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ABSTRACT
Let @ be an arbitrary fixed point in the open unit disk U ={Z:|Z| <1}. Let W (z) be a fixed analytic and univalent

functions of the form w (z)=(z —w) + 2:;2 b, (z - a))kand Hy (,b,,5) be the subclass consisting of

analytic and univalent functions of the form f (Z) = (z - a)) + Z::Z a, (Z—a))k which satisfy the condition

> (r+d) b fa]=<s.

() (2)

where f, (Z) :(Z —a)) + ZEZZ a, (Z —a))k be the sequence of the partial sums of a function

. . I (A1) f(2)
In the present investigation the author determines the sharp lower bounds forR { —————%tand
m

e () (2)

(A1 (2)
f(z)=(z ~0) + zgzzak(z—a))k belonging to the class H, (@,b,,5)and 1](,1) denotes the Aouf
derivative operator [2]. This investigation does not only extends the results in [4.5.12.15] but also provides some
conditions as remedy for the results of Frasin in [4] and [5]. Our present investigations also give rise to many new
classes with new results.
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1. INTRODUCTION

Let A denote the class of functions of the form
f(z)=2+> a,z" &)
k=2

where are analytic in the open unit disk U ={Z:|Z| <1}and normalized with {0} = 0 and f’(O)—1= 0.

Furthermore, we denote by S the class of functions is A which are univalent in U. A function f (z)in S is said to be

starlike of order a(OS a < 1), denoted by S*(a) if it satisfies R{ o ’(Z)} >a, (Z eU ) A function f(z) in

f(2)

S is said to be convex of order a(O <ac< 1), denoted by K(a) if it satisfies R{1+ Al ’(Z)} >a, (Z eU )

f(2)

Several authors have discussed these aforementioned classes as we can see in many existing literatures.

Now, let @ be an arbitrary fixed point in U. Let A (a)) < Adenotes the class of functions of the form
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f(2)=(2-0)+Ya, (2-0) @

k=2
which are analytic in the open unit disk U and normalized with f(a) ) =0 and f’(a)) —1=0 [6]. We denote by
S (a) ) c S the class of functions which are univalent in U. A function f (Z ) IS S(a)) is said to be @ — starlike of
. o z-w)f'(z )
order o (0 <a< 1), denoted by S (a),a) if it satisfies R{%} >, (Z € U) and a function
YA

f(z)eS(a)) is said to be convex of order a(OSa<l), denoted bySC(a),a), if it satisfies

z-w)f"(z
R{l+ M} > a, (Z € U) where @ is an arbitrary fixed point in U. This is deduce able in [8, 10, 11]

t(z)
Let T (a)) denote the subclass of S (a))whose elements can be represented in the form

f(z):(z—a))—gak(z—a))k,akzo, (zeU), @

and @ is arbitrary fixed point in U [9,11].

Here we denote by H (a), a) and K(a), a) respectively the subfamilies of S *(a), a) and S° (a), a) obtained by
taking the intersection of S *(a),a)and S *(a),a) with T(a)), [9, 11]

A sufficient condition for a function of the form (2) tobe in S *(a), a) and S° (a), a) are respectively given by

S(r+d) (k- a)a| <1-a @
k=2
and i(r + d)kflk(k—a)|ak| <l-a (5)

=~
Il
N

which is deduceable in [8]. Furthermore, for the functions of the form (3), the above conditions are also necessary [11].
At d =0 = o = Othatis, if f isof the form (1) we have the results of Silverman [14]

Now, let ‘P(Z)e S (a)) be a fixed function of the form
¥(z)=(z-o)+ > b (z-o), (b 2b, 20,k >2) (6)
k=2
Here, we define the class H , (a) b, 5) consisting of function of the form (2) which satisfies the inequality

S (r+d) " bJa] <8 || =rle| =d. )

k=2

where ¢ > 0.This class of functions is the analogue by extension of the one defined by Frasin in [5].

