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ABSTRACT

In this note we establish some common fixed point theorems of compatible mappings in the setting of convex metric
spaces. Several results are also derived as special cases.
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1. INTRODUCTION

The concept of the commutativity has generalized in several ways.For this Sessa S. [13] has introduced the concept of
weakly commuting and Gerald Jungck [5] initiated the concept of compatibility. It can be easily verified that when the
two mappings are commuting then they are compatible but not conversely.

The study of common fixed point of mappings satisfying contractive type conditions has been a useful tool for
obtaining more comprehensive fixed point theorems|[3,6,7,8,9,10] during the last three decades.

Jungck [5] introduced more generalized commuting mappings called compatible mappings. Which are more general
then commuting and weakly commuting mappings.

On the other hand, Takahanshi [14] introduced a notion of convex metric spaces, many authers have discussed the
existence of fixed point and the convergence of iterative processes for non-expansive mappings in convex metric
spaces.

The main purpose of this paper is to present fixed point results for a pair of maps satisfying a new contractive condition
by using the concept of compatible maps in a convex metric space. Our main results are generalizations of some known
resultsin [1, 2, 4, 6, 11, 12].

2. PRELIMINARIES

Definition 2.1: The pair (A, B) of self-mappings of a metric space (X, d) is said to be compatible on X if whenever
{X, }is asequence in X such that AX,, Bx, —t € X thend (BAX, ABx) — 0.

Definition 2.2: Let (X,d)be a metric space and J = [0,1] A mapping W : X x X xJ — Xis called a convex
structure on X if for each (X, y,/l) eXxXxJand ue X,

d(uW(x,y,4))<Ad (u,x)+(1-2)d (u,y)
A metric space X together with a convex structure W is called a convex metric space.

Definition 2.3: A nonempty subset K of a convex metric space (X ,d ) with a convex structure\W is said to be convex

ifforaII(X,y,/l)e KxKxJ,W(X,y,ﬂ,)e K.
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Definition 2.4: Let K be a convex subset of a convex metric space (X ) d)with a convex structure W . A mapping

| : K = K is said to be W -affine if for all (X, y,l)e KxKxJ, IW(X, y,ﬂ,)=W(IX, Iy,ﬂ.)

Definition 2.5: A sequence {Xn} in a metric space (X ) d) is said to be convergent to a point X € X denoted by

limx, = xiflimd(x,,x)=0,
n—oo

n—oo

3. MAIN RESULTS

Theorem 3.1: Let (X ,d ) be a complete convex metric space with a convex structure W and K is a nonempty closed

convex subset of X. Suppose that the mappingsT and | are compatible self -maps on K satisfying the following
condition

d (Tx, Ty) <ad (Ix, ly)+bmax{d (Ix,Tx),d (ly, Ty)} +cmax {d(ly,Tx),d (Ix,Ty)}

+dmax{d(lx,Iy),d(lx,Tx),d(Iy,Ty),%(d(Iy,Tx)+d(Ix,Ty))} vx,y e K
Where a, b, ¢, d are non-negative real numbers such that a+b+2c+d =1and2(?2+cgﬂgc)>d.lf
~b+c

T(K)c | (K)and | iSW -affine and continuous then there exists a unique common fixed point

zof Tand I,andT is continuous at Z.

Proof: Let X = X, be an arbitrary point in K and choose some points X, X, and X5in K such that
Tx = 1%, TX, = IX,, TX, = IX; Itis possible since T (K ) = I (K).

For k =1,2,3 we have

d (T, 1) =d (Tx, Tx )
<ad (Ix,, Ix,_, ) +bmax{d (Ix,, % ),d (1%_;, Tx_, )} +cmax {d (Ix_,Tx),d (1, Tx)}

+d max{d (1%, 1% ), d (1%, T, ), d (ka_l,Txk_l),%(d (1%, Tx ) +d (Ix, ,Txk_l))}
<ad (Ix_y, T%,_, )+bmax{d (Ix,Tx),d (1%, Tx )} +emax {d (1%, Tx,).d(Ix,Tx )}

+d max {d (1% TX o ), d (1%, ,Txk)%(d (1% TXe o )+ (1%, TX, ))}
If

d (T, Ix,)>d (TX,_, I, ) then we have

=d(Tx, Ix ) <(a+b+2c+d)d(Tx,, Ix)
= d (T, Ix) <d (Tx,1x,)  Since a+b+2c+d=1

Which is a contradiction and therefore

d(Ix,Tx)<d(Ix_.Tx_) Wherek=123
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Now

d(Ix,Tx,)=d (Tx,Tx,)
<ad (Ixy, Ix )+bmax{ (Ix,Tx),d

(1%, Tx, )} +cmax {d(1x,,Tx),d (Ix,Tx,)}
+d max{d (1%, 1x, ), d (1%, Tx),d (1x,,Tx, ), ;(d(lx,Tx2)+d(Ix2,Tx))}

<a{d(Ix,Tx)+d (Ix,Tx )} +bd (Ix,Tx)

