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ABSTRACT 
In this paper we have presented a pair of  mixed symmetric dual for a class of nondifferentiable multiobjective 
programming involving square root term like (xTAx)1/2 .We established   weak duality , strong duality  and  converse 
duality theorems with their proofs  under  (Φ, ρ)-univexity and (Φ, ρ)-pseudounivexity assumption. Also the self duality 
theorem with example is established. Discussion on some particular cases shows that our results generalize earlier 
results in related domain. 
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1. INTRODUCTION 
 
Duality theory has played an important role in the development of optimization theory. For nonlinear programming 
problems a number of duals have been suggested, among which the Wolfe dual proposed by Dorn [12] is well known. 
Subsequently Dantzing et al [13] and Bazarra et al [5] established symmetric duality results for convex/concave 
functions. Devi [11], Weir and Mond [34], Mond and Schechter [25] studied non differentiable symmetric duality for a 
class of optimization problem in which the objective function consist of support function. Husain et al [15] have 
formulated a pair of Mond Weir type second order symmetric dual and establish the duality results under pseudo 
convexity –pseudo concavity assumption. 
 
In recent years, several extension and generalization have been considered for classical convexity. A significant 
generalization of convex function is that of in-vex function introduced by Hanson [14]. Bector et al [6] have introduced 
the concept of pre-univex function, univex functions and pseudo-univex function as a generalization of in-vex function. 
Further development on the application of univex function and generalized univex function can be found in Rueda et al 
[28], Mishra [22] and Mishra et al [23], [24]. Ojha[27] has established symmetric duality results for (Φ, ρ)-univex 
function and Thakur et al [32] have  established  second order symmetric duality results for second order (Φ, ρ)-univex 
function .Earlier Chandra  et al [8] had formulated mixed symmetric duality  for a class of nonlinear   programming 
problems. Yang et al [33] have discussed a mixed symmetric duality for a class of nondifferentiable nonlinear 
programming problems. Later on Ahmad [4] has formulated mixed type symmetric dual in multiobjective programming 
problem ignoring nonnegative restriction of Bector et al [7].Very recently Mishra et al [20] and Mishra [21] have 
presented a mixed symmetric first and second order duality in nondifferentiable mathematical programming problem 
under F-convexity. Li et al [18] and Agarwal et al [1] introduced a model of mixed symmetric duality for a class of non 
differentiable multiobjective programming problem with multiple arguments. 
 
In  motivation of  Bector et al.[7], Ahmed [4], Ahmed et al[3], Mishra[21], Ojha[27], Thakur et al [32], Agarwal et al 
[1] and Li et al [18], we formulated a pair of  multiobjective  mixed symmetric dual program using square root term  
and established weak and strong duality and the converse duality theorems under (Φ, ρ)-univexity and  (Φ, ρ)-pseudo-
univexity condition. These results generalized the known works of Thakur et al [32], Mishra et al [20], Mishra [21], 
Agarwal et al [1], Ojha [27], Suneja et al [27], Chandra et al [8], Ahmad et al [4] and Wier and Mond l [30]. 
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2.NOTATION AND PRELIMINARIES 
 
Let  nR  be n-dimensional Euclidean space and  nR+   its nonnegative orthant .The following conventions for vectors 

nRyx ∈,  will be followed throughout this paper: ,ii yxyx <⇔< .,....2,1 ni =  ii yxyx ≤⇔≤ .For any 

vector    we denote ∑
=

=
n

i
ii

T yxyx
1

. 

Let X and Y are open subset of nR  and mR  respectively. Let  ),( yxfi  be a real valued twice differentiable function 

defined on YX ×  . Let  ),(1 yxfi∇  and ),(2 yxfi∇  denote the gradient vectors of ),( yxfi  with respect to first 

variable x and second variable y respectively. Also let  ),(2
1 yxfi∇  and ),(2

2 yxfi∇ denote the Hessian matrix of 

),( yxfi  with respect to the first variable x    and second variable y  respectively.  
 
Let φ  be a real valued function defined on 1+×× nRXX  such that ),,( ∗uxφ is convex on 1+nR  and 

0)),0(,,( ≥ruxφ  for every XXux ×∈),(  and  Rr ∈  . Also let +→× RXXb :  and RR →:ψ
satisfying  00)( ≤⇒≤ uuψ  and )()( aa ψψ −=− . 
 
Let  nRC ⊂   be a compact convex set .The support function of C is defined by }.|max{)|( CyyxCxs T ∈=  
Consider the following multiobjective programming problem (MP): 
 
P :(Primal) Minimize 1 2( ) ( ( ), ( ),....., ( ))rf x f x f x f x=  

Subject to  nRXxxh ⊆∈≤ ,0)(  , where  : , :r rf X R g X R→ →  
 
Let    0X   be the set of all feasible solutions of problem (P); that i.e. }0)(|{0 ≤∈= xhXxX . 
 
Definition 2.1.A vector  0Xx ∈   is said to be an efficient solution of problem (P) if there exists no 0Xx∈  such that 

).()(),()( xfxfxfxf ≠≤  
 
Definition 2.2.A vector  0Xx ∈   is said to be a weakly efficient solution of problem (P) if there exists no 0Xx∈  

such that ).()( xfxf <  
 
Definition 2.3.A vector  0Xx ∈   is said to be a properly efficient  of problem (P)  if  it is efficient  and  there  exists a 

positive constant M such that whenever  )()( xfxf ii <  for 0Xx∈  and for {1,2,... }i r∈ , there exist  at least one  

},...2,1{ pj∈  such that  )()( xfxf jj < and  ))()(()()( xfxfMxfxf jjii −≤− .  
          
Definition 2.4:  A real-valued twice differentiable function RYXyfi →×∗ :),(  is said to be (Φ, ρ)-univex at 

Xu∈ with respect to nq R∈  if for all +→× RXXb : , RRXX n →×× +1:φ , and RR →:ψ  with iρ  is a 

real  number, we have ( , )[ { ( , ) ( , )}]i ib x u f x y f u yψ − ≥ 1( , ; ( ( , )))ix u f u yϕ ∇                                                    (2.1)  
 
Definition 2.5:  A real-valued twice differentiable function   RYXxfi →×∗ :),(  is said to be  (Φ, ρ)-univex at 

Yy∈ with respect to mp R∈  if for all +→× RYYb : , RRYY m →×× +1:φ  and RR →:ψ  with iρ  is a 

real number, we have    ( , )[ { ( , ) ( , )}]i ib v y f x v f x yψ − ≥ 2( , ; ( ( , ), ))i iv y f x yϕ ρ∇                                           (2.2) 
 
Definition 2.6: A real-valued twice differentiable function RYXyfi →×∗ :),(  is said to be  (Φ- ρ)-pseudounivex at 

Xu∈  with respect to nq R∈  if for all +→× RXXb : , RRXX n →×× +1:φ  and RR →:ψ   with iρ is a 

real number ,we have       1( , ; ( ( , ), )) 0i ix u f u yϕ ρ∇ ≥   ( , )[ { ( , ) ( , )}] 0i ib x u f x y f u yψ⇒ − ≥                      (2.3)   
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Definition 2.7: A real-valued twice differentiable function RYXxfi →×∗ :),(  is said to be  (Φ, ρ)-pseudounivex at 

Xy∈  with respect to mp R∈  if for all +→× RYYb : , RRYY m →×× +1:φ ,and RR →:ψ   with iρ is a 

real  number  we have 2( , ; ( ( , ), )) 0 ( , )[ { ( , ) ( , )}] 0i i i iv y f x y b v y f x v f x yϕ ρ ψ∇ ≥ ⇒ − ≥                             (2.4)     
                                                                                                                                                              

                                                                                                                                                                                                                                  
Definition 2.8: A real valued twice differentiable function f    is ),( ρφ - unicave and  ),( ρφ -pseudounicave if f−
is ),( ρφ -univex and ),( ρφ pseudounivex respectively. 
 
