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ABSTRACT

The two dimensional oscillatory MHD flow of a visco-elastic incompressible electrically conducting fluid past a
porous vertical plate with periodic suction when the free stream velocity and temperature vary periodically with time
has been investigated analytically. A magnetic field of uniform strength is transversely applied to the plate. The
magnetic Reynolds number is assumed to be small so that the induced magnetic field can be neglected. The multi-
parameter perturbation scheme is used to solve the governing equations. The expression for dimensionless velocity,
temperature and skin friction at the plate has been obtained and numerically worked out for different values of flow
parameters involved in the solution. The dimensionless velocity has been presented graphically and skin friction at the
plate has been presented numerically for various values of visco-elastic parameter with the combination of other flow
parameters.
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INTRODUCTION:

The theory of unsteady boundary layer flow draw the attention of many researchers as the boundary layer responses to
imposed fluctuations in plate suction. Nanda and Sharma (1) has extended the above theory to the case of free
convection boundary layers along a semi- infinite vertical plate. Watson (2) has generalized the Lighthill’s (3) problem
to the case of a flow against a flat plate normal to the stream and having an arbitrary transverse motion.

The effects of free convection currents on the unsteady motion past an infinite vertical plate in the presence of constant
suction has been analyzed by Soundalgekar (4). Stuart (5) has derived some interesting results concerning skin friction
and temperature for an oscillatory flow past an infinite plate with constant suction. The oscillations in the flow were
induced by a time dependent free stream velocity. Messiha (6) has extended Stuart’s work to the case of periodic plate
suction. The study of an unsteady MHD free convection flow of viscous incompressible electrically conducting fluid
past an infinite vertical porous plate with constant suction in presence of heat sink has been studied by Sahoo et al. (7).
The flow of an electrically conducting viscous incompressible fluid between two parallel flat porous plates in presence
of a time varying pressure gradient has been investigated by Kishore et. al.(8). Ahmed et. al. (9) have studied the
laminar boundary layers in oscillatory MHD flow past a porous vertical plate with periodic suction.

The aim of the present paper is to investigate the combined effects of viscous energy dissipation and magnetic
dissipation in presence of oscillatory plate-suction and periodic free stream velocity on the flow and heat transfer of an
electrically conducting visco-elastic incompressible fluid characterized by Walters liquid (Model B').

The constitutive equation for Walters liquid (Model B') is
(1.1)

Gik = _pgik + Znoeik - Zkoe,ik

where o'* is the stress tensor, p is isotropic pressure, g;. is the metric tensor of a fixed co-ordinate system x!, v' is the
velocity vector, the contravariant form of e'* is given by
ik delk

ik — m ik k Lim i amk
e = It +v €m —Vm€& —Vnp€ (1.2)
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It is the convected derivative of the deformation rate tensor e'* defined by

ik — i k
2% = vy +vj

(1.3)

Here 1, is the limiting viscosity at the small rate of shear which is given by

o = J; N(Ddt and k, = [, tN(Ddr, (1.4)

N(t) being the relaxation spectrum as introduced by Walters (10, 11). This idealized model is a valid approximation of
Walters liquid (Model B') taking very short memories into account so that terms involving

fow‘EnN(‘E)d‘E, n=2
have been neglected. (1.5)

MATHEMATICAL FORMULATION:

We consider the flow of a visco-elastic incompressible electrically conducting fluid past an infinite porous vertical
plate with the fluid region. The suction velocity is in the negative Y direction and varies periodically with time about a
non-zero constant mean. The flow being incompressible, the density varies with the temperature only in the bouncy
term where Boussinesq approximation is used. All of the quantities, except possibly the pressure p, are independent of
X. Also, a magnetic field of uniform strength B, is applied transverse to the direction of the free stream flow. With the
foregoing assumptions, the equations governing flow and heat transfer for the present problem become

[ _, az +gpB(T—T,)+0B3(U—1) —k o’u +‘a3ﬁ 21
p ay =p5t h552 gpB ») + 0B u o|7ea52 TV oy (2.1)
o[0T, T OT (aa)2+ BT -1 —k, |2 o'u , _ouolu -
Ple 5t +Vay| = Koy THiGy) +oBolU- W~k |5eaas TV oy ay2 22)

where ¥ = —v (1 + eAe'®"), p is the fluid density, g is the acceleration due to gravity, Cp is the specific heat at
constant pressure, K is the thermal conductivity of the fluid medium, T is the fluid temperature, o is the electrical
conductivity of the fluid, B is the coefficient of volume expansion of the fluid, p is the coefficient of viscosity of the
fluid, € is a small perturbation parameter, k, is the non-Newtonian parameter, A (suction parameter) is a positive real
constant and other symbols have their usual meanings. The relative boundary conditions are as under:

=0; u=0, T=T,

<l

i-ow; 1—»U T-T, (2.3)

— 27 _ 3 3 — -
Vo vit v T-T, u U
=—, t=—), =—, 0== — ==, U==,
Y= v '@ vi Ty — T, 4 U U
b M _veBM-T) . _ T _ oBjv
rT KT Uyv3 T C(Ty T pvd

where U, is the reference velocity and v = E is the kinematic viscosity.

