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ABSTRACT

In this paper we introduce g's-closed sets and g's-open sets in bitopological spaces and study some of their
characteristics. Further we introduce and study g’s-continuous maps and gs-irresolute maps in bitopological spaces.

Key words: (i, j)-g"s-closed sets, (i, j)-g"s-open sets, (i, j)-gs-open sets, (i, j)-gs-closed sets (i, j)-oi-g s-continuous maps
and pairwise g’s-irresolute maps.

AMS Mathematics Classification (2000): 51A05.

1. Introduction

A triple (X, 11, T2) where X is non empty set and 14, 1, are two topologies on X is called a bitopological space. Kelly[6]
initiated the study of these spaces in 1963. Fukutake[5] introduced the concept of g-closed sets in bitopological spaces
in 1985. Arya and Nour [1] defined gs-open sets using semi open sets. A. Pushpalatha and K. Anitha [10] introduced
the concept of g's-closed sets in topological spaces.

In the present paper we introduce the concept of g's-closed sets, g“s-open sets, g’s-continuous maps and g’s-irresolute
maps in bitopological spaces.

2. Preliminaries

Throughout this paper X and Y always represent non-empty bitopological space (X, 11, 12) and (Y, o1, 62). For a subset
A of X tj-scl(A) (resp. tj-cl(A) and tj-acl(A),) denote the semi closure (resp. closure and a-closure) of X with respect to
topology ;. In general by (i, j) we mean pair of topologies (t1, 12).

We recall the following definitions:
Definition 2.1: A subset A of a bitopological space (X, 1, 1) is called

(i) (i, j)ag-closed if tj-acl (A) < U whenever A c U and U is t-open
(ii) (i, j)-strongly g-closed if tj-cl(A) = U whenever A < U and U is ti-g-open in X.

Definition: 2.2: A subset of a bitopological space (X, 11, 1,) is called

(i) (i, j)-g-closed [5] if j-cl(A) < U whenever A c U and U is t-open.

(i) (i, j)-sg-closed [9] if T;-scl(A) < U whenever A < U and U is semi open in T;.

(iii) (i, j)-o-closed [4] if 7j-cl(A) < U whenever A < U and U is semi open in ;.

(iv) (i, j)-wg-closed [3] if tj-cl(zi-int(A)) < U whenever A < U and U is t-open.

(v) (i, j)-g"-closed [11] if tj-cl(A) < U whenever A c U and U is t-generalized open.
(vi) (i, j)-gs-closed [8] if T;-scl(A) < U whenever A — U and U is t-open.

(vii) (i, j)-ga-closed [8] if t-acl (A) < U whenever Ac U and U is ti-a-open.

(viii) (i, j)-preclosed[7] if and only if ti-cl(z-intj(A)) = A.

Definition 2.3: Amap f: (X, 11, 1) — (Y, 61, 6,) is called
(i) tiok-continuous [2] if F1(V) e t; for every V e o

(if) (i, j)-ok-sg-continous[9] if the inverse Image of every oy-closed set is (i, j)-sg closed.
(iii) (i, j)-o-gs-continous[8] if the inverse Image of every o\-closed set is (i, j)-gs closed.
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3.9’s-closed sets in Bitopological Spaces

Definition 3.1: A subset of a bitopological space (X, 11, T2) is said to be an (i, j)-g's-closed set if t-scl(A) < U
whenever A c Uand U is gs-open in 1.

Theorem 3.2: Every tj-closed subset of a bitopological space (X, t1, 12) is (i, j)-g"s-closed but the converse need not be
true.

Proof: Let A be a tj-closed set in X. Let U be a gs-open in t; such that A < U. Since A is t-closed, tj-Cl(A) = A,
Tj-cl(A) < U. But tj-scl(A) < 1j-cl(A) < U. Therefore tj-scl(A) < U. Hence A is (i, j)-g’s-closed set.