Example 2.1: We present here a function which is univex−),( ρφ  function .We can proceed similarly for the other 
classes of function introduced. 
 
Let RXfX →∞= :),,0( defined by xxxf log)( = .Obviously f is non convex. 
 
We have xuf log1)( +=∇ . 
 
Let RRXX →××:φ  defined by ρρφ aayx =)),(;,(  ,  
 

Let  






= −
+

0
),( loglog

log1
uuxx

u

uxb  
if
if

  
0loglog
0)loglog(

≤−
>−

uuxx
uuxx

, and xx 3)( =ψ  

 
We have ).log1())),((;,( uufux +=∇ ρρφ So the definition of univex−),( ρφ function becomes  

3)log1()loglog(3
loglog

log1
≤⇒+≥−×

−
+ ρρ uuuxx

uuxx
u

 

 
It now follows that for 3≤ρ , the function  xxxf log)( =  becomes univex−),( ρφ  function with respect to ψ,b . 
 
Remark 1: 
 
(i) If   we consider the case  1,b ≡  ( , ; ( ( ), )) ( , ; ( ))x u f u F x u f uϕ ρ∇ = ∇  with F is sub linear in third argument, 
then the above definition reduce to   F-convexity and F-pseudo convexity introduced by Mishra [21]. 
 
(ii) If  1,b ≡  ( , ; ( ( ), )) ( , ) ( ))Tx u f u x u f uϕ ρ η∇ = ∇ , where : nX X Rη × → , the above definition reduces to   
η -bonvex function given by Devi [11]. 
 
Definition 2.9: (Schwartz Inequality) 

Let , nx y R∈  and n nA R R∈ ×   be a positive semi definite matrix, then
1 1
2 2( ) ( )T T Tx Ay x Ax y Ay≤ , equality holds 

if for some  0, .Ax Ayλ λ≥ =  
 
3. MIXED SYMMETRIC DUAL PROGRAM 

 
For  N={1,2,…n} and M={1,2,….m},let NJ ⊆1  and ,\ 12 JNJ = MK ⊆1  and 12 \ KMK =  .Let 1J  denote 

the number of elements in  1J  . The numbers 2J , 1K , 2K   are defined similarly. Notice that, if φ=1J , then 

NJ =2  that is 0|| 1 =J , and nJ =|| 2   . It is clear that any nRXx ⊆∈  can be written as, ),( 21 xxx = , 
11 JRx ∈ and 22 JRx ∈  .Similarly for any mRYy ⊆∈   , ),,( 21 yyy = 21 21 , KK RyRy ∈∈ . Let  

RRRf KJ
i →× |||| 11:  and RRRg KJ

i →× |||| 22: are twice continuously differentiable functions. 
 
Now we formulate the following pair of multiobjective mixed symmetric dual programs and prove duality theorems 
under some mild assumptions of ( , )φ ρ -univexity and ( , )φ ρ -pseudo univexity. 
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(SMSP): Mixed Symmetric Primal: 
 

{ }1 2( , , ) ( , , ), ( , , ),......., ( , , )rH x y w Min imize H x y w H x y w H x y w=  

Subject to  1 1 1 1
2

1
[ ( , ) ] 0

r

i i i i
i

f x y C wλ
=

∇ − ≤∑ ,                                                                                                              (3.1) 

2 2 2 2
2

1
[ ( , ) ] 0

r

i i i i
i

g x y C wλ
=

∇ − ≤∑ ,                                                                                                                               (3.2) 

{ }1 1 1 1 1
2

1
( ) ( , ) 0i

r
T

i i i
i

y f x y C wλ
=

∇ − ≥∑ ,                                                                                                                     (3.3) 

{ }2 2 2 2 2
2

1
( ) ( , ) 0i

r
T

i i i
i

y g x y C wλ
=

∇ − ≥∑                                                                                                                    (3.4) 

0),( 21 ≥xx ,                                                                                                                                                                   (3.5) 
1 1 1( ) 1, 1, 2,... .T
i i iw C w i r≤ =                                                                                                                                           (3.6) 
2 2 2( ) 1, 1, 2,... .T
i i iw C w i r≤ =                                                                                                                                         (3.7) 

1,0
1

=> ∑
=

r

i
iλλ                                                                                                                                                              (3.8) 

 
(SMSD):   Mixed Symmetric Dual: 

{ }1 2( , , , ) ( , , ), ( , , ),...., ( , , )rG u v a Ma xmize G u v a G u v a G u v a=  

Subject  to    1 1 1 1
1

1
[ ( , ) ] 0,i

r

i i i
i

f u v E aλ
=

∇ + ≥∑                                                                                                              (3.9) 

2 2 2 2
1

1
[ ( , ) ] 0i

r

i i i
i

g u v E aλ
=

∇ + ≥∑  ,                                                                                                                             (3.10) 

1 1 1 1 2
1

1
( ) [ ( , ) ] 0i

r
T

i i i
i

u f u v E aλ
=

∇ + ≤∑  ,                                                                                                                     (3.11) 

2 2 2 2 2
1

1
( ) [ ( , ) ] 0i

r
T

i i i
i

u g u v E aλ
=

∇ + ≤∑  ,                                                                                                                  (3.12) 

0),( 21 ≥vv   ,                                                                                                                                                                (3.13) 
1 1 1( ) 1T
i i ia E a ≤  ,   ri ,.....2,1=                                                                                                                                     (3.14) 
2 2 2( ) 1T
i i ia E a ≤ , ri ,.....2,1=                                                                                                                                       (3.15) 

1,0
1

=> ∑
=

r

i
iλλ   .                                                                                                                                                        (3.16) 

 
Where   

1 1
1 1 2 2 1 1 1 2 2 2 1 1 1 2 2 22 2( , , ) ( , ) ( , ) (( ) ) (( ) ) ( ) ( )T T T T

i i i i i i i i iH x y w f x y g x y x E x x E x y C w y C w
 

= + + + − − 
 

 

  

1 1
1 1 2 2 1 1 1 2 2 2 1 1 1 2 2 22 2( , , ) ( , ) ( , ) (( ) ) (( ) ) ( ) ( )T T T T

i i i i i i i i iG u v a f u v g u v v C v v C v u E a u E a
 

= + − − + + 
 

 

1 2

1 2

| | | |1 2 1 2 1 1 1 1 2 2 2 2
1 2 1 2

| | | |1 2 1 1 1 1 2 2 2 2 1 2
1 2 1 2

, ( , ), , , ( , ,... ), ( , ,... ),

( , ), ( , ,... ), ( , ,... ), ,

K K
i i i r r

J J
r r i i

R w w w w R w R w w w w w w w w

a a a a a a a a a a a a R a R

λ ∈ = ∈ ∈ = =

= = = ∈ ∈
 

And   1 2 1 2, , , , 1, 2,... .i i i iE E C C i r= are positive semi definite matrices of order 1 2 1 2| |,| |,| | | |J J K and K
respectively. 
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Remark 3.1 

Since the objective function of (MSP) and (MSD) contains the square root terms like 
1
2( )Tx Ax , these problems are 

nondifferentiable programming problems.   
 