The non-dimensional forms of (2.1), (2.2) and (2.3) are as follows:

du oy du_aU  9%u d%u oy U
E—(1+£Ae )—y—a +M(U—u)+G9 ky [6t6y2_(1+£Ae )6_}/3] (2.4)
a0
P, i (1 + eAei®?) —]
A o\’ , du 9’u e QU0
= a—yz +E.P. (@) + MEP.(U—u)* — E.P.k, [@Otayz (1 + cde )O_W (2.5)

© 2012, IIMA. All Rights Reserved 1765



Rita Choudhuryl & Kamal Debnath® / UNSTEADY OSCILLATORY MHD FLOW OF A VISCO-ELASTIC FLUID PAST... IMA- 3(5),
May-2012, Page: 1764-1771
where
kov§

= v

1

The corresponding boundary conditions in non-dimensional forms are

y=0, u=0, 6=0

y—->w, u—=>0, -0 (2.6)
METHOD OF SOLUTION:

To solve equations (8.2.4) and (8.2.5) subject to the boundary conditions (2.6), the non-dimensional free stream
velocity U, boundary layer velocity u and temperature 8 are assumed, following Messiha (6) to be of the form

U=1+¢ee't 3.1)
u=1-fi(y) +ee[1-£)] (3.2)
0 =0,(y) + e 6,(y) (3.3)

Now, substituting (8.3.1) to (8.3.3) in equations (8.2.4) and (8.2.5), and equating the coefficients of £°, ¢! and
neglecting those of €2, the following equations for f; , f, and 6,, 6, are obtained:

"

fl"+f1'—Mf1 =G0, —kifi (3.4)
fr+ = (iw+Mf, = —Af + GO, — k[f, +Af, —iwf,] (3.5)
0+ P8y = —E.P.f;" — MEP.f? — E.P.k fify (3.6)
01 + B.6; — iwP.0; = —AP.60g — 2E.P.fif, — 2ME.P.k:fif, + E.R.ki[iwfif, — fifs — fi f» — Afifi] 3.7

Here, the dashes denote differentiation with respect to y.

The boundary conditions in (8.2.6) give

y=0; fi=fi=1,6,=1,6,=0

yowo;, i=f=0,6=0,6=0 (3.8)

The equations (3.4) and (3.5) are still coupled for the functions f,, f; , 68, and 6;. To solve them we note that E<1 for
all incompressible fluids and hence we assume that

AO) = o) +Efir ) + E fia() + -
£0) = oo +Efu ) + E fra ) + -+
0o (Y) = 6o (y) + E, 01 (¥) + E.* 60, (¥) + -

0,:(y) = 0,0(y) + E. 911(J/)+Ec2 01, (y) + -+ 3.9

Substituting from (3.9) in equations (3.4) to (3.7) and by equating the coefficients of E°, E* in each equation and
neglecting those of E2, we get

"

fio + fio = Mfig = GOy — k1 fio (3.10)
fi1 + it = Mfiy = GOyy — ki fi: (3.11)
fao + fro — (iw + M) fr0 = —Afio + GO1g — ky[fr0 + Afip — iwfp] (3.12)
for + fo1 — (iw + M) fyy = —Afiy + GOy — kylfo1 + Afi1 — iwfy] (3.13)
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960 + Pr960 = O
" , 2
601 + P61 — B fio — MP, ff — Bk fi
91”0 + Prgio - i(A)Prglo = _AP7960

= —AP,0y1 — 2P, fio f20 — 2MP k1 fro fo0 + Bk [iwfio fao — fiofao — fio fao — Afrofro]

Using (3.9), the boundary conditions (3.8) reduce to
y=0; fin=ro=1, in1=/1=0,00=1,0p = 0yp=6;,=0

