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ABSTRACT 
In this paper, a new class of sets called wgrα-closed set is introduced and their properties are studied. Moreover the 
notions of wgrα-continuity and wgrα-irresoluteness are introduced. 
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1. Introduction 

 
N. Levine [11] introduced generalized closed sets in general topology as a generalization of closed sets. Stone [21] 
introduced regular open sets. N. Levine [10,11], Cameron [5], Sundaram and Sheik john [20], Bhattacharyya and lahiri 
[4], Nagaveni [16], Palaniappan and Rao [18], Maki, Devi and Balachandran [12], J.K Park and J.H Park [19], S.S. 
Benchalli and R.S. Wali [3] introduced and investigated semi-open sets, generalized closed sets, weakly closed sets, 
semi generalized closed sets, weakly generalized closed sets, generalized pre-regular closed sets, generalized α-closed 
sets, α-generalized closed sets, mildly generalized closed sets and regular ω-closed sets respectively. Regular α-open 
sets and regular generalized α-closed sets have been introduced and investigated by A. Vadivel and K. Vairamanickam 
[22]. In this paper, we define and study the properties of wgrα-closed sets. 
 
Throughout this paper, space (X, τ) (or simply X) always means a topological space on which no separation axioms are 
assumed unless explicitly stated. For a subset A of a space X, cl(A), int(A) and Ac denote the closure of A,the interior 
of  A and the complement of A in X respectively.  
 
2. Preliminaries 

 
Definition 2.1: A subset A of a space (X, τ) is called 
(i) regular open [21] if A= int(cl(A)) and regular closed if A= cl(int(A)). 
(ii) pre-open [14] if A⊂ int(cl(A)) and pre-closed if cl(int(A))⊂A. 
(iii) semi-open [10] if A⊂ cl(int(A)) and semiclosed if int(cl(A))⊂A. 
(iv) α-open [17] if A⊂ int(cl(int(A))) and α-closed if cl(int(cl(A)))⊂A. 
(v) semi-pre open [2, 7] if A⊂ cl(int(cl(A))) and a semi-preclosed if int(cl(int(A)))⊂A. 
(vi) regular α-open [22] if there is a regular open set U such that U⊂A⊂ αcl(U).  
(vii) regular semi open [5]if there is a regular open set U such that U⊂A⊂ cl(U). 
 
Definition 2.2: A subset A of a space (X, τ) is called 
 
(i) generalized closed set (briefly, g-closed) [11] if cl(A)⊂U whenever A⊂U and U is open in X. 
 
(ii) generalized α-closed set (briefly, gα-closed) [12] if αcl(A)⊂U whenever A⊂U and U is α-open in X. 
 
(iii) α-generalized closed set (briefly, αg-closed) [13] if αcl(A)⊂U whenever A⊂U and U is open in X. 
 
(iv) regular generalized closed set (briefly, rg-closed) [18] if cl(A)⊂U whenever A⊂U and U is regular open in X.   
 
(v) generalized pre -regular closed set (briefly, gpr-closed) [19] if pcl(A)⊂U whenever A⊂U and   U is regular open 
in X. 
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(vi) weakly generalized closed set (briefly, ωg-closed) [15,16] if clint(A)⊂U whenever A⊂U and U is open in X. 
 
(vii) weakly closed sets (briefly, ω-closed) [1,3] if cl(A)⊂U whenever A⊂U and U is semi open in X. 
 
(viii) semi weakly generalized closed set (briefly, sωg-closed) [16] if cl(int(A))⊂U whenever A⊂U and U is semi-        
open in X. 
 
(ix) regular weakly generalized closed set (briefly, rωg-closed ) [16] if cl(int(A))⊂U whenever A⊂U and U is regular 
open in X. 
 
(x) regular generalized α-closed set (briefly, rgα-closed) [22] if αcl(A)⊂U whenever A⊂U and U is regular α- open n 
X.    
 
(xi) Semi-generalized closed (briefly, sg-closed) [4,6,8] if scl(A)⊂U whenever A⊂U and U is semi open in X. 
 
(xii) regular ω-closed (briefly, rω-closed) [3] if cl(A)⊂U whenever A⊂U and U is regular semi open in X. 
 
(xiii) mildly generalized closed sets (briefly, mildly g-closed) [19] if cl(int(A))⊂U, whenever A⊂U and U is g-open 
in X. 
 