For the following theorems let assume ρ  is a real number and  
ii

10 ,φφ are a real valued function defined on  
1|||||| +×× iii JJJ RRR  and

1|||||| +×× iii KKK RRR respectively such that 0)),0(,,(0 ≥rux iiiφ ,for every 
||||),( ii JJii RRux ×∈ . 2,1=i  and 0)),0(,,(1 ≥rvy iiiφ for ||||),( ii KKii RRvy ×∈   and  +∈ Rr  . Let ii bb

10
,   be 

non negative real valued function defined on |||| ii JJ RR × and  
|||| ii KK RR ×  respectable for  2,1=i   

 
We assume that  RRii →:, 10 ψψ  satisfying  00)(0 ≤⇒≤ uuiψ  and  00)(1 ≤⇒≤ uuiψ   and assume that  

ii
10 ,ψψ  are odd function, for 2,1=i . 

 
Theorem 3.1(Weak duality) 
 Let ( , , , , )x y w pλ be feasible solution of   (SMSP) and  ( , , , , )u v a qλ be feasible solution (MSD) and  

(I)  1 1 1

1
[ ( , ) ( ) ]i

r
T

i i i
i

f v E aλ
=

∗ + ∗∑  is 1
0( , )φ ρ  -univex at 1u for fixed 1v , 

(II) 1 1 1

1
[ ( , ) ( ) ]i

r
T

i i i
i

f x C wλ
=

∗ − ∗∑  is  1
1( , )φ ρ  -unicave at 1y  for fixed 1x , 

(III) 2 2 2

1
[ ( , ) ( ) ]i

r
T

i i i
i

g v E aλ
=

∗ + ∗∑  is  2( , )oφ ρ -pseudo univex at 2u  for fixed  2v ,   

(IV) 2 2 2

1
[ ( , ) ( ) ]i

r
T

i i i
i

g x C wλ
=

∗ − ∗∑  is  2
1( , )φ ρ -pseudo unicave at 2y   for fixed  2x , 

(V) 
0

1 1 1 1 1 1( , ; ( , )) ( ) 0Tx u uφ ξ ρ ξ+ ≥ , where 1 1 1 1 1
1

1
( ( , ) )

r

i i i i
i

f u v E aξ λ
=

= ∇ +∑
,
 

(VI)
0

2 2 2 2 2 2( , ; ( , )) ( ) 0Tx u uφ ξ ρ ξ+ ≥ , where 2 2 2 2 2
1

1
( ( , ) )

r

i i i i
i

g u v E aξ λ
=

= ∇ +∑
.
 

(VII)
1

1 1 1 1 1 1( , ; ( , )) ( ) 0Tv y yφ ς ρ ς+ ≤ , where 1 1 1 1 1
2

1
( ( , ) )

r

i i i i
i

f x y C wς λ
=

= ∇ −∑
,
 

(VIII) 2 2 2 2 2 2
1 ( , ; ( , )) ( ) 0Tv y yφ ς ρ ς+ ≤ ,  where 2 2 2 2 2

2
1

( ( , ) )
r

i i i i
i

g x y C wς λ
=

= ∇ −∑  .      

Then  ( , , , ) ( , , , )H x y a G u v wλ λ≥  
 

Proof: Since  1 1 1

1
[ ( , ) ( ) ]i

r
T

i i i
i

f v E aλ
=

∗ + ∗∑   is ),( 0 ρφ -univex at  1u  for fixed 1v and 0>λ ,  

Then for  1 1 1 1 1| | | | | | | | | |1 1 1
0 0: , :J J J J Jb R R R R R R Rφ +

+× → × × →  , RRo →:1ψ  and R∈ρ we have    

0

1 1 1 1 1 1 1 1 1 1 1 1 1 1
0

1
( , ) { [ ( , ) ( ) ( , ) ( ) ]}i

r
T T

i i i i i i
i

b x u f x v x E a f u v u E aψ λ
=

+ − −∑                                                                                                                                                                                

                        1 1 1 1 1 1 1
0 1

1
( , ; ( ( [ ( , ) ], ))

r

i i i i
i

x u f u v E aφ λ ρ
=

≥ ∇ +∑ , for ri ,.....2,1=  .                                               (3.17) 

 
Using (3.11) in hypothesis (V) we get  
 

1 1 1 1 1 1 1
0 11
( , ; ( [ ( , ) ], ) 0r

i i i ii
x u f u v E aφ λ ρ

=
∇ + ≥∑   .                                                                                                 (3.18) 
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So from (3.17) and (3.18) with the property of 1
0

b  and  1
0ψ   we obtain  

∑∑
==

+≥+
r

i
ii

T
ii

r

i
i

T
ii aEuvufaExvxf i

1

11111

1

11111 ])(),([])(),([ λλ  .                                                                 (3.19) 

Now it follows from the ),( 1
1 ρφ  -unicavity of ∑

=

∗−∗
r

i
i

T
ii iwCxf

1

111 ])(),([λ   at  2y   for fixed 2x , for 0>λ  ,

1 1 1 1 1| | | | | | | | | |1 1 1
1 1: , :K K K K Kb R R R R R R Rφ +

+× → × × → , RR →:1
1ψ  and R∈ρ  that  

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 2

1 1
( , ) { [ ( , ) ( ) ( , ) ( ) ]} ( , ; ( [ ( , ) ], ))i

r r
T T

i i i i i i i i i i
i i

b y v f x v v C w f x y y C w v y f x y C wψ λ φ λ ρ
= =

− − + ≤ ∇ −∑ ∑
      

                                                                                                                                                                                          
(3.20) 

Hypothesis (VII) in light of (3.3) implies   

1 1 1 1 1 1 1
1 2

1
( , ; ( [ ( , ) ], )) 0

r

i i i i
i

v y f x y C wφ λ ρ
=

∇ − ≤∑ .                                                                                                   (3.21) 

 
So from (3.20), (3.21)   and with the property of 1

1b   and  1
1ψ  we get  

1 1 1 1 1 1 1 1 1 1

1 1
[ ( , ) ( ) ] [ ( , ) ( ) ]

r r
T T

i i i i i i i
i i

f x v v C w f x y y C wλ
= =

− ≤ −∑ ∑  .                                                                          (3.22) 

 
Subtracting (3.22) from (3.19) we get  

{ }1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1
[( ) ( ) ] [ ( , ) ( ) ] [ ( , ) ( ) ]

r r
T T T T

i i i i i i i i i i i i
i i

x E a v C w f u v u E a f x y y C wλ λ
= =

+ ≥ + − −∑ ∑
 
 .                 (3.23) 

 
Similarly hypothesis (VI) in light of (3.12) implies  

0

2 2 2 2 2 2 2
1

1
( , ; ( [ ( , ) ], )) 0

r

i i i i
i

x u g u v E aφ λ ρ
=

∇ + ≥∑  
.                                                                                                (3.24) 