1" (4,1)f(2) 1™ (A,1)f,(2)
N u,nfn(z)} )

In the present paper, the author wishes to determine sharp lower bounds for R {

where

£(2)=(2-0)+Ya (2 -0) @)

k=2

be the sequence of partial sums of a function f(z):(z—a))—Zak(z—a))k belonging to the class
k=2

H v [a), bk ,5] and the operator IZ‘ (/”t N ) denote the Aouf et al derivative operator introduced in [2], and it is defined
asfollows 1" (1,1): A(w) > A(w) such that 1°2(2,1)f (z) = f(2)
© 2012, IIMA. All Rights Reserved 1744
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() f<2>='M')f(z)='2w>f(z)(llff']*('iu,wf(z))'ﬂ(%”)

And i
) @ 1) (2 (2 a1 () A
(2-0)+ 2(14_ l§k+—|1) + I] (2 -0)

and in general
i (1 +A(k=1)+I ;

2(0) 1102 @) @) (2-0)+ 5 ZHE oy
k=2 +
meNU {0} =0,1,23, .. 220, | >-0,and wis an arbitrary fixed point in U.

Remark A: At @ = 0 we have Catas et al derivative operator [3], if @ = 0 and | = 0 we obtain A1-Oboundi
operator [1]. setting @ = 0,1 = 0 and A = 1we obtain Salagean derivative operator [13].

The present investigation does not only extends the results of Frasin [4] and [5]. Rossy et al [12] and Silverman [15],
but also pointed out some conditions that are must for the result of Frasin [4] and [5], but which are neglected, not only
these, the present investigation also give rise to new classes of analytic and univalent functions with new results.

2. MAIN RESULTS

Theorem 2.1: If f (z) e H,, (@,b,,5), then

174
i) R{:mj: z))}>b )0—5
fole ©)
and
(“) m{lwm(ﬂ"l)fn(z)}z bn+1 —
10 (A0f@)] b, +(r+d)oms (10)
where
(r+d)*y™s if k=23,....,n
k-1 m
b2 ()70 ey nigne
(r+d)'o"
and
" (1+/1(k—1)+|]"“ n (1+in+l]m
Yo=Y | 9 =T
1+1 1+1
The results (9) and (10) are sharp with the function given by
f(2)=(z-w) + ——— (z-w)"
(r+d) b, (11)
where
0<5S¢ O_m :(wj
(r+d) 1+1
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Proof: To prove (i) we define the function ¢ (z) by

1+®(z) by, 1"(2,1)f(2) _{bm —(r +d)"am5J
1+ ®(z) (r+d)e"s [17(4,1)f,(2) b1
R Sy e

(rrd) 0" 1+ jak(zw)kl.
1y 2(1” (k- 1)+1J 2 (2-0)"

1+1

(12)
It suffices to show that |<I)(Z)| <1, from (12) we can write

b, o (1+ Ak =1)+1)" ;
(- o i i Rl
Dz .
1+ Ak =1)+1 RV b, e (1T+AK-D+1\" NG
2 ZZk 2( l+| j ak(z Ct)) +(r+d)n6m52kn+l( 1+| ak(z Cl))
Hence,
b, o (142(k=2)+1Y “
(r+d)n1 mé‘Zk_ml[ 1+1 j (r+d) |ak|
P(z)<

223" 2[1” (k- 1)+|j (r+d)k1|ak|_( b

o (L A(k=2)+1Y -
n+l d
141 r_l_d)”amé‘Zk_ml{ 1+1 ) (r+ ) |ak|
®(2)<1 if

, b i (1+/1(k—1)+l]

(r+d)n0'm5 k=n+1 1+1

1+1 |ak|

+d)a|<2- Zan £1+/1 (k- 1)+|j (r+d)”

Or equivalently,

Z [M(lk%)”j (red) o+ ¥ [“ﬂ(k—*)“

(red) o's 2l 141 j(r+d ) lal<t @

It is sufficient to show that the L.H.S of (13) is bounded above by

= (r+d)"o
S B
k=2
which is equivalent to
i (r+d)" —(r+d)k‘1ym§+ i (r+d)'(r+d)*b, -b,, 7" (r+d)* 0
k=2 5 k=n+1 (r+d)n(7m5 B
o (1+/1( ~-1)+ j — :(1+/1n+lj
1+1 1+1
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To see that the function given by (11) gives the sharp results, we observed that for (z - w):(r +d )e n

1 (4.1)f(2)

o™ +d) 1 5 b,., —oc™(r+d)

WA N7 = 1 m d n — n+1
Ivr\]/q(ﬂ”l)fn(z) +bn+1 bn+1 ° (r ’ ) bn+l
To prove (ii) of our theorem, we write