+cmax {d (Ixi,Txl), (1, Tx)+d (1%, Tx, ) +d (Ix,, T, )}

d (I, Tx)+d (Ix,Tx,),d (Ix,Tx),d (Ix,Tx),
%(d(Ix,Tx)+d(le,Tx1)+d(IxZ,Tx2)+d(Ix1,Tx1))
=(2a+b+3c+2d)d(Ix,Tx)

:(Z—m)d(lx,Tx)

+d max

Letz=W (xzyxy%]then weknow thatz e Kand Iz =W (Ixz, Ix3,%j =W (Txl,sz,%j

Now we obtain
d(lz,1x)=d [le,W (Txl,sz,%D
<=d (le,Tx1)+%d (1%, Tx,)

d (Ix,Tx)+%(2a+b+3c+2d)d (1x,Tx)

(1+2a+b+3c+2d)d(Ix,Tx)

Il IA
W NP N[ N

~b+c

d ( IX,TX)

o)

<=d(Ix, Tx)+;d(lx Tx,)

H

2

%d(lxz, Ix )+;d(lx Tx)
=£d IX,TX)

2

(12, 1x,) d(le,W X, TX,, = D

%d(lx3,Tx1)+;d(lx TX, )
1 1
Ed(lxz,Tx)+2d(Ix3,lx)
1
=—d(Ix,T

L (1xT)
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Again we obtain

d(1z,Tz)=d (Tz,W (Txl,sz,%D
d(Tz,Tx1)+%d(Tz,Tx2)

<

<

N[ )

d('z,'X1)+%maX{d('z,TZ),d('vaXl)}%max {d(1x,T2).d (12,Tx,)}
g max{ (12,16, (12.72), (1, T), 5 (d (1%, T2) 127}
+%d(|z,Ix2)+gmax{d(Iz,Tz),d(Ixz,sz)}Jr%max {d(1x,,T2),d (12,Tx,)}
+%max{d (1z,1x,),d (1z,Tz),d (Ixz,sz),%(d (Ix,,Tz)+d (Iz,sz))}
< %(3_m)d (Ix,Tx)+gmax{d (12,72),d (1%, Tx)}
+%max {%(3—Fc)d(|x,Tx)+d(|z,Tz),%d(|x,Tx)}

4-b+c

+%max{%(3—b+—c)d (Ix,Tx),d (1z,Tz),d (Ix,Tx), d (Ix,Tx)+%d (Iz,Tz)}

+%d (Ix,Tx)+gmax{d (12,7z),d( Ix,Tx)} +%max {%d (Ix, Tx)+d ( Iz,Tz),%d (Ix,Tx)}
+%max{%d (Ix,Tx),d(1z,Tz),d (Ix,Tx),%(d (Ix,Tx)+d (Iz,Tz))}

If d ( IZ,TZ) >d (IX,TX)then we have
d(lz,7z)< [1—%(2c2 —2d +2ab + 2ac + 2bc + bd +cd)}d (12,Tz)

2(a+c)(b+c
This is a contradiction since ( )( ) >danda+b+2c+d =1implies that
(2—b+c)
2c? —2d +2ab + 2ac + 2bc + bd +cd > 0. Hence we have

d(1z,7z)< [1—%(202 —2d +2ab+2ac+2bc+bd +cd)}d (1x,Tx)

Letting A :1—%(&:2 —2d +2ab + 2ac + 2bc + bd +cd) We know that 0 < 4 <1.

Then we have
d(1z,Tz) < Ad (1x,Tx)

Since X, is an arbitrary pointin K then there exists a sequence {zn} in K such that
d (125, Tz, ) < Ad (1%, TX,)
d(lz,Tz,) < Ad(1z,,Tz,)
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Which yield that d ( Iz, ,Tzn) <A™ (|ZO,TZo)and so we have

d(lz,,Tz,)—>0

Setting
K, Z{XE K :d(Ix,Tx)Sl} , N=123 i,
n
Then K, #¢,n=123,........... and K, o K, D
Obviously

TK, = gand TK, o TK

n+l?

n=1223.....
Forany X, Y € K, we have
d (Tx,Ty)<ad (Ix, ly)+bmax{d (Ix,Tx),d (ly,Ty)} +cmax {d(ly,Tx),d (Ix,Ty)}

+d max{d (Ix,1y),d (1x,Tx),d (Iy,Ty),%(d (ly, Tx)+d ('X,TY))}

< a(%er (Tx,Ty))+9+c(%+d (Tx,Ty)]+d (%+d (Tx,Ty)]

n

:%(2a+b+c+2d)+(a+c+d)d(Tx,Ty)

Which yields that

d(Tx,Ty)< n(b1+c)

Therefore we have

(2a+b+c+2d)

lim diam (TK, ) = lim diam (TK ) =0

n—oo n—o

Where diam (TKn)denotes the diameter of (TKn).By the Cantor’s theorem there exists a point U € K such that

n=e 1
{u} =M TK,. Sinceu € K for eachn =1,2,3,....., there exists a point X, € K such thatd (u,TXn ) <=, and so
n=1 n

. 1 . . : :
Tx, — U.Further, since X € K, we haved (Tx,,Ix,)<—and IXx, —u.Since Iis continuous and the pair
n

(T, | )is compatible, we can induce easily that

ITx,, lIx,, TIX, = lu.

