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ABSTRACT

The main objective of this paper is to establish certain summation formulae based on half argument involving Gauss second
summation theorem. The results derived in this paper are of general character.
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A.INTRODUCTION:

The Pochhammer’s symbol is defined by

_— afa+ D(a+2)....(a+k—-1); ifk=1,23....
(@.k) = (@="10=t 1 s ifk=0 (1)
k! ; ifa=1

Generalized Gaussian Hypergeometric function of one variable is defined by

(apk(az)k....(ap)k zK

. . N\
AFB(a1,22,...,a45b1,ba,.. . b2 ) —Zk:() (kb k- —(bp)k !

or

(bu)z) = A BB o) = ((@a)kz*
AFB((a4);(bg);z) = aFs((2))"j=1 5(b)) i1 5 2) = Xgo (bp)k k! 2)
where the parameters b, , b, , ....,bg are neither zero nor negative integers and A , B are non negative integers.

Contiguous Relation is defined by
[Andrews’s p.363 (9.16), E.D. p.51 (10), H.T.F.I. p.103 (32)]

(a-b) oFi(a, b ; ¢; z) = a,F (a+1,b; ¢; 2) - b oFi(ab+1; ¢; 2) 3
Legendre’s duplication formula:

V(mI'(2z) = 2% T (z) F(z+%) )

rG) = =2"1(3) F[2) /T(b) 5)
a- a a+1
=2V G T
©)

Recurrence relation is defined by

T (z+1)=2T (2) (7)
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Gauss second summation theorem is defined by [Prud. 491(7.3, 7.4)]

a+b+1 a+1 b+1
®)

2Fi(a, b ¢; ) ' )F()/T(—)F(—)

a+b+1 a+1 (9)

=200 ) TS /TO T

In a monograph of Prudnikov et al. , a summation theorem is given in the form [Prud. , p.491(7.3,7.5)]

Fi [a b 222 2 = V) TESE) /TS TS + 2 TEE=) /T(@) T(b) | (10)

Now using Legendre’s duplication formula and Recurrence relation for Gamma function, the above theorem can be written in
the form

a+b-1

+b-1 +1 b+2 +1
a . 2 2 an

) ITOITG )/F( 20 420D I'G )F(—)/{F(a)} + (=) /T()]

oFi[a,b; ] 2® l)r(

B MAIN RESULTS OF SUMMATION FORMULAE:

a+b+9 a+1

—, /(a-b) I'(b) [F( ) /T

a+b+9 1

JFi(a,b; 1) = 2br(

{ 8a(—15+23a—9a%+a3+49b—14ab+21a%b+7b%+35ab%+7b3)  8b(-15+49a+7a%+7a3+23b—14ab+35a2b—9b2+21ab?+b3)
(a-b-5)(a-b-3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)(a—b+7) (a-b-7)(a-b-5)(a—b-3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)

A @ 16(15+49a—7a%+7a%+23b+14ab+35a2b+9b%+21ab2+b3) 16(15+23a+9a%+a%+49b+14ab+21a%b—7b%+35ab?+7b3) 1 (12)
2 2" " (a-b-5)(a-b-3)(a-b-1)(a—b+1)(a-b+3)(a—b+5)(a-b+7) (a—-b-7)(a—b-5)(a—b-3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)

a+b+10 1 a+b+10

JFi(a,b; 5= 2P r(EE=

)/(a-b) T(b) [TG) /T(G)

{ 16(—48a+44a%-12a%+a*+48b+168ab—28a’b+28a3b+44b%+28ab?+70a%b?+12b3+28ab3 +b%)
(a—b—6)(a—b—4)(a—b—2)(a—b)(a—b+2)(a—b+4)(a—b+6)(a—b+8)

128b(16a+2a%+a3+16b+7a%b—2b%+7ab%+b3) b+1 a+1 128a(16a—2a%+a3+16b+7a2b+2b%+7ab2+b3)

~(

t a-b_8)(a—b—6)(a—b—4)(a—b—2)(a—b)(@a—b+2)(a—b+4)(a—b+6) =) EEH (a—b—6)(a—b—4)(a—b—2)(a—b)(a—b+2)(a—b+4)(a—b+6)(a—b+8)

