International Journal of Mathematical Archive-3(6), 2012, 2249-2257
@gMA Available online through www.ijma.info ISSN 2229 - 5046

ON LOWER AND UPPER SEMI-QUASICONTINUOUS FUNCTIONS
V. Srinivasakumar*

“Plot no-70, Flat no-101, Road no-3, Lakshmi classic, Balaji Nagar, Nizampet Village, Kukatpally,
Hyderabad-500072, A.P., India

(Received on: 20-05-12; Revised & Accepted on: 11-06-12)

ABSTRACT

In this paper, some interesting properties of lower and upper semi-quasicontinuous functions are investigated. The
relationship of these functions with other well-known notions like lower (upper) semicontinuity are established.
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INTRODUCTION

The notion of lower (upper) semi-quasicontinuity is similar to the well-known notion of lower (upper) semicontinuity.
Some properties are similar but there are remarkable differences which are investigated and studied in this paper.
Examples are provided wherever necessary. It is also proved that the set of all real valued lower (upper) semi-
quasicontinuous functions defined on a topological space is closed under uniform limits.

In what follows X and IR stand for a topological space and the real line respectively. The symbols cl()and Int()
denote the closure and the interior in X respectively. The symbol &, represents the characteristic function of a subset
A of X.

1. PRELIMINARIES

The Difinitions that are needed throughout this paper are presented in this section.

1.1 Definition [2]: A function f : X — R is said to be lower semi-quasicontinuous ( ISqc) at a point X, € X if for
every &>0 and every neighborhood U of X, in X there exists a non-empty open set W U such that
—e<f(X)-f(X,) V xeW.

If f is Isqcat every point of X then f is said to be Isqc on X. The real set of all valued Isqc functions on X'is
denoted by .7 " (X).

1.2 Definitions [2]: Afunction f : X — R issaid to be upper semi-quasicontinuous ( USQC ) at a point X, €X if
for every & >0 and every neighborhood U of X, in X there exists a non-empty open set W —U such that
f(x)-f(x,)<e V xeW

If f is USQC atevery point of X'then f is USQC on X. The set of all real valued USCC functions on X is denoted
by #&°(X).
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1.3 Definition [5]: A function f: X — R is said to be lower semicontinuous ( ISC)at a point X, € X if for
every ¢ >0 there exists a neighborhood G of X, in X such that
—e<f(x)-f(x,) V xeG

If f is ISC ateverypointof X then f is ISC on X. The set of all real valued ISC functions on X is denoted by
#'(X).

1.4 Definition [5]: A function f: X — R s said to be upper semicontinuous( USC) at a point X, €X if for
every ¢ >0 there exists a neighborhood G of X, in X suchthat f(Xx)—f(x))<e V xeG.

If f is usc ateverypointof X then f is uscon X. The set of all real valued usc functions on X is denoted
by &°(X).

1.5 Definition [3]: A function f: X — R is said to be semi-continuous at a point X, € X if for every £ >0
there exists a neighborhood U of X, in X there exists a non-empty open set W U such that
[f()-f(x)|<e V xeW.

If f is semi-continuous at every point of X then it is said to be semi-continuous on X. Some Authors call these
functions Quasicontinuous (see [2]).

1.6 Definition [4]: A subset A of X is said to be semi-open if A cl(Int(A)) or equivalently if there exists an
open set O in X'suchthat O < Accl(O).

1.7 Definition [1]: A subset A of X is said to be semi-closed if the complement A =x-Aof As semi-open
in X.

2. RELATIONSHIP AMONG LSQC, USQC, LSC AND USC FUNCTIONS

2.1 Proposition: If f: X — R issemi-continuous at a point X, € X then f isboth Isqc and usqc at Xy -
Proof: Let f : X — R be semi-continuous at X, € X. Let & >0 be given and let U be a neighborhood of X;in X

Then there exists a non-empty open set W < U such that

|f(x)—f(x0)|<g vV xeW
= -—e<f(X)-f(x)<e V xeW
= —e<f(X)-f(x,) ad Ff(X)-F(X))<e V xeW
= f isboth Isqc and usgc at X,.

