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ABSTRACT

In the present paper, we define and study Einstein-Sasakian Projective recurrent spaces and establish several
theorems. We investigate the necessary and sufficient condition for an Einstein-Projective (E-P) space to be Sasakian
recurrent also Einstein- Sasakian (E-S) space is an Einstein-Projective (E-P) space, iff the scalar curvature is equal to
zero.
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1. INTRODUCTION

An n —dimensional Sasakian space S,, (or, normal contact metric space) is an odd dimensional Riemannian space,
which admits a unit killing vector field nisatisfying [4]:

Nij =MNiGik — M Gij» (1.2)

where the comma () followed by an index denotes the operator of covariant differentiation w.r.t. the metric tensor g;;
of the Riemannian space. Also we have the relation:

FrFi =¢8] (1.2)
The Riemannian curvature tensor field Rf}k is given by
ho_af h_ h} m {h}_m h
Rw—@L J mtj_%ik}mj {iﬁﬂlk} (1.3)

a
where 0 =—.
dxJ

The Ricci-tensor and scalar curvature are respectively given by R;; = R{‘jk andR = Ri]-gij.
It is well known that these tensors satisfy the following identities (Tachibana [3]):
FR), = RYF) (1.4)

and

FiaRaj = _RaiFja-
In view of (1.1), the relation (1.2) gives

FeRLF] = —R]
Thus, both S,, and K,, are Riemannian spaces, satisfying all the properties of a Riemannian space.

The Sasakian Conharmonic curvature tensor Tij?k and the holomorphic Sasakian projective curvature tensor Pi?k are
respectively given by [3]:
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Th = Rl + :(Rik‘sjh — Ry 8 + guR" — g Rl + Sy F" — Sy Fl' + Fy St — Fy S+ +28, F + ZFL']'SI?) (1.5)
and
1
Pl = Riy +—(Ru ' = Ry 8] + Sy E' = Sy Fl' + 25, ), (1.6)
where
Si] = FiaRaj .

Let us suppose that a Sasakian space is an Einstein one, then Ricci tensor satisfies

R
=-095, Ra=0 (1.7)
from which, we have

R
Rij,(l = O, Sij,a =0 and Sl] = ; Fl] . (1.8)

If a Sasakian space is an Einstein one, then the Sasakian Conharmonic curvature tensor and Sasakian projective
curvature tensor respectively reduce to the forms:

Efy = Rl + n(n+4) ——(9u 8 — 93 81 + FuF' — Fy i + 2F; F}) (1.9)

and

« Pl = Rl - (gikajh — 9 6" + Fy F" — Fy F! + 2F; F) (1.10)

l]k
In view of equations (1.9) and (1.10), we have

El, =Pl

R
ik t e (98" — gy 8! + Fy F" — Fy F! + 2F; F}") (1.11)

J
Now, we shall use the following definition:
Definition (1.1): a Sasakian space is said to be recurrent if, we have [1]:
RM o — ARE, =0, (1.12)
for some non-zero recurrence vector 4, and is called Sasakian Ricci-recurrent, if it satisfies the relation:
Rij o — AR = 0. (1.13)
Multiplying the above equation by g¥, we get
R, —A,R =0. (1.14)

Remark (1.1): From (1.13), it follows that every Sasakian recurrent space is Sasakian Ricci-recurrent, but the
converse is not necessarily true.

Definition (1.2): a Sasakian space satisfying the relation [6]:
EMja =2 El]k =0, (1.15)

where 4, is a non-zero recurrence vector, will be called an Einstein-Sasakian conharmonic recurrent, or briefly an
E —S* — space.

Definition (1.3): a Sasakian space is called a space of constant holomorphic sectional curvature tensor [3], if the tensor
U}y, defined by

R
Uh = Rl + oo (98 — 988 + Fyc B — Fy F! + 2F; F!) (1.16)
Vanishes identically.

Remark (1.2): In an Einstein-Sasakian space, the curvature tensor Phk coincides with constant holomorphic sectional
curvature.
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2. EINSTEIN-SASAKIAN PROJECTIVE RECURRENT SPACES
Definition (2.1): A Sasakian space satisfying the relation:
* Pl o= A x Pl =0, (2.1)

for some non-zero recurrence vector A, and is called an Einstein-Sasakian projective recurrent space, or briefly an
E — P* — space.

We, now, have the following theorem:

Theorem (2.1): A necessary and sufficient condition for an E — P space to be a Sasakian recurrent space is that the
scalar curvature be equal to zero.