Example 3.3: Let X = {a, b, c}, 71 = {0, {a}, {b}, {a, b}, X} and 1, = {9, {b, c}, {b}, X}. Then the set A= {c} is (1, 2)-
g*s-closed but not t,-closed in (X, 14, T2) .

Theorem 3.4: If A and B are (i, j)-g"s-closed then A U Biis (i, j)-gs-closed.

Proof: Let U be a gs-open in ;. such that AUB cU. Then A< U and B < U. Since A and B are (i, j)-g"s-closed set
T7j-scl(A) < U and tj-scl(B) < U. Hence tj-scl(A U B) < 1j-scl(A) L tj-scl(B) < U. Therefore A L B is (i, j)-g"s-closed.

Theorem 3.5: In a bitopological space (X, 11, 1), every (i, j)-g's-closed set is (i, j) gs-closed but the converse need not
be true.

Proof: Let Ac U and U is open in t; Since every t-open is t- gs-open and A is (i, j)-g’s-closed, we have T-scl(A) c U.
Therefore A'is (i, j) gs-closed.

Example 3.6: Let X ={a, b, c}, 1 = { ¢, {b}, {b, c}, X}andt, ={ ¢, {a }, {a, c }, X}. Then the subset A= {a} is (1, 2)
gs-closed but not (1, 2)-g”s-closed.

Theorem 3.7: In a hitopological space (X, 11, 1), every (i, j)-g"s-closed set is (i, j) sg-closed but the converse need not
be true.

Proof: Let U be a t;- semi open and A < U. Since every ;- semi open set is - gs-open and A is (i, j)-g"s-closed, we
have t-scl(A) < U. Therefore A is (i, j)-sg-closed.

Example 3.8: In Example 3. 6, the set A = {a, c} is (1, 2)-sg-closed but not (1, 2)-g’s-closed.

Theorem 3.9: In a bitopological space (X, 11, 12), every tj-semi closed is (i, j)-g"s-closed but the converse need not be
true.

Proof: Let A be a (i, j)-semi closed. Let U be a ti-gs-open such that A — U. Since A is t-semi closed, we have ;-
scl(A) =A. Therefore tj-scl(A) < U. Hence A is (i, j)-g"s-closed.

Example 3.10: Let X={a, b, ¢}, 7. = {¢, {b}, {b, ¢}, X} and 1, = {¢, {c}, XJ. Then the subset A = {a, ¢} is (1, 2)-g’s-
closed but not t,-semi closed.

Remark 3.11: The following example shows that (i, j)-g"s-closed set is independent of (i, j)-g-closed set, (i, j)-o-
closed set and (i, j)-g"-closed set.

Example 3.12: Let X = {a, b, c, d}, w1 = {0, {d}, {a c}, {a c, d}, X} and t, = {¢, {b}, {a, b}, {b, d}, {a, b, d}, X}.
Then the subset {d} is (1, 2)-g s-closed set but not (1, 2)-g-closed set and the subset {b} is (1, 2)-g-closed set but not
(1, 2)-g’s-closed set and the subset {a, b, d} is (1, 2)-o-closed set but not (1, 2)-g"s-closed set and the subset {d} is (1,
2)-g’s-closed set but not*(l, 2)-w-closed set and the*subset {b} is (1, 2)-g"-closed set but not (1, 2)-g’s-closed set and
the subset {a} is (1, 2)-g s-closed set but not (1, 2)-g -closed set.

Remark 3.13: The following example shows that (i, j)-g"s-closed set is independent of (i, j)-strongly g-closed set.

Example 3.14: In Example 3.6, the subset {c} is (1, 2)-g"s-closed set but not (1, 2)-strongly g- closed set and the subset
{a} is (1, 2)-strongly g-closed set but not (1, 2)-g"s-closed set.

Remark 3.15: The following example shows that (i, j)-g"s-closed set is independent of (i, j)-ag-closed set and (i, j)-go-
closed set.
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Example 3.16: Let X = {a, b, c}, 71 = {¢, {c}, {a, b}, X} and t, = {¢, {a}, X}. Then the subset A = {a, c} is (1, 2)-ag-
closed set and (1, 2)-ga-closed set but not (1, 2)- g"s-closed set.