2.2 Remark: The converse of the above Proposition 2.1 is not true as is evident from the following example.

2.3 Example: Define f :[0,1] > R by

0 if O<x<X
2
1 1
f(X)=4= if x==
(x) > >
1 if l<x<1
2
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. 1 - o 1

Clearly f isboth Isqc and usqcat X, = E but it is not semi-continuous at X, = E
2.4 Proposition: (a) feg’'(X) = fesz’(X)

by feze(X) = fegsz(X
2.5 Remark: The converses of (a) and (b) in the Proposition 2.4 are not true. The function in the example 2.3 is both

1 1 1

Isqc and usqc at x, = > But for0 < & < > and for any neighborhood U = (X, —J,X+9J) of X, = > in

[0,1] for 6 >0 and X, <X<X,+J we have f(X)—f(XO)=%>€ = fisnot usc at XO=%. It can be

1
easily verified that f isnot ISC at X, =5

2.6 Proposition: f esz(X) < —fese’(X)

Proof: Let X, X. f is usqc at X, <> forevery ¢ >0 and every neighborhood U of X,in X there
exists a non-empty open set W — U such that

f(x)-f(x)<e V xeW
< (D) -(=H0) =-Lf ()= f)]>-¢ V xeW
< fis Isqc at X,.

Hence f esz (X) o —f esz’(X).

3. CHARACTERIZATIONS OF LSQC AND USQC FUNCTIONS

3.1 Proposition: Let Ac X. Then
(a) f ese’(X) ifandonlyif for every SeR theset G, ={x €X /f (X) > s}is semi-open X.

(b) f e #e(X)ifand only if for every Se R theset H, ={x € X /f (X) < s} is semi-open X.
() &y ege’(X)ifand onlyif A is semi-open X.
(d) §A ez’ (X)ifandonly if A issemi-closed X.

Proof: (a) Supposethat f € 2"(X). Let SeR. Let X, € G,
= f(x)>s
= f(x,)—-s>0

&= 1(x,)—S. Let U beaneighborhood of X, in X.
Since f is Isqc at X,, there exists a non-empty open set W < U such that X e W

= —e< f(x)-f(x,)
= —f(x)+s< f(x)-f(x,)

= f(X)>s
= XxeG,
oo W c G, andhence W cUNG;.
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Thus for each X, € G, there exists a non-empty open set W (X,) cU (G such that Put O = U W(X,). Then

% €Gs
O isanon-empty open set in X such that O = G, ..

Assume that G, 1 (cl(0))° = ¢
= there existsa point P € X suchthat p € G, (cl(O))*
= peG, and p¢cl(O)

Since p ¢ cl(O)), there exists a neighborhood U of p in X'suchthat U NO =¢.

Since p € G,, there exists a non-empty open set W (p) such that W (p) cU N G,.

This is a contradiction.
LG NEO)'=¢g = G, ccl(0)
Thus there is a non-empty open set O in X such that O ¢ G, c cl(O)
= G, issemi-open in X.Thus for every S€ R theset G, ={x e X/ f(x) > s} is semi-open in X .

Conversely suppose that for every S € R, the set G, ={X € X/ f (x) > s} is semi-open in X .
Now we prove that f € 92" (X).

Let t € X and U be aneighborhood of t in X. Let & >0 be given.

Put s= f(t)—¢. Forthis SeER, theset G, ={x eX/f(x) > f(t)—&} is semi-open in X.
Clearly t € G, and hence U (G, is a semi-neighborhood of t in X.

= there exists a non-empty open set W such that W cU (G, < cl(W)
xeW = xeUNG;
= XeU and XeG
= f(x)>f(t)-¢.

Thus for every & >0 and every neighbohood U of t in X there exists a non- empty open set W < U such that
—e<f(X)=1f(t) V xeW

= f is Isqc at t. Thus f is Isqc on X. Hence f e s&"(X).

(b) Suppose that f € ##°(X)

& = fese’(X)

& theset {xeX /— f(X)>—s} issemi-open for SR

< theset H, ={xeX /f(x) < s} is semi-open for every seR.

