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ABSTRACT
In this paper we investigate some properties of left derivations of /—algebras.
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1. INTRODUCTION

Y. Imai ([1], [2], [3]) and K.Isaki introduced two classes of abstract algebras: BCK algebras and BCI algebras. Q.P.Hu
and X.Li introduced a broad class of abstract algebras: BCH algebras. ([4], [5]) J.-Neggers and H.S.Kim introduced the
notion of (—algebras. [6].

Y.B. Jun and X.L.X in [7] applied the notion of derivation in ring and near ring theory to BCI algebras and they also
introduced a new concept called a regular derivation in BCI algebras. They investigated some of its properties, defined
a —invariant ideal and gave conditions for an ideal to be ¢—invariant. In non-commutative rings, the notion of
derivations is extended to ¢/—derivations, left derivations and central derivations.

In [8] J. Zhan and Y.L. Liu introduced the notion of f—derivations of BCI algebras. In particular they studied the
regular f—derivations in detail and gave a characterization of regular f—derivations and characterized p—semi
simple BCI algebras using the notion of regular f —derivation.

In [9] H.A. Abujabal and Nora O.Alshehri introduced the notion of left derivations of BCI algebras and investigated
regular left derivations in BCI algebras. Recently, we have [10] introduced the notion of derivations on a «/—algebra. In
this paper we introduced the notion of left derivations on ¢/—algebras and they investigated regular left derivations.

2. PRELIMINARIES

Definition 2.1: A ¢ —algebra is a non-empty set X with a constant 0 and a binary operation = satisfying the following
axioms:

lLaxxr =10

20xx =10

xxy=0andyxz =0 = x=uy.

Definition 2.2: Let S be a non empty subset of a —algebra X then, S is called /—sub algebra of X if xxy € .5
forall x,y € 5.

Definition2.3: Let X be a ¢/—algebra and 7 be a subset of X then [ is called /—ideal of X if it satisfies the
following conditions:

1.0e [
2xxyelandyel = el
rxeclandye X = xzx*xyel.
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Definition2.4: Let X be a —algebra. Amap # : X — X is a left —right derivation (briefly (I, r)-derivation) of X
if it satisfies the identity 6(x *y) = (0(x) *y) A (v * 6(y)) for all x.y € X. If § satisfies the identity
Oz xy) = (x*x8(y)) A (6(x)*y)forall z,yy € X, then f is a right-left derivation (briefly (r, I)-derivation) of
X'. Moreover, if # is both a (I, r)- and (r, I)-derivation, then & is a derivation of X .

Definition 2.5: Let f be a derivation of ¢/ —algebraX". An ideal 7of X is said to be §—invariant if #(/) C [ where
O ={0(x) |z eI}

Definition 2.6: A self map # of a (/—algebra X is said to be regular if #(0) = 0.

Definition 2.7: Let (X, *, ) be a d—algebra andz € X . Define 2 % X ={x*a | a € X}. X issaid to be edge
d—algebraifforany r € X,z + X = {x,0}.

Lemma 2.8: Let (X, *, 0) be an edge /—algebra, then z * 0 = x forany x € X.

Lemma 2.9: If (X, %, 0) is an /—algebra, then the condition (= * (2 % y)) =« y = O forall =,y € X holds.

Lemma 2.10: If (X, %, 0) isan J—algebra, then (x * y) * z = (x = z) xy forall z,y, z € X.

Lemma 2.11: Let (X, %, 0) bean ¢J—algebratheny * (y*x) =2 ¥V x,y € X.

3. LEFT DERIVATIONS

In this section we define the left derivations.

Definition 3.1: Let X be a /—algebra. By a left derivation of X we mean a self map £ of X satisfying
Olxxy) = (0(x)*y) AN (By)*xx) Va,yelX.

Example 3.2: Let X = {0, 1,2, 3} be a 4—algebra with Cayley table defined by

#0123
0]0]0]0]0
111]0]1]0
2111103
3131300

0 ifz=0,1,3

Defint—zamapf%‘:X—>be9($):{3 if =2

Then it is easily checked that ¢ is a left derivation of X.
Lemma 3.3: In any (/—algebra X, the following properties hold for all =, v, z € X.

rx(x*x(xxy)) =x*.

zx0=0 = x=0.

({5 2) % (y* 2)) * (2 y) = 0.

<y = Txr<yrzandzxy < 2*T.
((mxy*(zxz))*(z*xy)=0.

(x

(

wz) k(Y *kz) =T *y.
2x0) %0 =x.
cxa=xxb = a=20b
a*xx=bxx = a=2~0
0. Txy=0 = m=1.

RO N MWD ERE

Definition 3.4: A left derivation # of a /—algebra X is said to be regular if 9{0) = 0.
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Lemma 3.5: Every left derivation of a (/—algebra with & * () = = is regular.

Proof: Now
6(0) = 6(0xx)
= (8(0) ) A (8(x) = 0)
= (6(0) * 2) A O(a) (rax0=2)
= O(x) % (B(x) * (H(0) % x))
0(0) = 0(0)=x

If (0) = 0, then nothing to prove. If #(0) £ 0, then #(0) = 6(0) £ 0 #(0) #£ 0.
This is contradiction to the condition, x * x = ().
Hence 6(0) = 0. Therefore, every left derivation of a /—algebra with = % () = 1 is regular.

Lemma 3.6: Let f be a left derivation of a /—algebra X. Then for all z,y € X we have

1. B(x)=x=0(y) xy.
2. O(xxy)=0(z)*y

Proof:
1l Letz,y € X.

