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ABSTRACT 

A (p, q) graph G = (V, E ) is said to be (k,d) arithmetic, where k and d are positive integers if its p vertices admits a 
labeling of distinct non negative integers such that the values of the edges obtained as the sum of the labels of their end 
vertices form the set{ k, k+d, …,k+ (q-1)d}. In this paper we prove that  𝑃𝑃𝑛𝑛2,  (𝑃𝑃𝑛𝑛 ;𝐾𝐾1), (Pn ; S1) , (Pn ; S2 ) and (Pn,; S3 )  
are arithmetic graphs. 
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1. INTRODUCTION 
 
For all terminology and notation in graph theory we follow [3]. Graph labeling where the vertices are assigned values 
subject to certain conditions. Labeled graphs serve as mathematical models for a broad range of applications such as 
coding theory, inducing the design of good radar type’s codes. Labeled graphs have also been applied in x – ray 
crystallographic analysis, to design a communication network addressing system. 
 
B.D. Acharya and S.M. Hedge [1, 3] have introduced the notion of (k, d) arithmetic labeling of graphs. For a non 
negative integer k and positive integer d, a (p, q) graph G = (V, E ), a (k, d) arithmetic labeling  is an injective mapping 
f : V(G) → {0,1,2,…}, where the induced edge function  𝑓𝑓∗: E(G) → {k, k+d, k+2d,…, k+(q-1)d } such that  
𝑓𝑓∗(uv) =f(u) + f(v) for all uv∈E(G) is also injective. If a graph G admits such a labeling then the graph G is called(k, d) 
arithmetic graph. The greatest integer less than or equal to the real number x is denoted by x. The greatest integer 
greater than or equal to the real number x is denoted by x. 
 
Consider the following path related graphs. [2] 
1. 𝑃𝑃𝑛𝑛𝑘𝑘 , the kth  power of Pn is the graph obtained from the path Pn by adding edges that  join all vertices u and v with 
    degree of (u, v)  = k. 
2. The graph (𝑃𝑃𝑛𝑛 ;𝐾𝐾1) is obtained from a path Pn by joining a pendant edge at each vertex of the path. 
3. Let Sm be a Star graph with vertices v,w1,…wm .Define (Pn ; Sm) the graph obtained from n  copies of Sm and the path     
    Pn: u1u2…un by joining uj the vertex v of the jth copy of Sm by means of an edge, for 1 ≤ m  ≤ 3, 1 ≤  j  ≤  n.  
 
For example (P4; S2) is shown in Figure 1. 

 
 

Figure 1. 
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2. ARITHMETIC GRAPH OF  𝑷𝑷𝒏𝒏𝟐𝟐 
 
In [5] Jinnah and Singh noted that  𝑃𝑃𝑛𝑛2 is additively graceful, that is k = 1 and d = 1. 
 
In this paper we prove that Pn

2 is a (k,d) arithmetic graph for all k ≥ d. 
 
Theorem 2.1: For all positive integer n,  k  ≥  d, k and d are  either both  even or odd positive integers, 𝑃𝑃𝑛𝑛2 is a (k, d) 
arithmetic graph. 
 
Proof: Denote the vertices of the path Pn as u1, u2,…,un. 
 
Define a labeling f: V (Pn) → {0, 1…} such that  
 
                       f(u1) = 𝑘𝑘 − 𝑑𝑑

2
,  f(u2) = k – u1,  f(ui) = ui – 1  + d,  3 ≤ i ≤  n. 

 
             𝑓𝑓∗(E(𝑃𝑃𝑛𝑛2)) = {k, k+d,…,k+(q-1)d}. 
 
Hence 𝑃𝑃𝑛𝑛2 is (k, d) arithmetic graph. 
 
For example, (6,4) arithmetic labeling of 𝑃𝑃5

2 using the above theorem is shown in Figure 2. 
 

                                                   
Figure 2. 

 
𝑓𝑓∗(E (𝑃𝑃5

2)) = {6, 10, 14, 18, 22, 26, 30}. 
 