(c) Suppose that &, € 7&7(X)

for s :%, the set G, = {x e X/&,(X) > s}= A is semi-open.
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Conversely suppose that A is semi-open in X.

i/ if s>1
Then G, =¢A if 0<s<l1
AUA® if s<0

= G, ={xeX/&,(x)> s} is semi-open for every Se€R.

= &, eze’(X)
(d) Suppose that &, € 727(X)
1
= for S= > theset H, ={x e X/&,(x) < s}= A° is semi-open.
= A issemi-closed in X.

Conversely suppose that A is semi-closed in X .

@ if s<1
Then H =<A if O0<s<l1
AUA® if s>1

= H,={xeX/&,(X) < s} issemi-open for every S e R

= £, ege(X).
4. ALGEBRAIC PROPERTIES

4.1 Proposition: If 4>0 and f e gz’ (X)then Af e 72 (X)

Proof: If A =0 then Af e sz (X).

Now suppose that A > 0. Let £ >0 be given.

Let X € Xand U be a neighborhood of X, in X.

Since f is USOC at X,, there exists a non-empty open set W — U such that
f (%) - f(xo)<% v xeW

= AH)X)-(Af)(X)<e V xeW
= Af is usqc at X,. Hence Af sz (X).

4.2 Proposition: If A >0 and f e oz’ (X) then Af e #e*(X)
4.3 Proposition: If f e#’(X) and ¢ €52 (X) then f +0 egz(X)
Proof: Let X € Xandlet &£ >0 be given.

Let U be a neighborhood of X, in X

© 2012, IMA. All Rights Reserved

2253



V. Srinivasakumar*/ On Lower and Upper Semi-Quasicontinuous functions/ IIMA- 3(6), June-2012, Page: 2249-2257
Since f is usc at X,, there exists a neighborhood G of X, in X such that

f(x)—f(x0)<% vV xeG.

Since @ is USOC at X,, there exists a non-empty open set W < U (G such that
&
g(x)—g(x0)<5 V xeW.

xeW = (f+9)(x)—=(f+9)(x) =)= F(x)+a(x)-g(x)

e ¢
<—+—=¢.
2 2

Thus for every & >0 and every neighborhood U of X, there exists a Non- empty open W < U such that
(f+9)(X)—(f+9)(x,) <& V xeW

= f+g is usqc at X,. Hence f +g ese(X).

4.4 Proposition: If f ez’(X) and ¢ ese’(X) then f +g ez’ (X).

4.5 Remark: If f egz’(X) and g € #2°(X) then it is not necessary that f + g € #2°(X). Similarly f e.7#(X)
and g € ¢7(X) need notimply f + g €& (X). These facts are clear from the following example.

4.6 Example: Define f :[0,1] > R and ¢g:[0,1] > R by

3 if 0<x<1
2
. 1
f(x)=<1 if X==
) 5
i if i<x<1
2 2
0 if 0<x<=
1 . 1
X)=<= if X==
909=15 5
2 if —<x<1
3 if 03x<E
2

then (f +0)(X) =415 if x:%

25 if %<X£1

1
Clearly f and ¢ are usqcC at X=E but f + g isnot.
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. _ 1
Since f and g are usqc on [0,1], —f and —g are Isqc on [0,1]. But —(f +g)isnot Isqc at X=E.

4.7 Proposition: If f e##(X), g €#’(X) and f + g iscontinuouson X then f issemi-continuous on X.
Proof: Let peXand &>0 begiven. Let U be aneighborhood of P in X

Since @ is IsC at p, there exists a neighborhood G of P such that

—g< g(x)-g(p) V xeG.

Since f + @ iscontinuous at P, there exists a neighborhood H of p such that

(f + )0 —(f +g)(p)|<§ v xeH.

Since f islsqcat p, there exists a non-empty open set W < U (NG [1H such that

—e<f(X)-f(p) V xeW
E &
__l__
2 2

XxeW = —g<f(x)—f(p)<%—g(x)+g(p)< —¢

= |(f(x)— f(p)|<g

Thus for every & >0 and every neighborhood U of P in X, there exists a non- empty open set W < U such that
(F)-f(p)<e V xeW

= f issemi-continuousat .