Definitions 2.3:  A map f :(X, τ)→ (Y, σ) is said  to be 
(i) continuous [9] if f-1(V) is closed in X, for every closed set V in Y. 
(ii) ω-continuous [16] if f-1(V) is ω-closed in X, for every closed set V in Y. 
(iii) α-continuous [3] if f-1(V) is α-closed in X, for every closed set V in Y. 
(iv) gα-continuous [12] if f-1(V) is gα-closed in X, for every closed set V in Y. 
(v) rgα-continuous [22] if f-1(V) is rgα-closed in X, for every closed set V in Y. 
(vi) sωg-continuous [3] if f-1(V) is sωg-closed in X, for every closed set V in Y. 
(vii) rωg-continuous [3] if f-1(V) is rωg-closed in X, for every closed set V in Y. 
 
3. wgrα-closed sets in topological spaces 
 
Definition 3.1: A subset A of a space (X, τ) is called wgrα-closed if cl(int(A))⊂U whenever A⊂U and U is regular 
α-open in (X, τ). 
 
The complement of the wgrα-closed set is wgrα-open set. 
 
We denote the set of all wgrα-closed sets in (X, τ) by WGRαC(X) and wgrα-open sets in (X, τ) by WGRαO(X) 
 
Theorem 3.2: 
1.Every ω-closed set is wgrα-closed 
2.Every α-closed set is wgrα-closed  
3.Every gα-closed set is wgrα-closed 
4.Every rgα-closed set is wgrα-closed 
5.Every sωg-closed set is wgrα-closed 
6.Every  wgrα-closed set is rωg- closed 
 
Proof: straight forward. 
 
Remark 3.3: Converse of the above need not be true as shown in the following examples. 
 
Example 3.4: Consider X= {a, b, c, d, e} and τ={X, ϕ, {a}, {d}, {e}, {a, d}, {d, e}, {a, e}, {a, d, e}} 
Let A= {b}. A is wgrα-closed, but it is not ω-closed.  
 
Example 3.5: Consider X= {a, b, c, d, e} and τ ={X, ϕ, {a}, {d}, {e}, {a, d}, {d, e}, {a, e}, {a, d, e}} 
Let A= {a, d, e}. A is wgrα-closed, but it is not α-closed. 
  
Example 3.6: Consider X= {a, b, c, d} and τ ={X, ϕ, {a}, {b}, {a, b}, {a, b, c}}. Let A= {a, b, d}.A is wgrα-closed, 
but it is not gα-closed. 
  
Example 3.7: Consider X= {a, b, c, d} and τ ={X, ϕ, {a}, {c, d}, {a, c, d}}. Let A={c}.A is wgrα-closed, but it is not 
rgα-closed.  
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Example 3.8: Consider X= {a, b, c, d} and τ ={X, ϕ, {a}, {b}, {a, b}, {a, b, c}}. Let A= {a, b, c}.A is wgrα-closed, 
but it is not sωg-closed. 
 
Example 3.9: Consider X= {a, b, c, d} and τ={X, ϕ, {a}, {b}, {a, b},{a, b, c}}. Let A= {b, c}. A is rωg-closed, but it 
is not wgrα-closed. 
 
Remark 3.10: The above discussions are summarized in the following diagram.    

 
Remark 3.11: Union of two wgrα-closed sets need not be wgrα- closed. 
 
Example 3.12: Let X={a, b, c, d},τ = {X, ϕ,{a},{c, d},{a, c, d}}. A={c} and B={d} are wgrα- closed sets. But A B 
is not wgrα-closed. 
 
Remark 3.13: Intersection of two wgrα-closed sets need not be wgrα-closed.  
 
Example 3.14: Let X= {a, b, c, d},τ = {X, ϕ,{a},{c, d},{a, c, d}}. A= {a, b} and B= {a, d} are wgrα-closed. But 
A B is not wgrα-closed. 
 
Remark 3.15: The following example shows that wgrα-closed sets are independent of mildly g-closed sets, generalized 
closed sets, ωg-closed sets, semi closed sets, αg-closed sets, sg-closed sets and rω-closed sets. 
 