16(48a+44a%+12a%+a*—48b+168ab+28a2b+28a3b+44b%—28ab%+70a2b2—12b3+28ab3 +b*) 1 (13)
(a-b-8)(a—b-6)(a—b—4)(a—b—2)(a—b)(a—b+2)(a—b+4)(a—b+6)

a+b+11 a+1

2Fi(a, b; 53) =2°T( M (@-b)I([TG % r HF)
16a(105— 176a+86a —16a +a% —24—b+492ab 72a2b+36a3b+270b2+126a2b2+24b3+84ab3+9b4)
(a—b—-7)(a—b-5)(a—b—-3)(a—b—-1)(a—b+1)(a—b+3)(a—b+5)(a—b+7)(a—b+9)

atb+11 1

,16b(105-24a+270a?+24a3+9a*~176b+492ab+84a%b+86b?~72ab?+126a%b*-16b3+36ab3 +b*)
(a—b-9)(a—b—7)(a—b-5)(a—b—3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)(a—b+7)

r [(E) { 32(105+24a+270a’-24a3+9a*+176b+492ab+84a3b+86b%+72ab%+126a%b?+16b3 +36ab3+b*)

[ ( ) (a—b-7)(a—b—5)(a—b—3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)(a—b+7)(a—b+9)

32(105+176a+86a%+16a3+a*+24b+492ab+72a%b+36a3b+270b%2+126a2b%2—24b3+84ab3+9b*%) ] (14)
(a-b-9)(a—b-7)(a—b-5)(a—b—3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)(a—b+7)

C DERIVATIONS OF SUMMATION FORMULAE (12) TO (14):
Derivation of (12): Substituting ¢ = a+2ﬂ and z = % in equation (2) , we get

(ab)gF(aba+b+9 1)_azF(a+1 b: a+b+9 1) b,Fi(a, b+l ; a+b+9 1)

Now with the help of Gauss second summatlon theorem , we get

a+b+9

LHS =2°T(2) /T(b) [T(2) /TS

{sa(—15+23a—9a2+a3+49b—14ab+21a2b+7b2+35ab2+7b3) b o T IT@) { 16(15+49a—7a%+7a%+23b+14ab+35a%2b+9b2+21ab%+b3) 1
(a-b-5)(a-b-3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)(a—b+7) 2 27 Y(a-b-5)(a—b-3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)(a—b+7)
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16(15+23a+9a2+a3+49b+14ab+21a2b—7b%+35ab2+7b3)

a+b+9 }
(a-b-7)(a—b-5)(a-b-3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)

2 TEZD) /T(b) [T (22 /TE) |

b a+1 8b(—15+49a+7a%+7a%+23b—14ab+35a2b—9b2+21ab2+b3)
TG/ 2 ! (a-b-7)(a—b-5)(a—b—-3)(a—b—1)(a—b+1)(a—b+3)(a—b+5) H

On simplification, we get

a+b+9 1
oFi(a, b —— =2

a+b+9 a+1

)= 2°TEZ2)/(a-b) T(b) [1G) /TS

8a(—15+23a—9a%+a3+49b—14ab+21a%b+7b%+35ab%+7b3) 8b(—15+49a+7a%+7a3+23b—14ab+35a2b—9b%+21ab%+b?)
(a—b—=5)(a—b—3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)(a—b+7) = (a—b—7)(a—b—5)(a—b—3)(a—b—1)(a—b+1)(a—b+3)(a—b+5)
) FE /F(E){ 16(15+49a—7a2%+7a3+23b+14ab+35a%2b+9b%+21ab%+b3) 16(15+23a+9a+a3+49b+14ab+21a2b—7b%+35ab2+7b3)
( 2 ) 2”" (a-b-5)(a-b-3)(a—b-1)(a—b+1)(a—b+3)(a—b+5)(a—b+7) (a-b-7)(a-b-5)(a-b—-3)(a—b—-1)(a—b+1)(a—b+3)(a—b+5)

{

1]

Thus, we prove the result (12)
Similarly, we can prove the other results.
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