Example 3.17: Let X = {a, b, ¢, d, e}, = = {0, {a}, {b}, {a, b} {a, c}, {a, b, c}, X} and 1, = {¢, {a}, {b}, {c}, {a, b},
{b, c}, {a, c}, {a, b, c}, X}. Then the subset {a} is (1, 2)- g's-closed set but not (1, 2)-ag-closed set and (1, 2)-ga-
closed set.

Remark 3.18: The following example shows that (i, j)-g"s-closed set is independent of (i, j)-pre closed set.
Example 3.19: In Example 3.17, the subset {a} is (1, 2)- g"s-closed set but not (1, 2)-pre closed.

Example 3.20: Let X = {a, b, ¢, d}, 71 = {¢, {b}, {a, b}, {b, c} {a, b, c}, X} and 1, = {¢, {a, b}, {a, b, c}, {a, b, d},
X}. Then the subset {a} is (1, 2)-pre closed set but not (1, 2)- g"s-closed set.

Theorem 3.21: A subset A of (X, 11, 12) is (i, j)-g s-closed set iff Tj-scl(A) — A contains no non empty t;-gs-closed set.
Proof: Suppose that F is a non empty ti-gs-closed subset of t;-scl(A) — A. Now F c tj-scl(A) — A. Then F < 1j-scl(A)
N A°. Therefore, F  tj-scl(A) and F < A° Since Fc is t-gs-open set and A is (i, j)-g"s-closed, tj-scl(A) c F°. That is F
< (z-scl(A))°. Hence F < tj-scl(A) N (tj-scl(A))° = ¢. That is F = ¢. Thus 7j-scl(A) — A contains no nonempty 7-gs-
closed set.

Conversely, Assume T;-scl(A) — A contains no nonempty ti-gs-closed set. Let A < U, U is ti-gs-open set. Suppose that
7;-scl(A) is not contained in U. Then tj-scl(A) N U® is a nonempty t;-gs-closed set and contained in tj-scl(A) — A, which
is a contradiction. Therefore tj-scl(A) U and hence A is (i, j)-g"s-closed set.

Theorem 3.22: For each element x of (X, 11, 1), {X} is t-gs-closed or {x}° is (i, j)-g"s-closed.

Proof: If {x} is not ti-gs-closed, then {x}° is not ti-gs-open and a ti-gs-open set containing {x}°is X only. Also ;-
scl({x}°)  X. Therefore {x}"is (i, j)-g"s-closed.

Theorem 3.23: If A is an (i, j)-g's-closed set of (X, 11, 15) such that A c B < tj-scl(A), then B is also an (i, j)-g’s-
closed set of (X, 11, 12).

Proof: Let U be an t-gs-open set of (X, 11, 15) such that B < U. Then A < U. Since A is (i, j)-g’s-closed, T-sCl(A) <
U. We have t-scl(B) < tj-scl(tj-scl(A)) = tj-scl(A) < U. Thus B is also an (i, j)-g"s-closed set of (X, 4, 1).

Remark 3.24: (1, 2)- g's-closed set is generally not equal to (2, 1)-g"s-closed set. For Example, (1, 2)- g’s-closed set #
(2,1)-g"s-closed set in Example 3.6.

The relations between the previous classes of sets are shown in the following diagram

TC10R  — (], JFEE C]050 ) m—— i, - Escloead (i, jrpre-closad

\

(i, jre-clozad (i, B 50l O (i, jre cloz=d

)

{i.jrogclosed A= (i, JFge-closed (i frorclossd (i jirsrongly g<loszd
4. g's-open sets in Bitopological Spaces
Definition 4.1: A subset A of a bitopological space (X, 1, t2) is called (i, j)-g"s-open if A% is (i, j)-g"s-closed.
Theorem 4.2: In a bitopological space (X, 11, 12)

i) Every Tj-open sets (i, j)-g “s-open but not conversely.
ii)  Every (i, j)-g"s-open is (i, j)-gs-open and (i, j)-sg-open

© 2012, IIMA. All Rights Reserved 1993



N. Selvanayaki*/On g*s-closed sets in Bitopological Spaces/ IJMA- 3(5), May-2012, Page: 1991-1995
Theorem 4.3: If A and B are (i, j)-g’s-open sets in (X, 14, 7,) then A N Biis also an (i, j-g’s-open set in (X, 1y, T2).