So the 2( , )oφ ρ -pseudo univexity of 2 2 2

1
[ ( , ) ( ) ]i

r
T

i i i
i

g v E aλ
=

∗ + ∗∑ at 2u  for fixed  2v  and for 

0>λ  , 2 2 2 2 2| | | | | | | | | |2 2 1
0 0: , :J J J J Jb R R R R R R Rφ +

+× → × × →  , RRo →:2ψ  and R∈ρ ,   implies  

( )0

2 2 2 2 2 2 2 2 2 2 2 2 2 2
0 1

( , ) ( , ) ( ) ( , ) ( ) 0i

r T T
i i i i i ii

b x u g x v x E a g u v u E aψ λ
=

 + − − ≥ ∑  

 and by the properties of  2
0b    and  2

0ψ  , we get   

2 2 2 1 1 2 2 2 2 2

1 1
[ ( , ) ( ) ] [ ( , ) ( ) ]

r r
T T

i i i i i i i i
i i

g x v x E a g u v u E aλ λ
= =

+ ≥ +∑ ∑
 
.                                                                   (3.25) 

 
Similarly from (3.4) and from the hypothesis (iv), (viii) with the property of 2

1b and 2
1ψ  , we get                                   

2 2 2 2 2 2 2 2 2 2

1 1
[ ( , ) ( ) ] [ ( , ) ( ) ]

r r
T T

i i i i i i i i
i i

g x v v C w g x y y C wλ λ
= =

− ≤ −∑ ∑   .                                                              (3.26) 

 
 Subtracting (3.26) from (3.25)   we get  

{ }2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

1 1
[( ) ( ) ] [ ( , ) ( ) ] [ ( , ) ( ) ]

r r
T T T T

i i i i i i i i i i i i
i i

x E a v C w g u v u E a g x y y C wλ λ
= =

+ ≥ + − −∑ ∑
          (3.27)

 

Adding (3.23) and (3.27), we obtain       

1 1 1 1 1 1 2 2 2 2 2 2

1
[( ) ( ) ( ) ( ) ]

r
T T T T

i i i i i i i i i
i

x E a v C w x E a v C wλ
=

+ + +∑  

                       
1 1 1 1 1 1 1 1 1 1 2 2

1
{[ ( , ) ( ) [ ( , ) ( ) ] [ ( , )r T T

i i i i i i i ii
f u v u E a f x y y C w g u vλ

=
≥ + − − +∑

 

                                            
2 2 2 2 2 2 2 2( ) ] [ ( , ) ( ) ]}T T

i i i i iu E a g x y y C w+ − − .                                                            (3.28)
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From the Definition 2.9 (Schwartz inequality), we have  
 

1 1
2 21 1 1 1 1 1 2 2 2 2 2 2 1 1 1 1 1 1( ) ( ) ( ) ( ) (( ) ) (( ) )T T T T T T

i i i i i i i i i i i ix E a v C w x E a v C w x E x a E a+ + + ≤
 

               
1 1 1 1 1 1
2 2 2 2 2 21 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2(( ) ) (( ) ) (( ) ) (( ) ) (( ) ) (( ) )T T T T T T

i i i i i i i i i i i iv C v w C w x E x a E a v C v w C w+ + +     (3.29)  
 
Using (3.6), (3.7), (3.14) and (3.15) in (3.29) we obtain   
 

1 1 1 1 1 1 2 2 2 2 2 2( ) ( ) ( ) ( )T T T T
i i i i i i i ix E a v C w x E a v C w+ + +

         

                               

1 1 1 1
2 2 2 21 1 1 1 1 1 2 2 2 2 2 2(( ) ) (( ) ) (( ) ) (( ) )T T T T

i i i ix E x v C v x E x v C v≤ + + +  .                                    (3.30)                                   
 
Using (3.30) in (3.28), we get  
 

1 1 1 1
2 2 2 21 1 1 1 1 1 2 2 2 2 2 2(( ) ) (( ) ) (( ) ) (( ) )T T T T

i i i ix E x v C v x E x v C v+ + +  

                          
1 1 1 1 1 1 1 1 1 1 2 2

1
{[ ( , ) ( ) ] [ ( , ) ( ) ] [ ( , )r T T

i i i i i i i ii
f u v u E a f x y y C w g u vλ

=
≥ + − − +∑                                             

 

                                             
2 2 2 2 2 2 2 2( ) [ ( , ) ( ) ]T T

i i i i iu E a g x y y C w+ − −  
 

1 1
2 21 1 2 2 1 1 1 2 2 2 1 1 1 2 2 2

1
{ ( , ) ( , ) (( ) ) (( ) ) ( ) ( )r T T

i i i i i i i i ii
f x y g x y x E x x E x y C w y C wλ

=
⇒ + + + − −∑  

                                  

1
21 1 2 2 1 1 1

1
{ ( , ) ( , ) (( ) )

r
T

i i i i
i

f u v g u v v C vλ
=

≥ + −∑
1
22 2 2 1 1 1 2 2 2(( ) ) ( ) ( ) }T T

i i i i iv C v u E a u E a− + −  

 

∑ ∑= =
≥⇒

r

i

r

i iiii wvuGayxH
1 1

),,(),,( λλ  

 
That is  ),,,(),,,( wvuGayxH λλ ≥                                                                                                    ⁯ 
 
Theorem 3.2 (Strong Duality): RRRf KJ

i →× |||| 11:  and RRRg KJ
i →× |||| 22:    be thrice differentiable function 

and let  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121
ii wwyyxx λ  be a weak   efficient solution for (SMSP) .Let λλ =ˆ  be fixed in (MSD).Assume 

that (i) the matrix  )( 2
2

1
i

r

i
i f∇∑

=

λ   and )( 2
2

1
i

r

i
i g∇∑

=

λ
 
 are positive definite or negative definite and (ii) the set 

{ }11
2

1
1

1
112 ˆ..,.........ˆ rrr wCfwCf −∇−∇  and { }.ˆ..,.........ˆ 22

2
2
1

2
112 rrr wCgwCg −∇−∇

       
are linearly independent. 

Then there exist ||2||1 21 ˆ,ˆ J
i

J
i RaRa ∈∈

  
such that )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121

ii aayyxx λ  is feasible solution of (SMSD) and the 
two objective values are equal. Also if the hypothesis of Theorem 3.1 are satisfied for  all feasible solution of (SMSP) 
and (SMSD), then  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121

ii aayyxx λ    is properly efficient solution  of (SMSD). 
 