3. ARITHMETIC GRAPH OF (Pn; k1 ) 
 
Theorem 3.1: For all positive integer k, d and n (Pn; K1) is a (k,d) arithmetic if  

                    � 𝑘𝑘 < 𝑑𝑑;         𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎  𝑘𝑘  𝑎𝑎𝑎𝑎𝑎𝑎   𝑑𝑑
 𝑘𝑘 > 𝑑𝑑;     𝑘𝑘 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑑𝑑

�                                                                               

 
Proof: Denote the vertices of the path Pn as u1, u2,…,un. Let v1,v2,…,vn be the vertices of the pendant edges. 
 
Define a labeling f: V(𝑃𝑃𝑛𝑛;𝐾𝐾1)  → {0, 1,…} such that  
 
  f(u1)  = 0, f( u2 i) = k + (2 i – 1 ) d,  1 ≤ i ≤   𝑛𝑛

2
  

                             f(u2i  + 1) = 2id,  1 ≤ i <  𝑛𝑛
2

  and 
                             f(v1) = k,   f(v2 i ) = ( 2 i -  1)d,  1 ≤ i ≤   𝑛𝑛

2
 ,   

                             f (v2 i + 1) = k + 2id, 1 ≤ i <  𝑛𝑛
2

   
 
Hence (𝑃𝑃𝑛𝑛 ;𝐾𝐾1)  is (k, d) arithmetic graph. 
 
For example, (5, 3) arithmetic labeling of  (𝑃𝑃4 ;  K1) is shown in Figure 3.  

 

 
 

Figure 3. 
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4 ARITHMETIC GRAPH OF (Pn ; S1) 
 
Theorem 4.1: For all positive integer k, d and n (Pn ; S1)is a (k,d) arithmetic if     
 

                                                 �
𝑘𝑘 < 𝑑𝑑;         𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎  𝑘𝑘  𝑎𝑎𝑎𝑎𝑎𝑎   𝑑𝑑

 𝑘𝑘 > 𝑑𝑑;     𝑘𝑘 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑑𝑑
�  

 
Proof: Denote the vertices of the path Pn as u1, u2,…,un. Let v1, v2,…,vn  and w1, w2,…,wn  be the vertices of the Star S1. 
          
Define a labeling f: V(Pn ; S1) → {0,1,…} such that  
 
  f( u2 i) = ( 3 i – 2 ) d, 1  ≤  i  ≤    𝑛𝑛

2
  

                             f(u2 i -1 ) =  k + (3 i – 2 ) d, 1  ≤  i  ≤  𝑛𝑛
2

    ,  
                             f(v1 ) = 0,  f(v2 i ) = k + ( 3 i -  1) d,  1  ≤  i  ≤    𝑛𝑛

2
   ,   

                             f( v2 i + 1 ) = 3 i d, 1  ≤  i  ≤    𝑛𝑛
2

        
                             f(w1 ) = k ,  f(w2 i ) = ( 3 i -  1)d, 1  ≤  i  ≤    𝑛𝑛

2
  , and 

                             f( w2 i + 1 ) = k +  3 i d, 1  ≤  i  ≤    𝑛𝑛
2

     
 
Hence (Pn ; S1 )  is (k, d) arithmetic graph. 
 
For example, (3, 5) arithmetic labeling of (P4; S1) is shown in Figure 4.  
 

 
 

Figure  4. 
 
5. Arithmetic graph of (Pn ; S2) 
 
Theorem 5.1: For all positive integer k,d, and n, the graph (Pn ; S2)is (k, d) arithmetic if    

 

                        � 𝑘𝑘 < 𝑑𝑑;         𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎  𝑘𝑘  𝑎𝑎𝑎𝑎𝑎𝑎   𝑑𝑑
 𝑘𝑘 > 𝑑𝑑;     𝑘𝑘 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑑𝑑

� 

 
Proof: Denote the vertices of the path Pn as u1, u2,…,un. Let v1,v2,…,vn  and w1,w2,…,w2n   be the vertices of the Star 
S2. 
 