Proof: Let A and B be two (i, j)-g’s-open sets. Then A® and B® are (i, j)- g's-closed sets. By Theorem 3.4, A° U B® is a
(i, j)-g's-closed set in (X, 11, t5). That is (ANBY isa (i, j)-g's-closed set. Therefore (A N B) is (i, j)-g"s-open set in (X,
Ty, T2)-

5. g's-continuous Maps and g’s-irresolute Maps in Bitopological Spaces

In this section we introduce g’s-continuous maps from a bitopological space (X, 11, t2) into a bitopological space (Y,
01, 62) and study some of their properties.

Definition 5.1: A map f: (X, t1, 1) — (Y, 61, 6) is called (i, j)-6,-g"s-continuous map if the inverse image of every o,
closed set is an (i, j)-g s-closed set.

Defmltlon 5.2: Amap f: (X, 1, 1) — (Y, o1, 67) is called Pairwise g’s-irresoulte, if the inverse image of every (e, k)-
g's-closed sets in Y is an (i, j)- g's-closed sets in X.

Definition: 5.3: A bitopological space (X, 1, 1) is called (i, j)-Tgs-space if every (i, j)-g"s-closed set is Tj-closed.

Theorem 5.4: Ifamap f: (X, 1, 72) — (Y, 01, 62) iS Tj-0K-continuous, then it is an (i, j)-o1-g"s-continuous map but not
conversely.

Proof: Let Vbe ok-closed set in Y, then fl(V) is tj-closed set, since f is tj-oi-continuous. By Theorem 3.2, f1(V) is
(i, j)- g"s-closed. Therefore f s (i, j)-o, -g"s-continuous map.

Example 5.5: Let X = {a, b, ¢}, 1 = {¢, {a}, {b}, {a, b}, X}, 2 = {¢, {b}, {b, c}, X}, let ={p, q,r}, o1 = {¢, {a}, {a,
r}, Y} oz = {0, {p}, {p. r}, Y}. Define a map f: (X, 11, 7o) — (Y, o1, 62) by f(c) = p, f(b) =q, f(a) =r. Then fis (1, 2)-
61- §'s-continuous map but not 1,-6;-continuous.

Theorem 5.6: If amap f: (X, 11, t2) — (Y, 61, 62) is (i, j)-0,-g’s continuous, then it is an (i, j)-oi -gs-continuous map
but not conversely.

Proof: Let V be o-closed set in Y, then £X(V) is (i, j)-g’s-closed in X, since f is (i, j)-o,-gs continuous. By Theorem
3.5, f1(V) is (i, j)- gs-closed in X and so fis (i, j)-o -gs-continuous map.

Example 5.7: Let X = {a, b, c}, 71 = {¢, {a}, {b}, {a, b}, X}, 72 = {¢, {b}, {b, c}, X}, letY = {p, q, r}, 61 = {¢, {p},
{p.r}, Y}, 02 = {0, {p} {p. a}, Y}. Deflneamapf (X, 11, 2) = (Y, 01, 62) by f(a) = p, f(c) =, f(b) = g. Then fis (1,
2)-6,-gs-continuous map but not (1, 2)-6,- g’s-continuous map.

Theorem 5.8: If amap f: (X, 11, 1) — (Y, 61, 62) is (i, j)-0,-g’s continuous, then it is an (i, j)-ox -sg-continuous map
but not conversely.