Proof: Since )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121

ii wwyyxx λ   is a weak efficient solution of (SMSP) by Fritz-John constraint condition 
(Mangasarian, (1969)) there exist  

||2||1||2||1 2121 ,,,,,,, JJKKrrr RRRRRRRR ∈∈∈∈∈∈∈∈ ξξββγδτα   

Such that ∑∑
==

=−∇∇++∇
r

i
ii

r

i
iiii yfaEf

1

111
21

1

11
1 )]ˆ)(([]ˆ[ ξγβλα

                                                                 
 (3.31)                                                                                                                                                                       

 ∑ ∑
= =

−∇∇++∇
r

i

r

i
iiiiii ygaEg

1 1

22
21

22
1 )]ˆ)(([]ˆ[ γβλα  ,                                                                                       (3.32) 

                                                                                                                                                                                       

,0]ˆ)ˆ)][([(])ˆ)[ˆ(
1

112
2

1

11
2 ∑∑

==

=−∇+−∇−
r

i
ii

r

i
iiiii yfwCf λγβλγα

                                                                    (3.33) 

,0]ˆ)ˆ)][([(]ˆ)[ˆ(
1

222
2

1

22
2 ∑∑

==

=−∇+−∇−
r

i
ii

r

i
iiiii ygwCg λγβλγα

                                                                   
(3.34)
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0]ˆ[)ˆ( 111
2

11 =−−∇− iiii
T wCfy δγβ ,                                                                                                                    (3.35) 

0]ˆ[)ˆ( 222
2

22 =−−∇− iiii
T wCgy δγβ ,                                                                                                                 (3.36) 

rify i
T

i ,...2,1,0]ˆ)ˆ[( 2
2

11 ==∇− λγβ
  
,                                                                                                                  (3.37)

 rigy i
T

i ,...2,1,0]ˆ)ˆ[( 2
2

22 ==∇− λγβ
                                                                              

                                      (3.38) 
1111111 ˆ2)ˆ(ˆ iiiiiii wCCyyC τλγβα =−+     ,                                                                                                               (3.39)

 2222222 ˆ2)(ˆ iiiii
T

ii wCCyyC τλγβα =−+
 
,                                                                                                           (3.40) 

2
1

111111 )ˆ)ˆ((ˆ)ˆ( xExwEx i
T

ii
T =

     
,
                                                                                                                               

(3.41) 

2
1

222222 )ˆ)ˆ((ˆ)ˆ( xExwEx i
T

ii
T =      ,                                                                                                                           (3.42) 

0]ˆ[)(
1

11
2

1 =−∇∑
=

r

i
iiii

T wCfλβ
  
,                                                                                                                            (3.43) 

0]ˆ[)(
1

22
2

2 =−∇∑
=

r

i
iiii

T wCgλβ  ,                                                                                                                           (3.44) 

0]ˆ[)ˆ(
1

11
2

1 =−∇∑
=

r

i
iiii

T wCfy λγ
   

,                                                                                                                           (3.45) 

0]ˆ[))ˆ((
1

22
2

2 =−∇∑
=

r

i
iiii

T wCgy λγ
   

,  
                                                                                                                    

(3.46) 
riwCw ii

T
ii ,...2,1,0]1ˆ)ˆ[( 111 ==−τ       ,                                                                                                                   

(3.47) 
riwCw ii

T
ii ,...2,1,0]1ˆ)ˆ[( 222 ==−τ    ,                                                                                                                    (3.48) 

,01 =λδ
T

                                                                                                                                                                     (3.49) 

0ˆ2 =λδ
T

  ,                                                                                                                                                                    (3.50) 
0ˆ 11 =ξx ,                                                                                                                                                                       (3.51) 

0ˆ 22 =ξx  ,                                                                                                                                                                     (3.52) 

1ˆˆ 111 ≤ii
T

i wEw  ,                                                                                                                                                              (3.53) 

,1ˆˆ 222 ≤ii
T

i wEw                                                                                                                                                              (3.54) 
0),,,,,( ≥ξδτγβα       ,                                                                                                                                            (3.55) 

and     0),,,,,( ≠ξδτγβα   .                                                                                                                                     (3.56) 
 
Since   0ˆ >λ , from (3.49) and (3.50), we get 0,0 21 == δδ  . Consequently (3.35) and (3.36) implies 

0]ˆ[)ˆ( 11
2

11 =−∇− iii
T wCfyγβ

                                                                                                                               (3.57)
 

and   0]ˆ[)ˆ( 22
2

22 =−∇− iii
T wCgyγβ     .                                                                                                              (3.58) 

 

 

Pre-multiplying (3.33) by Ty )ˆ( 11 γβ −  and then using (3.57) we get  

.0)ˆ)((ˆ)ˆ( 11

1

2
2

11 =−∇− ∑
=

yfy
r

i
ii

T γβλγβ
                                                                                                               

(3.59) 

 
Again pre- multiplying (3.34) by Ty )ˆ( 22 γβ − and then using (3.58) we get 

.0)ˆ)((ˆ)ˆ( 22

1

2
2

22 =−∇− ∑
=

ygy
r

i
ii

T γβλγβ
                               

                                                                             (3.60) 
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Using the hypothesis (i) in (3.59) and (3.60) we get 
 

11 ŷγβ =                                                                                                                                                                         (3.61) 

and  22 ŷγβ =                                                                                                                                                                (3.62) 
 
Therefore using (3.61) and (3.62) in (3.33) and (3.34), we get    

0]ˆ)[ˆ(
1

11
2 =−∇−∑

=

r

i
iiiii wCfλγα

                                                                                                                            
(3.63) 

and   0]ˆ)[ˆ(
1

22
2 =−∇−∑

=

r

i
iiiii wCgλγα

                                                                                                                  
(3.64) 

 
Using hypothesis (ii) in (3. 63) and (3.64)   we get  ii λγα ˆ=     , .,.....2,1 ri =                                                          (3.65)  

 If 0,γ =  then 0=iα , .,.....2,1 ri =   and   (3.61) and (3.62) implies 021 == ββ  
 
Therefore (3.31) and (3.32) implies 021 == ξξ   and (3.39), (3.40) implies 0=iτ , .,.....2,1 ri = .Thus 

0),,,,,( =ξδτγβα   contradicting (3.56). 
 
Hence 0>γ                                                                                                                                                                   (3.66) 
 
Since 0ˆ >iλ   , ri ,....2,1=  (3.65) implies 0>iα , ri ,....2,1=      .                                                                       (3.67)  
 

Again using (3.61), (3.62) in (3.31) and (3.32) it gives 1

1

11
1 ]ˆ[ ξα =+∇∑

=

r

i
iiii aEf   and 2

1

22
1 ]ˆ[ ξα =+∇∑

=

r

i
iiii aEg

 
which by (3.63) and (3. 55) gives  

0]ˆ[
1

1

11
1 ≥=+∇∑

= γ
ξλ

r

i
iiii aEf         ,                                                                                                                         (3.68) 

and       0]ˆ[
2

1

22
1 ≥=+∇∑

= γ
ξλ

r

i
iiii aEg      .                                                                                                             (3.69) 

 

Now 0
ˆ

]ˆ[)ˆ(
11

1

11
1

1 ==+∇∑
= γ

ξλ
Tr

i
iiii

T xaEfx , (using (3.51))                                                                                (3.70) 

and 0
ˆ

]ˆ[)ˆ(
22

1

22
1

2 ==+∇∑
= γ

ξλ
Tr

i
iiii

T xaEgx .  (Using (3.52))                                                                            (3.71) 

 

Also from (3.61), (3.62) and (3.55) we have  0ˆ
1

1 ≥=
γ
βy

 
and 0

2
2 ≥=

γ
βy   .                                                   (3.72) 

 
Hence from (3.53), (3.54) and from (3.68) to (3.72) we conclude that )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121

ii aayyxx λ   satisfies the dual 
constraint from (3.9) to (3.16).So it is  a feasible solution of (SMSD).  
 