Example 3.16: Let X= {a, b, c, d} and τ ={X, ϕ, {a}, {b}, {a, b}, {a, b, c}}. Then  
 
(i) wgrα-closed sets in (X, τ) are 
       {X, ϕ, {c}, {d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}} 
 
(ii) mildly g-closed sets in (X, τ) are 
       {X, ϕ, {d}, {c, d}, {a, d},{b, d}, {a, b, d}, {b, c, d}, {a, c, d}} 
 
(iii) generalized closed sets in (X, τ) are 
       {X, ϕ, {d}, {c, d}, {a, d}, {b, d}, {a, b, d}, {a, c, d}, {b, c, d}} 
 
(iv) ωg-closed sets in (X, τ) are 
       {X, ϕ, {c}, {d}, {c, d}, {a, d}, {b, d}, {a, c}, {a, b, d}, {a, c, d}, {b, c, d}} 
 
(v) semi-closed sets in (X, τ) are 
       {X, ϕ,{a},{b},{c}, {d}, {a, d}, {b, d}, {c, d},  {a, c},{b, c}, {a, c, d}, {b, c, d}} 
 
(vi) αg-closed sets in (X, τ) are 
       {X, ϕ, {c}, {d}, {c, d}, {a, d}, {b, d}, {a, b, d}, {a, c, d}, {b, c, d}} 
 
(vii) sg-closed sets in (X, τ) are 
       {X, ϕ, {a}, {b}, {c}, {d}, {c, d}, {b, c}, {a, d}, {b, d}, {a, c}, {a, c, d}, {b, c, d}} 
 
(viii) rω-closed sets in (X, τ) are 
       {X, ϕ, {d}, {a, b}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}}     
 
Theorem 3.17: Let A be wgrα-closed in (X, τ), then cl(int(A))−A does not  contain any non-empty regular α-open set. 
 
Proof: Let F be a non-empty regular-α open set such that F⊂ cl(int(A))−A. Then F⊂X−A⇒A⊂X−F, X−F is 
regular α-open. Since A is wgrα-closed, cl(int(A))⊂X−F. Therefore F⊂ cl(int(A))∩X−cl(int(A)),which implies F= 
ϕ, which is a contradiction. Hence cl(int(A)) −A does not contain any non-empty regular α-open set. 
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Remark 3.18: Converse of the above theorem need not be true as shown in the following example. 
 
Example 3.19: Let X= {a, b, c, d, e}, τ={X, ϕ , {a}, {d}, {e}, {a, d}, {a, e}, {d, e}, {a, d, e}}. Let A= {a, b}. 
cl(int(A))−A={c},which is not regular α-open. But A= {a, b} is not wgrα-closed.  
 
Corollary 3.20: A subset A of X is wgrα-closed set in X, then cl(int(A))−A does not contain any non-empty regular 
open set in X, but not conversely. 
 
Proof: Follows from theorem 3.17 and the fact that every regular open set is regular α-open. 
 
Example 3.21: Let X= {a, b, c, d}, τ={X, ϕ,{a} ,{c, d},{a, c, d}}.Let A={a}.cl(int(A))−A ={b} , which is not regular 
open  set. But A is not wgrα-closed. 
 
Corollary 3.22: A subset A of X is wgrα-closed set in X, then cl(int(A))−A does not contain any non-empty regular 
closed set in X, but not conversely. 
 
Proof: Follows from theorem 3.17 and the fact that every regular open set is regular α-open. 
 
Example 3.23: Let X= {a, b, c, d}, τ={X, ϕ, {a}, {c, d}, {a, c, d}}. Let A ={c, d}, cl(int(A)) –A ={b} , which is not 
regular closed. But A is not wgrα-closed. 
 
Theorem 3.24: For an element x∈X, then the set X−{x} is wgrα-closed or regular α-open. 
 
Proof: Suppose X−{x} is not regular α-open set. Then X is the only regular α-open set containing X−{x}⇒  
cl(int({X−{x}}))⊂X. Therefore X−{x} is wgrα-closed. 
 
Theorem 3.25:  A is wgrα-closed subset of X such that A⊂B⊂ cl(int(A)),then B is wgrα-closed set in X. 
 
Proof: If A is wgrα-closed subset of X such that A⊂B⊂ cl(int(A)). Let U be regular α-open set of X such that B⊂U, 
then A⊂U. Since A is wgrα-closed, cl(int(A))⊂U. Now cl(int(B))⊂ cl(int(cl(int(A))))=cl(int(A))⊂U. Thus B is 
wgrα-closed set in X. 
 
Remark 3.26: Converse of the above theorem need not be true. 
 
Example 3.27: Let X={a, b, c}, τ={X, ϕ,{a},{b},{a, b}}. Here A={a} ,B={a,c}with A⊂B ⊂ cl(int(A)), B is wgrα-
closed  in X, but A is not wgrα-closed in X.  

 
Theorem 3.28: If A is wgrα-closed and regular open, then A is rg-closed. 
 