Now

d(Tu, lu)<d(Tu,TIx,)+d (TIx,, lu)
<ad (lu, lx, ) +bmax {d (lu,Tu),d (11, Tlx, )} +cmax{d (11, Tu),d (1u,TIx, )}

+d max{d (lu, len),d(Iu,Tu),d(IIxn,TIxn),%(d (len,Tu)+d(Iu,TIxn))}
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Now letting N — oo we have
<ad (lu, lu)+bmax {d (lu,Tu),d (lu, lu)} +cmax{d (1u,Tu),d (lu,lu)}
+d max{d(lu, lu),d (lu,Tu),d (1, Iu),%(d(lu,Tu)+d(lu, Iu))}

= d (Tu, lu) < (b+c+d)d(Tu, lu)

Which implies that

d(Tu,lu)=0
=Tu=1Iu
Hence

lu=1Tu=Tlu=TTu since the pair (T, I )is compatible.

Now

d(TTu,Tu)<ad (1Tu, lu)+bmax{d (ITu,TTu),d (1u,Tu)}+cmax {d (lu,TTu),d (ITu,Tu)}
+d max{d(ITu, Iu),d(lu,Tu),d(ITu,TTu),%(d(Iu,TTu)+d(ITu,Tu))}

=d(TTu,Tu)<(a+c+d)d(TTu,Tu)  Sincea+c+d <1

Which implies that

d(TTu,Tu)=0

=TTu=Tu

Now let z=Tu,then Z is a common fixed point of T &.If Zis another common fixed point of T & I.then
d (z, z*) >0.
Now
d ( ) (Tz Tz
<ad(lz, 1z

)
)

+d max d Iz, Iz (1z Tz),d(lz*,Tz*),%(d(Iz*,Tz)+d(Iz,Tz*))}

+bmax{ (12,Tz), d(Iz*,Tz*)}+cmax{d(Iz*,Tz),d(Iz,Tz*)}

=d(z,2)<(a+c+d)d(z,7)

Which is a contradiction. Hence Z is the unique common fixed pointof T & I.

To show that T is continuous at Z.Let {Zn}c K be a sequence converges to z. Since |l is continuous then

Iz, — 1z. Now we can deduce that
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d(Tz,,Tz)<ad(lz,, 1z)+bmax{d (lz,,Tz,),d (12, Tz)} +cmax{d (12, Tz,).d (Iz,,Tz)}
+d max{d (Iz,,12),d(1z,,Tz,),d( Iz,Tz),%(d (12,Tz,)+d (Izn,Tz))}
<ad(lz,1z)+bmax{d (1z,Tz,),d (z,2)} +cmax{d (12, Tz)+d (Tz,Tz,),d (12, Tz)}
+d max{d (12,12).0(T2,72,),0(2,2), 2(d (12.72) +0 (12,72, ) (Iz,Tz))}
= d(Tz,Tz)<(b+c+d)d(Tz,Tz)
Taking the limit as N — oo from which we see that

= limsupd (Tz,,Tz)<(b+c+d)limsupd(Tz,,Tz)

limd(Tz,,Tz)=0 Since b+c+d<1

Which implies that T is continuous at Z.

This completes the proof of theorem.

Remark: If we put C = 0 in main inequality then we will obtain the result of Huang and Li [4].

Corollary 3.2: Let (X,d)be a complete convex metric space with a convex structure W and K is a nonempty

closed convex subset of X.Suppose that the mappingsT and | are compatible self -maps on K satisfying the
following condition

d(Tx,Ty)<ad (Ix, ly)+bmax {d (Ix,Tx),d (Iy,Ty),%(d (Ix,Tx)+d (Iy,Ty))}
+C max{d (ly,Tx),d (Ix,Ty),%(d (ly,Tx)+d ( Ix,Ty))}

Where ab,c are non-negative real numbers such that a+b+2c=1and (a+c)(b+c)>0.|f

T(K)CI(K)andIiSW -affine and continuous then there exists a unique common fixed point z Of
Tandl,andT is continuous at Z.

Corollary 3.3: Let (X,d)be a complete convex metric space with a convex structure W and K is a nonempty

closed convex subset of X.Suppose that the mappingsT and | are compatible self -maps on K satisfying the
following condition

d (Tx, Ty)<ad (Ix, ly)+bmax{d (Ix,Tx),d (ly,Ty)} +cmax{d (ly,Tx),d (Ix,Ty)}
+d max {d (Ix,ly),d (Ix,Tx),d (ly,Ty),d (ly,Tx),d (Ix,Ty)}

Where a, b, ¢, d are non-negative real numbers such that a+b+2c+2d :1and(a+c+d)(b+c+d) >0. If

T(K)c | (K)and | iSW -affine and continuous then there exists a unique common fixed point
zof Tand I,andT is continuous at Z.
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