Let t
i

i =
α
τ2

     
, then 0≥t  .From (3.39), (3.40), (3.61) and (3.62) we get  

22221111 ˆˆ,ˆˆ iiiiii wtCyCwtCyC ==   .                                                                                                                             (3.73) 
 
This is a condition of Schwartz Inequality (Definition 2.9). Therefore  
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2
1

1112
1

111111 )ˆˆ()ˆ)ˆ((ˆ)ˆ( ii
T

ii
T

ii
T wCwyCywCy = and 2

1
2222

1
222222 )ˆˆ()ˆ)ˆ((ˆ)ˆ( ii

T
ii

T
ii

T wCwyCywCy =   .               (3.74)                                                                                                                    
 

In case 0>iτ , from (3.47) and (3.48) we get 1ˆˆ,1ˆˆ 222111 == ii
T

iii
T

i wCwwCw   and so we get  

2
1

111111 )ˆ)ˆ((ˆ)ˆ( yCywCy i
T

ii
T =   and 2

1
222222 )ˆ)ˆ((ˆ)ˆ( yCywCy i

T
ii

T = .                                                    
 

In case  0=iτ  we get  0
2

== t
i

i

α
τ

   
  , so (3.77) implies 0ˆˆ 2211 == yCyC ii .

 

Hence 0)ˆ)ˆ((ˆ)ˆ( 2
1

111111 == yCywCy i
T

ii
T  and 0)ˆ)ˆ((ˆ)ˆ( 2

1
222222 == yCywCy i

T
ii

T  . 
 

Thus in either case      2
1

111111 )ˆ)ˆ((ˆ)ˆ( yCywCy i
T

ii
T =                                                                                                (3.75) 

and   2
1

222222 )ˆ)ˆ((ˆ)ˆ( yCywCy i
T

ii
T = .                                                                                                                      (3.76) 

 
Therefore   using (3.41), (3.42), (3.75) and (3.76) we get 

 
2221112

1
2222

1
1112211 ˆˆˆˆ)ˆˆ()ˆˆ()ˆ,ˆ()ˆ,ˆ( ii

T
ii

T
i

T
i

T
ii wCywCyxExxExyxgyxf −−+++  

,)ˆˆ()ˆˆ()ˆˆ()ˆˆ()ˆ,ˆ()ˆ,ˆ( 2
1

2222
1

1112221112211 yCyyCyaExaExyxgyxf i
T

i
T

ii
T

ii
T

ii −−+++=
      

                       
 
(3.77)

 for each    ri ,......3,2,1= . 
 
Or   =)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxH i )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aayyxxGi  
for each  ,,......3,2,1 ri =

  
Or     =)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxH )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aayyxxG .                                                                             (3.78) 
 
So the objective values of both problems are equal. 
 
Now we claim that ),ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaayyxx

  
is properly efficient solution for (SMSD). 

 
First we have to show it is an efficient solution of (SMSD). 
 
If this would not be the case, then there would exist a feasible solution )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaavvuu  of (SMSD) such that  

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ()ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121212121 aavvuuGaayyxxG ≤  
 
This by (3.78) gives  
 

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxH )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aavvuuG≤ . 
 
This is a contradiction to Theorem 3.1.Hence ),ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaayyxx  is an efficient solution of (SMSD). 
 
Now we have to claim  ),ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaayyxx  is properly efficient for (SMSD). 
 
For that rewriting the objective function of (SMSD) into minimization form we get  
 

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ(max)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ(min 212121212121 aayyxxGaayyxxG ii −=∗

. 
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If  ),ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaayyxx  were not properly efficient for (SMSD), then for every scalar 0>M , there exist a 

feasible solution   )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaavvuu  in (SMSD) and an index i   such that   
 

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ{ ( , , , , , ) ( , , , , , )} { ( , , , , , ) ( , , , , , )}i i j jG u u v v a a G x x y y w w M G x x y y w w G u u v v a a∗ ∗ ∗ ∗− < −   (3.79)

 
 
and for all  j  satisfying   

<∗ )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxG j )}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aavvuuG j
∗

 ,                                                                                (3.80)

 
 
whenever 

  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aavvuuGi
∗ )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxGi

∗<    .                                                                               (3.81) 
 
This implies  
 )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({ 212121 aavvuuGi )}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxGi−  

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({ 212121 wwyyxxGM j> )}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aavvuuG j−   ,                                                                     (3.82)  

 
for all  j  satisfying   

>)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxG j )}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 aavvuuG j ,                                                                                  (3.83)          

whenever  
)0ˆ,0ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 21212121 == qqaavvuuGi )0ˆ,0ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 21212121 ==> ppwwyyxxGi     .                       (3.84) 

 
Since  0>M   and using (3.83) in (3.82) we   get 

  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({ 212121 aavvuuGi 0)}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 >− wwyyxxGi  .                                                                       (3.85) 
 
Using (3.83) in (3.90) we obtain  

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({ 212121 aavvuuGi 0)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 >− wwyyxxH i  
 

>⇒ )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({ 212121 aavvuuGi )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 wwyyxxH i . 
 
That can be made arbitrary large and for each 0ˆ >iλ ,

 we have  

>∑
=

r

i
ii aavvuuG

1

212121 )}ˆ,ˆ,ˆ,ˆ,ˆ,ˆ({λ̂ )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ(ˆ
1

212121∑
=

r

i
ii wwyyxxHλ

.
 

 
This again contradicts Theorem 3.1.Hence   ),ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121 λaayyxx  is properly efficient solution of (SMSD)  .                                                                                                                                                                                        

                                                                                                                                                                                           ⁭ 
Theorem 3. 3. (Converse Duality).  
 
Let RRRf KJ

i →× |||| 11:  and RRRg KJ
i →× |||| 22: be thrice differentiable function and let  

)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121
ii aavvuu λ   be a weak   efficient solution for (SMSD) .Let λλ =ˆ  be fixed in (SMSD).Assume that  

(i) The matrix   )( 2
1

1
i

r

i
i f∇∑

=

λ   and )( 2
1

1
i

r

i
i g∇∑

=

λ
 
 are positive definite or negative definite and   

(ii) The set { }11
1

1
1

1
111 ˆ..,.........ˆ rrr aEfaEf +∇+∇  and { }.ˆ..,.........ˆ 22

1
2
1

2
111 rrr aEgaEg +∇+∇

 
are linearly 

independent. 
 
Then there exist ||2||1 21 , K

i
K

i RwRw ∈∈
  

such that )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121
ii wwvvuu λ  is feasible solution of (SMSD) and 

the two objective values are equal. Also if the hypothesis of Theorem 3.1 are satisfied for all feasible solution of (SMSP) 
and (SMSD), then  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 212121

ii wwvvuu λ    is properly efficient solution  of (SMSP). 
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Proof: It follows on the lines of Theorem 3.2                                                                                                                          
4. SELF DUALITY 
 
A primal (dual) problem having equivalence dual(primal) formulation is said to be self dual i.e ,if the dual can be recast 
in the form of the primal  .In general (SMSP) and (SMSD) are not self dual without some added restriction on f  and  
g .  