Proof: Let A⊂U and U be regular open. By hypothesis, cl(A)⊂U. Therefore A is rg-closed.   
 
Theorem 3.29:  Let A be wgrα-closed in (X, τ), then A is regular closed set iff cl(int(A)) −A is  regular α-open . 
 
Proof: Suppose A is regular closed in X. Then cl(int(A)) = A and so cl(int(A))−A=φ, which is regular α-open in X. 
Conversely, Suppose cl(int(A))−A is a regular α-open in X. Then cl(int(A)) −A = φ. Hence A is regular closed set in X. 
 
4. wgrα-open sets 

 
Theorem 4.1: A subset A of a topological space X is wgrα-open iff F⊂ int(cl(A)),whenever F is regular α-open and 
F⊂A. 
 
Proof: Assume A is wgrα- open, Ac is wgrα- closed. Let F be a regular  α-open set in X contained in A. Fc is a regular 
α-open set in X containing Ac .Since Ac is wgrα-closed, cl(int(Ac)⊂ Fc .Therefore F⊂ int(cl(A)). 
 
Conversely, let  F⊂ int(cl(A)),whenever F⊂A and F is regular α-open in X. Let G be a regular α-open set containing 
Ac ,then Gc⊂ int(cl(A)).Thus cl(int(Ac))⊂G ⇒Ac is wgrα-closed⇒A is wgrα -open. 
 
Theorem 4.2: If A⊂X is wgrα-closed, then cl(int(A))−A is wgrα-open. 
 
Proof: Let A be wgrα-closed and F be regular α-open. F⊂ cl(int(A))−A, then int(cl((cl(int(A)) −A)))=φ. Thus 
F⊂ int(cl((cl (int(A))−A))).Therefore cl(int(A))−A is wgrα-open. 
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Remark 4.3: Converse of the above theorem need not be true as shown in the following   example.    
 
Example 4.4: Let X = {a, b, c, d}, τ = {X, φ,{a},{b},{a, b},{a, b, c}}. Let A = {a, c}. cl(int(A)) −A = {d} is wgrα-
open. But A is not wgrα-closed. 
 
Theorem 4.5: If int(cl(A))⊂B⊂A and A is wgrα-open, then B is wgrα-open. 
 
Proof: Let int(cl(A))⊂B⊂A. Thus X−A⊂X−B⊂ cl(int(X−A)).Since X−A is  wgrα-closed, by theorem 3.25, X−B is  
wgrα-closed. 
 
Theorem 4.6: If A is both regular open and wgrα-closed then it is clopen. 
 
Proof: straight forward. 
 
5. wgrα-continuous and irresolute mappings. 

 
Definition 5.1: A map f:(X, τ)→ (Y, σ) is said to be wgrα-continuous if f-1(V) is wgrα-closed in X, for every closed set 
V in Y. 

 
Example 5.2: Let X={a, b},τ={ X, ϕ, {a}, {b}}and σ={ X, ϕ, {a}}.Define f:(X,τ)→ (X, σ) by f(a)=b and f(b)=a. 
Since every subset of (X, τ) is wgrα-closed, f is wgrα-continuous. 
 
Definition 5.3: A map f:(X, τ)→ (Y, σ) is said  to be wgrα-irresolute if f-1(V) is wgrα-closed in X, for every wgrα-
closed set V in Y. 
 
Example 5.4: Let X= {a, b, c}, τ={X, ϕ, {a, b}} and σ={X, ϕ, {a, b}, {c}}. Define f :( X, τ)→ (X, σ) by f(a)=c, 
f(c)=a and f(b)=b. f is wgrα-irresolute. 
 
The above results are summarized in the following diagram. 

 
Remark 5.5: Every wgrα-irresolute function is wgrα-continuous, but not conversely. 
 
Example 5.6: Let X= {a, b, c}, τ ={X, ϕ, {a}, {b}, {a, b}} and σ ={X, ϕ, {a}}. Define f: (X, τ)→ (X, σ) by f(a)=a , 
f(b)=b and f(c)=c. Here f is wgrα-continuous, but not wgrα-irresolute. 
 
Theorem 5.7: 
1.Every ω-continuous is wgrα-continuous 
2.Every gα-continuous is wgrα-continuous 
3.Every α-continuous is wgrα-continuous 
4.Every sωg-continuous is wgrα-continuous 
5.Every rgα-continuous is wgrα-continuous 
6.Every wgrα-continuous is rωg- continuous 
 
Proof: straight forward. 
 