Similarly, #(0) = 0(y) *y -~ (2).
From (1) and (2), #(x) * x = 6(y) * y
2. Letx, ¥ € X. Since £ be a left derivation of X

Olzxy) = (0(x)xy) A(B(y)*2)
= (0y*x)* ((0(y) + ) * (0(x) * y))
= Olx)xy

Lemma 3.7: Let £ be a left derivation of a 7—algebra X such that = * 0 = x. Then 0(x) = z if and only if # is
regular.

Proof: Let ¢/ be a regular.

Thatis #(0) =
Now 6(0) = 6(x

which implies &(z) = .
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Conversely, assume #(2:) = x. Then it is clear that #(0) = 0. thus proving that # is regular.

Theorem 3.8: Let £ be a left derivation of a ¢/—algebra X'. Then # is regular if and only if every ideal of X is f-
invariant.

Proof: Let £ be a regular left derivation of a /—algebra X .
Then by lemma 3.7,6¢(x) = «x forallz: € X.
Let ¥ € B(A), where A isan ideal of X

Then y = #(x) for some = € A.
Thus yxx = #(z)*zx
= L%
= 0e A
Theny € Aand(A) C A.

Therefore A is ¢/ —invariant.

Conversely, let every ideal of X be #—invariant.

Thatis #(A) C A. Then #({0}) {0} . Hence #(0) = 0. Therefore # is regular.

Theorem 3.9: Let X be a —algebra. A self map # of X is left derivation if and only if it is derivation.

Proof: Assume that # is a left derivation of a (/—algebra X .

Ol v y) = 0(x) %y = (% 0(y)) * (2% 0(y) % (B() * ).

Oz xy) = (B@)*y) A(xx0(y) - (1).
Olxxy) = O(x)*y
= (z*0(y))
= (0(x) xy) * ((0(z) xy) = (z * 0(y))
= (wx0y) AOz)xy) oo (2).

From (1) and (2), # is a derivation of X

Conversely, let #/ be a derivation of X. Soitisa (, r)— derivation of X.

Now b(x«y) = (0(z)*y) A (x*0(y))
= (z* ()) ((z*8(y)) = (0(z) * y))

= O(x) *
= (9(11) ) ((B(y) * z) = (B(z) * y))
= (0(z) xy) A (0(y) * ).

Hence @ is a left derivation of X.

Definition 3.10: Let X be a /—algebra and &, #5 be two self maps of X. We have #; ¢ #5 : X — X as
(01 06:)(x) = 01(62(2)) V2 € X,

Lemma 3.11: Let (X, *, 0) be a /—algebra. Let £y and £ be two left derivations of X, then £, o 05 is also a left
derivation of X.
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Proof:
(B108s)(xxy) = O(0x(x
= Oil(Ba(z) *y) A (Baly) * 7))
= Oi[(0a(y) * 2) * [(02(y) * x) * Oa(x) x y)]
= (62(0a2()) * y) A O1(02(y)) *
(61 0 B2) () + y) A ({0 092)()*&?)

Hence &1 < &4 is a left derivation of X.
It can be easily proved that

Theorem 3.12: Let (X, %, () be a ¢/ —algebra and 6, 6 are left derivations of X. Thenf); c 6y = 0 ;.

Definition 3.13: Let X be a ¢/ —algebra and ¢/, , 85 be two self maps of X. We define &/, - 5 : X — X as
(0 - 0:)(x)y =0,(x) - Os(x) Ve X,

Theorem 3.14: Let (X, *, 0) be a d—algebra and &, 5 are left derivations of X'. Then €, - 6 = 85 - 6.

Proof: Let X be a /—algebra and &, 85 are left derivations of X .

Now (0 -O)(x*xy) = O (xxy) b(z*y)
= [(Bilz)*y) A (Oi(y) = 2)] - Oa(x * y)

= 0 on simplification ------ (1).
Similarly (02 -0)(zxy) = Oy(x*y) 01(z*y)
0o . (2).

From (1) and (2), (61 - 02) (2 * y) = (62 - 01) (2 * y).

Putting y = O we getforall z € X,

(61 - 02)(x) = (65 - 61)(x). Hence By - B = By - O,

Notation: Der(.X ) denote the set of all left derivations on X .

Definition 3.15: Let #;, 62 € Der( X ). Define the binary operation A as

() A by)(x) = 61(x) A Oy(x).
It is easy to prove that

Lemma 3.16: Let X be a J—algebra and &, 6, are left derivations of X". Then ; A 5 is also a left derivation of X .
Lemma 3.17: Let X be a d—algebra. If f1, 85, 83 € Der(X ). Then

01 A (O AN 8y) = (0 Abs) A B3
Proof: Let X be a ¢/—algebraand &, &, 85 are left derivations of X .

Now (O, AG) ANO3)(xxy) = (BLA0)(xxy) Aby(z*y)
= Oi(z*y) = (O3(x*xy)*x (0, Ab)(zxy))
(01 A BO2)(x +y)
(Ba() * y) * ((B2(2) * y) * (61(2) * y))
O(x)*y e (1).
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Also consider the following

LA (B ANB3)(zxy) = Oi(xxy) A Bz Abg)(x*y)
= Oi(zxy) Aba(z)*y) Abs(x*y))
= Oz = U) A Bs( + y) + ((Os(z + y)) * (B2(x * y)))]
= Oh(x)xy - (2).

This implies that (81 A (B2 A 03)) (2 x y) = ((61 A 82) A 63)(x = y).
Put ¥ = 0. we have

(61 A (62 A B3)) () = ({61 A Ba) A Bs) ().
= Oy A (02 A\ 03) = (01 A O2) A O

From the above two lemmas we obtain the following.
Theorem 3.18 (Der (X ), A) is a semi group.
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