 
Theorem 4.1: Let RRRf KJ

i →× |||| 11: and  RRRg KJ
i →× |||| 22:  be skew symmetric and 1 1 2 2, .i i i iB C B C= =

Then (SMSP) is a self dual. Furthermore if (SMSP) and (SMSD) are dual programs and  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 2121 λwyyxx  is an 

efficient solution of (SMSP), then  )ˆ,ˆ,ˆ,ˆ,ˆ,ˆ( 2121 λwxxyy  is efficient solution of (SMSD) and the values of  two 
objective function  are equal to zero. 
 
Proof: By recasting the dual problem (SMSD) as minimization problem, we have 

(SMSD0):  

1 1
1 1 2 2 1 1 1 2 2 22 2*

1 1 1 2 2 2

( , ) ( , ) (( ) ) (( ) )min ( , , )
( ) ( ) , 1, 2,...

T T
i i i i

i
T T

i i i i

f u v g u v v C v v C vimizeG u v a
u E a u E a i r

  − − + +=  
 − − = 

 

Subject to 1 1 1 1
1

1
[ ( , ) ] 0,i

r

i i i
i

f u v E aλ
=

− ∇ + ≤∑
                                                                                

                               (4.1) 

2 2 2 2
1

1
[ ( , ) ] 0i

r

i i i
i

g u v E aλ
=

− ∇ + ≤∑  ,                                                                                                                            (4.2) 

1 1 1 1 2
1

1
( ) [ ( , ) ] 0i

r
T

i i i
i

u f u v E aλ
=

− ∇ + ≥∑   ,                                                                                                                    (4.3) 

2 2 2 2 2
1

1
( ) [ ( , ) ] 0,i

r
T

i i i
i

u g u v E aλ
=

− ∇ + ≥∑                                                                                                                    (4.4) 

0),( 21 ≥vv                                                                                                                                                                      (4.5) 
1 1 1( ) 1T
i i ia E a ≤  ,   ri ,.....2,1=                                                                                                                                       (4.6) 
2 2 2( ) 1T
i i ia E a ≤ , ri ,.....2,1=                                                                                                                                         (4.7) 

1,0
1

=> ∑
=

r

i
iλλ                                                                                                                                                              (4.8) 

      
 Since ),( 11 vufi and ),( 22 vugi are skew symmetric, the above problem becomes   (SMSD0):          

1 1
1 1 2 2 1 1 1 2 2 22 2*

1 1 1 2 2 2

( , ) ( , ) (( ) ) (( ) )min ( , , )
( ) ( ) ; 1, 2,...

T T
i i i i

i
T T

i i i i

f v u g v u v C v v C vimizeG u v a
u E a u E a i r

  + + +=  
 − − = 

 

Subject to   1 1 1 1
1

1
[ ( , ) ] 0i

r

i i i
i

f v u E aλ
=

∇ − ≤∑
                                                                                              

                  (4.9) 

2 2 2 2
1

1
[ ( , ) ] 0i

r

i i i
i

g v u E aλ
=

∇ − ≤∑                                                                                                                                (4.10) 

1 1 1 1 2
1

1
( ) [ ( , ) ] 0i

r
T

i i i
i

u f v u E aλ
=

∇ − ≥∑                                                                                                                        (4.11) 

2 2 2 2 2
1

1
( ) [ ( , ) ] 0i

r
T

i i i
i

u g v u E aλ
=

∇ − ≥∑                                                                                                                      (4.12) 

0),( 21 ≥vv                                                                                                                                                                    (4.13) 
1 1 1( ) 1T
i i ia E a ≤  ,   ri ,.....2,1=                                                                                                                                     (4.14) 



A. K. Tripathy1* & G. Devi2/ NONDIFFERENTIABLE MULTIOBJECTIVE MIXED SYMMETRIC DUALITY FOR… / IJMA- 3(5), May-2012, 
Page: 1940-1956 

© 2012, IJMA. All Rights Reserved                                                                                                                                                   1952   

2 2 2( ) 1T
i i ia E a ≤ , ri ,.....2,1=                                                                                                                                       (4.15) 

1,0
1

=> ∑
=

r

i
iλλ                                                                                                                                                            (4.16) 

 
This shows that (SMSD0) is formally identical to (SMSP) i.e. the objective function and the constraints are identical 
Thus, the problem (SMSD) becomes self dual. Hence if     ),,,( λwyx  is efficient solution for  (SMSP)   then   

),,,( λwxy  is efficient solution for   (SMSD).By similar argument  ),,,( λayx is efficient solution for (SMSP) 

implies ),,,( λaxy is efficient solution for (SMSD). 
 
If (SMSP) and (SMSD) are dual programs and ),,,( λwyx  is efficient solution, then by theorem 3.2 we get  

),,,(),,,( λλ ayxGwyxH =                                                                                                                                 (4.17) 
 
Now we claim that    0),,,( =λwyxH  
 
From the definition of Schwarz inequality and (3.6), (3.7), (4.14) and (4.15) we have  
 

,))(())(())(()( 2
1

2
1

2
1 111111111111 yCywCwyCywCy i

T
ii

T
ii

T
ii

T ≤≤
                                                                      

(4.18)         
          

2
1

2
1

2
1

))(())(())(()( 212212222222 yCywCwyCywCy i
T

ii
T

ii
T

ii
T ≤≤ ,            

                                                  
(4.19)  

 

,))(())(())(()( 2
1

2
1

2
1 111111111111 xExaEayExaEx i

T
ii

T
ii

T
ii

T ≤≤
                                                                          

(4.20) 
 

,))(())(())(()( 2
1

2
1

2
1 212212222222 xExaEaxExaEx i

T
ii

T
ii

T
ii

T ≤≤
                                                                     

(4.21) 
So   

1 1
2 21 1 2 2 1 1 1 2 2 2 1 1 1 2 2 2( , , ) ( , ) ( , ) (( ) ) (( ) ) ( ) ( )T T T T

i i i i i i i i iH x y w f x y g x y x E x x E x y C w y C w= + + + − −  
                                                                                
 
That implies in light of (4.18) and (4.19)  

1 1 1 1
2 2 2 21 1 2 2 1 1 1 1 1 1 1 1 1 2 2 2( , , ) ( , ) ( , ) (( ) ) (( ) ) (( ) ) (( ) )T T T T

i i i i i i iH x y w f x y g x y x E x x E x y C y y C y≥ + + + − −  
                                                                                                                                                                                          (4.22)        
Similarly  

1 1
2 21 1 2 2 1 1 1 2 2 2 1 1 1 2 2 2( , , ) ( , ) ( , ) ( ) ) ( ) (( ) ) (( ) )T T T T

i i i i i i i i iG x y a f x y g x y x E a x E a y C y y C y= + + + − −  
                                                                                   
 

Which implies 2
1

2
1

))(())((),(),(),,( 2221112211 xExxExyxgyxfayxG i
T

i
T

iii +++≤  

                                                                                  
2
1

2
1

))(())(( 222111 yCyyCy i
T

i
T −−                                        (4.23)   

Hence from (4.17) (4.22)  and (4.23) we get     
2
1

2
1

))(())((),(),(),,(),,( 2221112211 xExxExyxgyxfayxGwyxH i
T

i
T

iiii +++==  

                                                                                  
2
1

2
1

))(())(( 222111 yCyyCy i
T

i
T −−                                        (4.24)   

 
Similarly ),,,( λaxy is also efficient solution for (SMSP) and (SMSD) implies  

2
1

2
1

))(())((),(),(),,(),,( 2221112211 yEyyEyxygxyfayxGwyxH i
T

i
T

iiii +++==  

                                                                                  
2
1

2
1

))(())(( 222111 xCxxCx i
T

i
T −−  

2
1

2
1

2
1

2
1

))(())(())(())((),(),( 2221112221112211 xExxExyCyyCyyxgyxf i
T

i
T

i
T

i
T

ii −−++−−=  
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                                                                                                                                                                                          (4.25)    
 
Now adding (4.24) and (4.25) we get 0),,(),,( == ayxGwyxH ii                                                       ⁭ 
 
Example 4.1: Let 1 2 1 2

1 2 3 1 2 33, 1, ( , ), , ( , ),n m r x x x x x y y y y y= = = = = = =
 

1 2 1 2( , ) x x y yf x y e e e e= + − −
 
  , 3 3( , ) sin sing x y x y= − ,

 
1 1 2 2

2 1
, (1).

