

𝑓𝑓
� ≤ 𝑁𝑁 �𝑟𝑟, 𝐹𝐹

𝑓𝑓−𝑐𝑐
� − 𝑁𝑁 �𝑟𝑟, 𝑓𝑓−𝑐𝑐

𝐹𝐹
� − 𝑁𝑁 �𝑟𝑟, 1

𝐹𝐹
� + 𝑇𝑇(𝑟𝑟,𝐹𝐹) +  𝑚𝑚(𝑟𝑟, 𝑓𝑓) +  𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1).                                        (7) 

 
In view of {p.34, [2]} it follows from (7) that 
 

𝑚𝑚�𝑟𝑟,
1
𝑓𝑓
� ≤ 𝑁𝑁(𝑟𝑟,𝐹𝐹) + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓 − 𝑐𝑐

� − 𝑁𝑁(𝑟𝑟, 𝑓𝑓 − 𝑐𝑐) − 𝑁𝑁 �𝑟𝑟,
1
𝐹𝐹
�   − 𝑁𝑁 �𝑟𝑟,

1
𝐹𝐹
� + 𝑇𝑇(𝑟𝑟,𝐹𝐹) + 𝑚𝑚(𝑟𝑟, 𝑓𝑓) + 𝑆𝑆(𝑟𝑟, 𝑓𝑓) + 𝑂𝑂(1) 

 

𝑖𝑖. 𝑒𝑒. , liminf
𝑟𝑟→∞

𝑚𝑚 (𝑟𝑟 ,1𝑓𝑓)

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
≤ liminf

𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

− liminf
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,𝑓𝑓)
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

  −2liminf
𝑟𝑟→∞

𝑁𝑁(𝑟𝑟 ,1𝐹𝐹)

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
+ limsup

𝑟𝑟→∞

𝑁𝑁�𝑟𝑟 , 1
𝑓𝑓−𝑐𝑐�

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
+ limsup

𝑟𝑟→∞

𝑇𝑇(𝑟𝑟 ,𝐹𝐹)
𝑇𝑇(𝑟𝑟𝑓𝑓 )

             

 
𝑖𝑖. 𝑒𝑒. , 𝛿𝛿(0; 𝑓𝑓) ≤ {1 − ∆𝑅𝑅𝐹𝐹(∞; 𝑓𝑓)} − {1 − ∆(∞; 𝑓𝑓)} − 2{1 − ∆𝑅𝑅𝐹𝐹(0; 𝑓𝑓)}  +{1 − 𝛿𝛿(𝑐𝑐; 𝑓𝑓)} + 1 
 
𝑖𝑖. 𝑒𝑒. , 𝛿𝛿(0; 𝑓𝑓) + 𝛿𝛿(𝑐𝑐;𝑓𝑓) + ∆𝑅𝑅𝐹𝐹(∞; 𝑓𝑓) ≤ ∆(∞; 𝑓𝑓) + 2∆𝑅𝑅𝐹𝐹(0; 𝑓𝑓).                      
 
Thus the theorem is established. 
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