Yoo, fio=fii= foo=/1=0,0pp= 60p1= 0= 6,;=0

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Again, to solve equations (3.10) to (3.17), we consider very small values of k; and expand fig, fi1, f20, f21, €01, 611 In

terms of kysince k;<<1 as follows:

fio ) = fioo ) + ki fior ) + kf fro ) + -+
1) = firo ) + ki firn ) + ki1 ) + -+
fa0 ) = faoo ) + ki foo1 ) + ki oo ) + -
f1) = fro ) + ki1 fo11 ) + ki fo12 ) + -
01 () = 6010 (V) + k16011 (V) + kf O30 () + -+

011 (y) = 0110 ) + k16111 ) + kf 011, (y) + -

(3.19)

On using (3.19) into the equations (3.10) to (3.13), (3.15) and (3.17) and by equating the coefficient of k) ,k} in each

equation and neglecting those of k7 , we get

fioo + fioo = Mfio0 = GOy
fio1 + fior = Mfior = —fino

fito + firo = Mfizo = GBosg

fitr + fin = Mfisr = GOo11 — fi1o
fa00 + fa00 = (i@ + M) fr00 = —Afigg + GOig

foo1 + fao1r = (i@ + M) foo1 = —=Afio1 = kilfa00 + Afioo — i@ fr00]

fr10 + fr10 — (iw + M) fo00 = —Afi1o + GO

foir + for1 = (i@ + M) fo1y = =Afiny + G611y — ki [fo10 + Afi1o — i0fr10]
8010 + P-8010 = —P. fioo — MP. fho

8011 + P81 = —P-fioo fior = MP, fioo fio1 — fioo fioo

91”10 + Pr91’10 - i(‘)PrHllO = _APrH(VHO - 2Prf1’00f2’00 - ZMPrkl.fIOOfZOO

(3.20)
(3.21)
(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)
(3.28)
(3.29)

(3.30)

0111 + B.0111 — iwB60111 = —AP.6g11 — 2P [fi00 fa01 + fio1 faoo) — 2MP[fioo faor + fro1 foo1 ] + Brliwfioo f200 —

/100’ /200'— 100" /200" —.A4,100' /100"

Using (8.3.19), the corresponding boundary conditions reduce to

(3.31)

Yy=0; fioo =f0 =1, fior = fo01 =0, fi10 = fi1 = for0 = o1 =0, 0010 = Bo11 = 6110 = 0111 =0
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Y295 figo = fior = fa00 = foo1 = firo = finn = fa10 = for1 = 0,0010 = Oo11 = 0110 = 111
=0 (3.32)

Solutions of equations (3.14), (3.16) and (3.20) to (3.31) subject to the boundary conditions (3.18) and (3.32) are
obtained, but not presented here for the sake of brevity.

RESULTS AND DISCUSSIONS:

The non-dimensional skin friction at the plate y=0 is given by

T=Hy+ ce® H, 4.1
Where Hy = —£; (0) — ki f; (0),H; = —f,(0)

The dimensionless plate temperature 6(0) is given by

0(0) = 6,(0) + et 9,(0) (4.2)

The purpose of this study is to bring out the effects of visco-elastic parameter on the unsteady MHD oscillatory flow
past a porous vertical plate with periodic suction. The visco-elastic effect is exhibited through the non-dimensional
parameter k,. The corresponding results for Newtonian fluid can be deduced from the above results by setting k; = 0
and it is worth mentioning here that these results coincide with that of Ahmed et. al.

Figures 1 to 5 depict the velocity profiles u against y for various values of the Prandtl number (B.), Grashof number
(G), Hartmann number (M), Eckert number (E) with wt = % ,€ =0.01 and A = 4 to observe the visco-elastic effects.
From the figures it is observed that the velocity profile u diminishes due to the rise of the visco-elastic parameter in
comparison with the Newtonian fluid (k; = 0). Also it is noticed that the velocity profile u decreases when Hartmann
number increases (figures 1 & 2) & Prandtl number increases (figures 1 & 3) but the profiles of u increases when the
Grashof number increases (figures 1 & 4) & Eckert number increases (figures 1 & 5) with the increasing values of the
visco-elastic parameter k; (= 0,0.01,0.02) in comparison with the Newtonian fluid.

Table 1 exhibits the variation of the shearing stress against different values of the flow parameters. It is seen from the
table that the shearing stress ¢ diminishes when M enhances (cases | & II) and P increases (cases | & IlI) but t
increases when G increases (cases | & V) and E increases with the increasing values of the visco-elastic parameter k;
in comparison with the Newtonian fluid.