Define a labeling f : V((Pn ; S2)   → {0,1,…} as follows 

                               f (ui )= �
2 𝑖𝑖 𝑑𝑑,          𝑖𝑖𝑖𝑖    𝑖𝑖   𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜 , 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

𝑘𝑘 + (2 𝑖𝑖 − 3 )𝑑𝑑, 𝑖𝑖𝑖𝑖 𝑖𝑖  𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 , 2 ≤ 𝑖𝑖 ≤ 𝑛𝑛
� 

                               f (vi )= �(2 𝑖𝑖 − 1) 𝑑𝑑,          𝑖𝑖𝑖𝑖    𝑖𝑖   𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 , 2 ≤ 𝑖𝑖 ≤ 𝑛𝑛
𝑘𝑘 + 2(𝑖𝑖 − 1)𝑑𝑑,   𝑖𝑖𝑖𝑖  𝑖𝑖   𝑖𝑖𝑖𝑖  𝑜𝑜𝑜𝑜𝑜𝑜 ,   1 ≤ 𝑖𝑖 ≤ 𝑛𝑛

� 

                               f (wi )= �
(𝑖𝑖 − 1 )𝑑𝑑          𝑖𝑖𝑖𝑖   𝑖𝑖 ≡ 1,2 (𝑚𝑚𝑚𝑚𝑚𝑚 4 )  ,

  𝑘𝑘 + (𝑖𝑖 − 1)𝑑𝑑, 𝑖𝑖𝑖𝑖   𝑖𝑖 ≡ 0,3 (𝑚𝑚𝑚𝑚𝑚𝑚 4)   , 1 ≤ 𝑖𝑖 ≤ 2𝑛𝑛
� 

 
Hence (Pn; S2) is (k, d) arithmetic graph. 
 
For example, (2, 3) arithmetic labeling of (P4; S2) is shown in Figure 5. 
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Figure 5. 
 𝑓𝑓∗(E (P4; S2))   = {2,5,8,11,14,17,20,23,26,29,32,35,38,41,44} 

 
 
6. Arithmetic graph of (Pn; S3) 
 
Theorem 5.1: For all positive integer k ,d, and n, the graph (Pn ; S3)is (k, d)     
       

                       arithmetic if      �
𝑘𝑘 < 𝑑𝑑;         𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎  𝑘𝑘  𝑎𝑎𝑎𝑎𝑎𝑎   𝑑𝑑

 𝑘𝑘 > 𝑑𝑑;     𝑘𝑘 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑑𝑑
� 

 
 
Proof: Denote the vertices of the path Pn as u1, u2,…,un. Let v1,v2,…,vn  and w1,w2,…,w2n   be  vertices of the Star S3. 
 
Define a labeling f: V ((Pn; S3)   → {0,1,…} as follows 
 
                   f(u2i -1) = (5i - 2) d,  1 ≤ i ≤   𝑛𝑛

2
 ,      

                   f(u2i) =  k + (5i - 4) d,  1 ≤ i ≤   𝑛𝑛
2

  , 
                   f(v2i  -1) =  k + 5 (i - 1) d,  1 ≤ i <    𝑛𝑛

2
  ,      

                   f(v2i) = (5i - 1) d,  1 ≤ i ≤   𝑛𝑛
2

 ,       

                   f (wi)= �
(𝑖𝑖 − 𝑗𝑗 )𝑑𝑑          𝑖𝑖𝑖𝑖   𝑖𝑖 ≡ 1,2 ,3(𝑚𝑚𝑚𝑚𝑚𝑚 6 )  ,

𝑘𝑘 + (𝑖𝑖 − 1 − 𝑗𝑗)𝑑𝑑, 𝑖𝑖𝑖𝑖   𝑖𝑖 ≡ 0,4,5 (𝑚𝑚𝑚𝑚𝑚𝑚 6)   , 1 ≤ 𝑖𝑖 ≤ 3𝑛𝑛
�                                                                                            

where j =    𝑖𝑖
6
 

 
Hence (Pn; S3) is (k, d) arithmetic graph. 
 
For example, (4, 3) arithmetic labeling of (P4; S3) is shown in Figure 6. 
 

 
 

 
Figure 6. 

f *(E(P3,S3) = {4,7,10,13,16,19,22,25,28,31,34,37,40,43} 
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