Proof: Let V be o-closed set in Y, then £X(V) is (i, j)-g’s-closed in X, since f is (i, j)-o,-gs continuous. By Theorem
3.7, F1(V) is (i, j)-sg-closed set in X and so f is (i, j)-o -sg-continuous map.

Example 5.9: Let X = {a, b, ¢}, 7y = {¢, {b}, {b, c}, X}, > = {d, {a}, {a, c}, X}, let Y = {p, q, r}, o1 = {d, {p}, {p, '},
Y3, o2 = {d, {a}, {q, r}, Y}. Define a map f: (X, 11, 12) — (Y, o1, 6,) by f(a) =, f(b) =q, f(c) = p. Then fis (1, 2)-0,-
sg-continuous map but not (1, 2)-c,- g's-continuous map.

Theorem 5.10: If a map f: (X, 11, 12) — (Y, 01, 62) is a pairwise g*s-irresolute, then it is an (i, j)-ox -9 s-continuous
map but not conversely.

Proof Assume that f: (X, 11, 12) — (Y, 01, 02) iS a pairwise g*s- |rresolute Let V be o-closed setin Y. So it is (e, k)
g's-closed in Y by Theorem 3.2. By our assumption, (V) is (i, j)-g's-closed set in X and so f is (i, j)-ox -g’s-
continuous map.

Example 5.11: Let X =Y = {a, b, c}, ©1 = {¢, {b}, {b, c}, X}, ©. = {0, {a}, {a, ¢}, X}, 61 = {0, {b}, {b,c}, Y}, 0, =
{9, {a}, Y}. Define a map f: (X, 11, 1) — (Y, o1, 6) by f(a) = b, f(b) =a, f(c) = c. Then fis (1, 2)-03-g"s-continuous
map but not pairwise g’s-irresolute.

Theorem 5.12: Let f: (X, 11, 72) — (Y, 01, 02) be a map, then the following statements are equivalent
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a) fis (i, j)-ox-g’s-continuous map

b) the inverse image of each o,-open se in Y is (i, j)-ox -g"s-continuous map.
Proof: Assume that f: (X, y, ’Eg) — (Y, 61, 6) is (i, j)-0x-g's- -continuous map. Let G be o,-0pen in Y. Then G is o4~
closed in Y. Since fis (i, j)-ox-g's-continuous map, f(G°) is (i, j)-g's-closed in X. But f(G°) = X- f(G). Thus f*(G) is
(i, j)- g"s-open in X.
Conversely, assume that the inverse image of each o,-open set in Y is (i, j)-g"s-open in X. Let F be any o,-closed set in
Y, then £1(F°) is (i, j)- g"s-open. But f*(F%) = X — £'(F). Thus f*(F) is (i, j)- g"s-closed in X. Therefore fis (i, j)-ox-g"s-
continuous map.
Theorem 5.13: Let (X, 11, 12) and (Z, W, Hp) be any bitopological spaces and Y be a (e, k)-Tg-space, then the
composition g o f : X —Z is (i, j)-Hp-g*s-continuous map, if f: (X, 11, t2) — (Y, 61, 62) is (i, j)-o -g s-continuous map
and g : (Y, 61, 62) = (Z, W, ko) is (&, K)-Hp-g*s-continuous map.
Proof: Let F be - closed in Z. Since g is (e, K)-Mp- g*s- contmuous map, g™ (F) is (e, k) g*s -closed in Y But Y is (e,

k)- Tg*s-space and so g’ (F) is ox-closed in Y. Slnce fis (i, j)-ox -g"s-continuous map, F*(g*(F)) is (i, j)- g's-closed in X.
But (g™ (F)) = (g ° £ )" (F). Therefore (g ° )" (F) is (i, j)-g*s-closed. Hence g ° f is (i, j)-H,-g*s-continuous map.

T~ -COnTinuoEs pairwize g% irresolute

(L, i ~EE-CONTINUOEE e (i, [T ~E S CONLINTOUE e (1, 10 -E5-COR inB0UE
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