1 1
E C E C 

= = = = 
        

1 11 1 2 2
3 3

2 2

, , ,
w z

w z w w z z
w z
   

= = = =   
   

 

 
Then the problem (MSP) and (MSD) become  
 
Primal Problem (MSP) 

1 2 1 2 2 2
3 3 1 1 2 2

3 1 2 1 1 2 2 3 3

sin sin 2 2min
(2 ) ( )

x x y ye e e e x y x x x ximize
x y y w y y w y w

 + − − + − + + + 
 
+ + + + + +  

 
 
Subject to                      1

1 22 0ye w w− − − ≤   ,                                                                                                       (4.26) 
2

1 2 0ye w w− − − ≤ ,                                                                                                                                                  (4.27) 

3 3cos 0,y w− − ≤
                                                                                                                                                     

(4.28) 
1

1 1 1 1 22 0,yy e y w y w− − − ≥                                                                                                                                     (4.29) 
2

2 2 1 2 22 0yy e y w y w− − − ≥   ,                                                                                                                                 (4.30) 

3 3 3 3cos 0y y y w− − ≥ ,                                                                                                                                            (4.31) 
2 2

1 1 2 22 2 1w w w w+ + ≤  , 3 1w ≤   ,                                                                                                                         (4.32) 

2 3( , ) 0x x ≥   ,                                                                                                                                                             (4.33) 
                                                                                              
Dual Problem (MSD) 
 

1 2 1 2 2 2
3 3 1 1 2 2

3 1 2 1 1 2 2 3 3

sin sin 2 2max
(2 ) ( )

u u v ve e e e u v v v v vimize
v u u a u u a u a

 + − − + − − + + 
 
− + + + + +  

  

 
Subject to  1

1 22 0ue a a− − − ≥ ,                                                                                                                               (4.34) 

2
1 2 0ue a a− − − ≥   ,                                                                                                                                                  (4.35) 

3 3cos 0u a− − ≥ ,         
                                                                                                                                             

(4.36) 

1
1 1 1 1 22 0uu e u a u a− − − ≤ ,                                                                                                                                       (4.37) 

2
2 2 1 2 22 0uu e u a u a− − − ≤  ,                                                                                                                                    (4.38) 

3 3 3 3cos 0u u u a− − ≤  ,                                                                                                                                             (4.39) 
2 2

1 1 2 22 2 1a a a a+ + ≤  , 3 1a ≤  ,                                                                                                                            (4.40) 

2 3( , ) 0v v ≥ ,                                                                                                                                                                (4.41) 

                                                                                                               
Clearly ( , ) ( , )f x y f y x= − ,  Therefore the problem (S P) is a self dual and hence theorem 4.1 is applicable for this 
pair.  
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5. SPECIAL CASE 
 
(i) If  0||,0|| 22 == KJ  ,then our problem reduces to a pair of (MP) and (MD) given by Thakur et al(2011). 
 

(ii) If we take }1;{ ≤= jj
i

Tjjj
i

j
i yEyyEC where ,j

iE  are positive semi definite matrices, and  

)|()( 2
1

j
i

jjj
i

Tj CxsxEx =  and ),|()( 2
1

j
i

jjj
i

Tj DysyCy = 2,1,,.....2,1 == jri . 
Ib == ψ,1 , j

i
j

i
j

i
j

i
j

i
j

i waEzwC == ,   with ))(;,())),((;,( ufuxFufux ∇=∇ ρφ  for 0=ρ  

and 2,1,,.....2,1 == jri , then our problem (SMSP) and (SMSD) reduces to the pair of dual and dual results given by 
Li (2011)  , .Mishra et al.(2006)  and  Mishra(2007). 
 

(iii) If we take }1;{ ≤= jj
i

Tjjj
i

j
i yEyyEC where ,j

iE  are positive semi definite matrices and  

)|()( 2
1

j
i

jjj
i

Tj CxsxEx =  and ),|()( 2
1

j
i

jjj
i

Tj DysyCy = 2,1,,.....2,1 == jri . 
Ib == ψ,1 , 22222 , iiii

j
ii waEzwC ==   ,  

qvufvufaEpyxfyxfwC iiii ),(),(,),(),( 112
1

11
1

11112
2

11
2

11 ∇+∇=∇+∇=  
with ))(;,())),((;,( ufuxFufux ∇=∇ ρφ  for 0=ρ , 
 
then our problem (MMSP) and (MMSD) reduces to the problem (MP) and (MD) given by Agarwal et al (2011). 
 

(iv) If 0||,0|| 22 == KJ , )|()( 2
1

ii
T CxsxEx = , ),|()( 2

1

ii
T DysyCy = iiiiii waEzwC == ,  

,,.....2,1 ri =  then the  problem (MMSP) and (MMSD) reduces to a pair of problems (MP) and (MD)  and its results 
given by Ojha (2010). 
 
(v) If ))(;,())),((;,( ufuxFufux ∇=∇ ρφ  for 0=ρ , 0||,0|| 22 == KJ , Ib == ψ,1   and, 

riEC ii ,...2,1,0 ===   then  the  problem (SMSP) and (SMSD) reduces to a pair of problems (MP) and (MD)   and 
the results studied by Suneja et al (2003) and  dual given by Chandra et al(1998). 
 
(vi) If  0||,0|| 22 == KJ , Ib == ψ,1  and  ))(;,())),((;,( ufuxFufux ∇=∇ ρφ  for 0=ρ  in (SMSP) and 

(SMSD) ,then we obtain a pair of  nondifferentiable  symmetric dual in multiobjective program considered by Ahmad et 
al (2005). 
 
(vii) If we set 0||,0|| 22 == KJ    in (SMSP) and (MSD, then we obtain a pair of first order symmetric dual  
nondifferentiable multiobjective programs considered by Mond et  al ( 1991). 
 
5.  CONCLUSION 
 
In this article, a new pair of nondifferentiable multiobjective mixed symmetric dual programs is presented and duality 
relations between primal and dual problems are established. The results developed in this paper improve and generalize a 
number of existing results in the literature. The results discussed in this paper can be extended to second order and higher 
order as well as to other generalized convexity assumptions .These results can be extended to the case of continuous- 
time problems as well. 
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