Proof: Suppose that an E — P*space is Sasakian recurrent. Making use of equations (1.7), (1.8) and (1.10) in (2.1), we
get

Rl]k a = /1 [ l]k (glk6 gjk 6l,h +FikF}h ]k Fh + 2 )] (22)

n(n+2)

Since an E — P* space is Sasakian recurrent, equation (2.2) reduces to

—— (g0 — g 6 + Fy E" — Fy F! + 2F; F}) = 0, (2.3)

n(n+4)
which gives R = o, i.e., scalar curvature is zero.
Conversely, if an E — P* space satisfies R = 0, then (2.2) reduces to

— A,RE =0,

l]k a ijk

which shows that the space is Sasakian recurrent.
This completes the proof of the theorem.
Similarly, in view of Theorem (2.1) and equations (1.7), (1.8) and (1.11), we can prove the following theorem:

Theorem (2.2): A necessary and sufficient condition for an E — S = space to be a Sasakian recurrent is that the scalar
curvature be equal to zero.

Theorem (2.3): An E — P = space isan E — S  space, iff the scalar curvature R is equal to zero.

Proof: Suppose that an E — P * space is an E — S = space. Differentiating (1.11) covariantly with respect to x™ and
using (1.7), we get

*Ph

Ej jk a (n+2)(n+4) (g”‘6

ik o — g 6] + Fiijh — Fy F' + 2F; FP). (2.4)

Multiplying (1.11) by A, and subtracting the resulting equation from (2.4), we have

(Ra—2aR)

(n+2)(n+4)

l]k a -4 El]k =* P]k a /1 l]k + j

(9 8" — gju 8 + Fy F' — Fy F! + 2F Fl) (2.5)
Now, making use of the above supposition and (1.7), equation (2.5) reduces to

m(gl,ﬁ — 9 8! + Fy F" — Fy F! + 2F; F{') = 0, which implies R = 0.

Conversely, let us suppose that in an E — P * space, the scalar curvature R = 0.

Hence equation (2.5) reduces to

— AEN =0,

l]k a ijk

which shows that the space is an E — S * space.
This completes the proof of the theorem.
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Theorem (2.4): If a Sasakian space satisfies any two of the following properties:
(i).the space isan E — S * space,
(ii).the space isan E — P * space,
(iii).the scalar curvature is equal to zero, then it must satisfy the third also.
Proof: An E — S = space and an E — P = space are characterized respectively by equations (1.15) and (2.1).
The statement of the above theorem follows in view of equations (1.15), (2.1) and (2.5).

We have the following Lemmas from Walkar [7] and Yano & Bochner [9].

Lemma (2.1): The curvature tensor Ry,;;, satisfies the identity:

Ryijic im = Ruijic mi + Rikim hi — Rimnijk T Rimnigy =0, (2.6)
where Ryijk 1m = Rhijic im -

Lemma (2.2): If a,g, b, are quantities satisfying:

Aqp = ag, and agpb, + ag, b, + a,,bg =0, (2.7)
fora, B,y =12, ....... , N, then either all the a,; are zero, or all the b, are zero.
Making use of the above Lemmas, we shall prove the following theorems:

Theorem (2.5): In an E — P* space, either recurrence vector is gradient, or the space is of constant holomorphic
sectional curvature.

Proof: Differentiating (2.2) covariantly with respect to x”and using equations (1.4), (1.7), (1.8) and (1.10), we get

thjk ab = (Aap + A 4) * Pi?k!
where Ry o & Rl - (2.8)

ijk,ab =
Multiplying (2.8) byg,,; , we have
Rugjcap = (Aap + Aaly) * Py - (2.9)
From (2.9) and the identity (2.6), we get

Aab * Pijicn + Aij * Penap + Ak * Papij =0, (2.10)
where 1, ¥ 4, 5 — g, p-

Equation (2.10) is of the form (2.7), since x Py, =* Pyp;; . Thus, from Lemma (2.2), we prove the Theorem (2.5).
Now, from (1.8) and the Bianchi identity

thjk ,a + Rjilita J + Rliclai,j =0 (211)

we have

h —
Rijk 1= O

Thus, contracting (2.2) with respect to h and a, we get
R
ARl + m(ﬂ] gik — AMigjx + M Fy B — L Fy Fl + 20 F; Fl)=o, (2.12)

Furthermore, sustituting (2.2) in (2.11) and then transvecting with A%, we get

R
A AR + A (g 6 = gy 68 + Fy B = Fy F! + 2Fy F)

L ph R h h a a a a h
+1; ARjik +m(/1 ik —/Ikdj + A E-k -1 ij -1 FakE'h + 22 EaFk)
R
+2, {ARY, +- s (M8l = 2 gy + APy Fl! = 29y Bl + 22°F, Fl')} = o. (2.13)
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Which, in view of (2.12), gives

_R_
n(n+2)

22 Rl +——(gu 8" — g 6 + Fy B! — Ey F! + 2F F{)} = 0, (2.14)
Since 4, is a non-zero vector, in view of Definition (1.3), we have the following:
Theorem (2.6): An E — P* space is the space of constant holomorphic sectional curvature [8].
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