4.8 Proposition: If f e 2 (X), gee(X) and f + g iscontinuouson X then f issemi-continuous
on X.

4.9 Remark: From the following example it is clear that f A g and fg are not necessarily Isqc (usqc)
eventhough f and g are Isqc (usqc).

4.10 Example: Define f :[0,1] > R and g:[0,1] > R by

1 if 0<x<=
1 1
f(x)=1= if X==
(X) > >
0 if l<x£1
2
0 if 0<x<=
1 . 1
X)=q= if X==
909 =15 5
1 if l<x£1
2
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0 if «x e[O,l]—{%}

Then (f AQ)(X)=

= if x:l
2 2

1 1
It can be easily verified that f and g are Isqc at X:E. But f Ag and fg are not Isqc at XZE.

4.11 Remark: Similar examples can be constructed to show f v g and fg are not necessarily US(QC eventhough
f and g are usqc.

4.12 Proposition:
(@ If fese’(X) and gesz’(X) then fvgese(X)

(b) If fege(X) and gesz(X) then f AQesz(X)

Proof: (a) Supposethat f e #¢*(X) and ( €2’ (X).

Then for every S € R the sets {x € X/ f (X) > s}and {x e X/g(x) > s}are semi-open. Since {x X
I(fvg)(x)>s} ={xeXx/f(x)>s} U {xeXx/g(x)> s} theset {xeX/(f v g)(x)> s} issemi-open
forevery seR.

= fvgese(X).
The proof of (b) follows from (a) and by Proposition 2.6.

4.13 Proposition: Let S c.o#*(X). If h(x)=sup{f(x)/ f € S} exists for all x e Xthen h e #&"(X).
Proof: Since f €. 927(X), the set {x e X/ f (X) > S} is semi-open for every S e R Since {x € X /h(X) > s}
= U{xeX/f(x)> s}, theset {xeX /h(x)> s} issemi-open for every SeR

fes

= hesz (X).
4.14 Proposition: Let S . .##'(X). If k(x)=in §f(x)/ f € S} existsforall x € X then k € #&'(X)
5. SOME OTHER CHARACTERIZATIONS

5.1 Definition: Let f :X— IR be a bounded function.

We define ' (x)=sup{g(x)/ g es#(X), g< f} ( XeX)
fY(x)=in f(x)/ hese (0 h=> f}

5.2 Proposition: Let f: X— R and g:X— R be bounded functions. Then
(i) fl<f<ft

(i) fTe Fz*(X) and f'e 7z'(X)

Giy 1f h<f,hese (X, thenh< '

(v) If k>f,kese(X), then k> f*

vy If f<gthen f'<g"and f*<g*

wi)  inf{fY(X)/xex3>inf{f (x)/xex3 =inf{f (X)/ x X}
wiiy  sup{f*(x)/xeXx}=sup{f(x)/xex}=sup{f (X)/xeX}
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5.3 Proposition: Let f : X— IR be a bounded function. Then
(i) fere' () & f=f"
(ii) fewe () © f=f*

(iii) f issemi-continuouson X = f @ =f"
6. UNIFORM LIMITS

6.1 Proposition: If f ese(X), n=1,2,3,..., f, = f uniformly on Xthen f eoe (X).
Proof: Let & >0 begiven. Let X, € X'and U be a neighborhood of X, in X.

Since f. — f uniformly on X; there exists an integer N such that n> N

= |fn(x)—f(x)|<§ v xeW

Since f, is USOC at X,, there exists a non-empty open set W U such that

fN(x)—fN(x0)<§ V xeW.

LxeW = fi(x) = () = T = (0= f (%) + iy (%) = (%)

Thus for every & >0 and every neighborhood U of X, there exists a non-empty open set W —U such that
f(X)-f(x)<e V xeW
= f is usqc at X,.

Hence f o2 (X).

6.2 Proposition: If f, eo#*(X), n=12,3,..., f, — f uniformlyon X then f es&"(X).
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