Remark 5.8: Converse of the above need not be true. 
 
Example 5.9: Let X= {a, b, c, d}, τ ={X, ϕ, {a}, {b}, {a, b}, {a, b, c}} and σ={X, ϕ,{b},{c},{b, c}} 
Define f :( X, τ)→ (X, σ) by f(a) = b , f(b) = c, f(c) = d, f(d) = a. f is wgrα-continuous, but it is not ω-continuous.  
 
Example 5.10: Let X= {a, b, c, d, e},τ={X, ϕ, {a}, {d}, {e}, {a, d}, {a, e}, {d, e}} and σ={X, ϕ,{c},{c, d}}. Define 
f:(X, τ)→ (X, σ) by f(a)=b , f(b)=c, f(c)=d, f(d)=e, f(e)=a. f is wgrα-continuous, but it is not gα-continuous. 
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Example 5.11: Let X={a, b, c},τ ={X, ϕ, {a}, {c}, {a, c}} and σ ={X, ϕ,{c},{b, c}}.Define f:(X, τ)→ (X, σ) by 
f(a)=a , f(b)=b, f(c)=c. f is wgrα-continuous, but it is not α-continuous. 
 
Example 5.12: Let X={a, b, c, d},τ ={X ,ϕ, {a}, {b}, {a, b},  {a, b, c}} and σ={X, ϕ,{d},{a, c, d}} 
Define f :( X, τ)→ (X, σ) by f(a) = a , f(b) = c, f(c) = b, f(d)=d. f is wgrα-continuous, but it is not sωg-continuous.  
 
Example 5.13: Let X={a, b, c, d},τ ={X, ϕ, {a}, {c, d}, {a, c, d}} and σ ={X, ϕ,{a, d},{a, b, d}}.Define f:(X, τ)→ (X, 
σ) by f(a) = b , f(b) = a, f(c) = c, f(d) = d. f is wgrα-continuous, but it is not rgα-continuous. 
 
Example 5.14: Let x = {a, b, c, d}, τ = {ϕ, x, {a}, {b}, {a, b}, {a, b, c}} and σ= {ϕ, x, {a, c}, {a, c, d}}. Define  
f:(X, τ)→ (X, σ) by f(a) , f(b)=c, f(c)=b, f(d)=d. f is rωg-continuous, but it is not ωgrα-continuous.  
 
Remark 5.15: The composition of two ωgrα-continuous functions need not be ωgrα-continuous.  
 
Example  5.16: Let X={a, b, c},τ={X, ϕ,{a},{b},{a, b}}, σ ={X, ϕ,{a},{a, b}} and η = {X, ϕ,{a},{a, c},{a, b}}. 
Define f:(X, τ)→ (X, σ) by f(a)=b, f(b)=a, f(c)=c. Define g:(X, σ)→ (X, η) by g(a)=a, g(b)=c, g(c)=b,  f and g are 
ωgrα-continuous, but g  ⃘f is not ωgrα-continuous.  
   
Theorem 5.17: Let f:(X, τ)→ (Y, σ) and g:(Y, σ)→ (Z, η)  be any two maps . Then 
(i) g  ⃘f is wgrα-continuous, if g is continuous and f is wgrα-continuous 
(ii) g  ⃘f is wgrα-irresolute, if g is wgrα-irresolute and f is wgrα-irresolute 
(iii) g  ⃘f is wgrα-continuous, if g is  wgrα-continuous and f is wgrα-irresolute 
 
Proof: 
(i) Let V be any closed set in (Z, η).Then g-1(V) is closed in (Y, σ),since g is continuous. By hypothesis, f-1( g-1(V))  is 
wgrα-closed in (X, τ). Hence g  ⃘f is wgrα-continuous. 
 
(ii) Let V be wgrα-closed set in (Z, η).Since g is wgrα-irresolute,g-1(V) is wgrα-closed in (Y, σ).As f is wgrα-irresolute, 
f-1( g-1(V))=( g  ⃘f)-1(V)  is wgrα-closed in (X, τ).Hence g  ⃘f is wgrα-irresolute. 
 
(iii) Let V be closed in (Z, η). Since g  is wg rα-continuous,g-1(V) is wgrα-closed in (Y, σ).As f is wgrα-irresolute,          
f-1( g-1(V))=( g  ⃘f)-1(V)  is wgrα-closed in (X, τ).Hence g  ⃘f  is wgrα-continuous. 
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