It is also observed that the temperature field is not significantly affected by the visco-elastic parameter k; .
CONCLUSION:

The unsteady MHD oscillatory flow of a visco-elastic fluid past a porous vertical plate with periodic suction has been

studied in this chapter. In the analysis of the problem, the following conclusions are made.

e Increasing values of visco-elastic parameter lead to reduce the velocity profiles of non-Newtonian fluid in
comparison with the Newtonian fluid.

e  Growth of Magnetic parameter and Prandtl number decreases the velocity profile and shearing stress at the plate.

e Enhanced velocity profile and shearing stress at the plate are observed for increasing values of Grashof number
and Eckert number.

o Plate temperature is not significantly affected by the visco-elastic parameter.

REFERENCES:

[1] Nanda, R.S. and Sharma, V.P., Free convection laminar boundary layers in oscillatory flow, J. Fluid Mech. 15(3)
(1963), 419-428.

[2] Watson, J., The two dimensional laminar flow nears the stagnation point of a cylinder which has an arbitrary
transverse motion, Quart. J. Mech. Appl. Math. 12 (1959), 175-190.

[3] Lighthill, M.J., The Response of laminar skin friction and heat transfer to fluctuations in the stream velocity, Proc.
Roy. Soc. A 224 (1954), 1-23.

[4] Soundalgekar, V.M., Free convection effects on the oscillatory flow past an infinite vertical, porous plate with
constant suction, Proc. Roy. Soc. A 333 (1973), 25-36.
© 2012, IIMA. All Rights Reserved 1768



Rita Choudhuryl & Kamal Debnath® / UNSTEADY OSCILLATORY MHD FLOW OF A VISCO-ELASTIC FLUID PAST... IMA- 3(5),
May-2012, Page: 1764-1771

[5] Stuart, J.T., A solution of the Navier-Stoke’s and energy equations illustrating the response of skin friction and
temperature of an infinite plate thermometer to fluctuations in the stream velocity, Proc. Roy. Soc. A 231 (1955), 116-
130.

[6] Messiha, S.A.S., Laminar boundary layers in oscillatory flow along an infinite flat plate with variable suction, Proc.
Camb. Phil. Soc. 62 (1966), 329-337.

[7] Sahoo, P.K., Datta, N. and Biswal, S., Magnetohydrodynamic unsteady free convection flow past an infinite vertical
plate with constant suction and heat sink, Indian J. Pure Appl. Math. 34(1) (2003), 145-155.

[8] Kishore, N., Tejpal, S. and Katiyar, H.K., On unsteady MHD flow through two parallel porous flat plates, Indian J.
Pure Appl. Math. 12(11) (1981), 1372-1379.

[9] Ahmed, N., Kalita, H. and Barua, D.P., Laminar boundary layers in oscillatory MHD flow past a porous plate with
periodic suction, Far East J. Appl. Math., 34 (3) (2009), 347-362.

[10] Walters, K., The motion of an elastico-viscous liquid contained between co-axial cylinders, Quart. J.Mech. Appl.
Math., 13 (1960), 444-461.

[11] Walters, K., The solutions of flow problems in the case of materials with memories, J. Mecanique 1 (1962), 473-
478.

TABLE AND GRAPHS:
Shearing Stress

Cases M| P1 G| B =0 [K=0.01 [ k=002

| 3 |5] 7 00115372 | 1.3297 | 1.1221

1 6 | 5| 7 |0.01] 14987 | 1.2585 | 1.0184

1] 3 18] 7 |0.01]0.8851| 0.7173 | 0.5495

v 3 |15]10]0.01] 22251 | 1.9296 | 1.6337

Vv 3 |5] 7 ]0.02] 15521 | 1.3449 | 1.1376

Table 1: Shearing Stress with wt = %’ €=0.01and A=4.
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Figure 1: Velocity profile u againsty for M=3,P=5,G =7, E=0.01.

© 2012, IIMA. All Rights Reserved 1769



Rita Choudhuryl & Kamal Debnath® / UNSTEADY OSCILLATORY MHD FLOW OF A VISCO-ELASTIC FLUID PAST... IMA- 3(5),
May-2012, Page: 1764-1771

1.18

1.16

1.14

1.12

P

S5 1.08

1.06

1.04

1.02 T T T T

0.2 0.4 0.6 0.8 1 1.2
Yy ——

Figure 2: Velocity profile u againsty for M=6,P =5, G =7, E=0.01.
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Figure 3: Velocity profile u againsty for M=3,P=8,G =7, E=0.01.
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Figure 4: Velocity profile u againsty for M= 3, P =5, G =10, E =0.01.
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Figure 5: Velocity profile u againsty for M=3,P =5, G =7, E=0.02.
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