1+®(z) b, +5o"(r+d)" | 17 (A1)f,(z) b,., ~
1+0(z)  (r+d)o"s | 10(ADf(E) b, +so"(r+d)

+2£1+}“k1)+1j ak(z—w)k‘l—( bn+n1 i(lJJ(li_ll)H]mak(Z—W)k_l

k=2 1+l r+d) o"S G

= (1+A(k-1)+I 1
kz[ 1+1 ] % (Z_W)
where
b, —o"5(r+d)" & (1+1(k-1)+|j”‘(r+d)k_1|a|
®(z)< (r+d)'o" &l 14 k
1+ 2(k=1)+1 iy ba—o"S(r+d) & (1+a(k-1)+1\" )
2+2 r+d) |la|-—2 r+d) |a
kz;'[ 1+1 j (r+d)"fa (r+d)' o"s k;ﬂ[ 1+1 (r+d)”la
b, —o"s(r+d)" & (1+,1(k—1)+ljm(r+d)k1|a|
(r+d)'c"s i 1+1 “
" 1+1(k—1)+|j“‘ i by—o"S(r+d) & (1+,1(k—1)+|]”‘ i |
242 | TR (4 d) ey |- r+d) ja
’ kz;'( 1+1 (r+d)™al (r+d)'o"s kzn;l 141 (r+d)”fa]

Equality is equivalent to

n [l+/1(k—1)+l " 1+ A(k-1)+1

_ b ®
S (a5 (BAOD a

k=2 (I’ +d ) o"S K=

Making use of (7) to get (14). Equality holds in (10) for the function f (z) given by (11) and the proof of Theorem 2.1
is complete.

If we choose d = 0 which implies that @=0, r —1—(i. e for f (Z) defined as in (1)), then we obtain the following:
Corollary A: If f e H,, (0,b,6), and f(z) is of the form (1), then

(i) Re{ 'E;”(i")f(z)} _ b 0" (15)

(a0t () T b
and

(i Re{lg‘(ﬂ,')fn(Z)} o D (16)

b..+o"S

n+1

n+1
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where
y"8,if k=23,...,n
b, >4 ,m
“T17 e it koniingn,..
(o2
and
n (1+Ak=D)+1\" o (1+an+1Y"
yEl | 0 F
1+1 1+1

n

b
with 0 < o < —*ml and the results (15) and (16) are sharp for functions given by (11).
oz

This result is completely new and the operator |™ (/‘L, I) the same as Catas et al derivative operator [3].

Putting @ = 0,1 =0 in Theorem 2.1, we have

Corollary B: If f € H,, (0,b,5), and f(z) is of the form (1), then

>
b, +(@1+An)" S

n+1

L+ A(k-1)]"5, ifk=23,...,n

b, > ~1)7"
k {W} by, if k=n+Ln+2,....
1+An

b
The result are sharp with functions given by (11) with 0 < & S"—”lm, and the I (Z,O) is the same as AL-
1+An

Oboudi operator [1], the result is new.

Putting A =1 in corollary B we have

Corollary C: If f € H,,(0,b,5) then

0 R [EADE)] b hens

b

n+l

UL A

b,.,+{@1+n)"s
k™S, if k=23,...,n

b, =4 k"
g RS ER P
(n+1)
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. . . - bn+l
The results are sharp with functions given by (11) with 0 < 6 <—"=—

(n+1)"

, and the I(;“(l, 0) is the same as Salagean
operator [3], this result is new.

Taking m =0 in corollary C we obtain the result given by Frasin [5]

and

where

o,if k=23,...,n
b, > .
b .,ifk=n+1n+2,..

n+l?
The results are sharp with the function given by (11).

If we choose m=1,1=11=0,® =0 in Theorem 2.1 we have

Corollary E: If f € H,(0,b, &) and for f of the form (1), then

ko, if k=23,...,n

b, >
k Mifk=n+1,n+2,---
n+1

The results in corollary E are sharp with function given by (11).

Remark B: Frasin in [5] showed in his Theorem 2.7 that for f e HV/ (O, bké‘), inequalities in Corollary E hold with
the condition that

ko, if k=23,...,n
(17)

b, >
= ks (1+hjif K=n+ln+2..
n+1

b
But it is can easily be seen that condition (17), for k =n+1 gives b, , Z(n +1)5(1+ ﬁ] or simply as
n+

0 <0, which surely contradicts the initial assumption that & > 0. Therefore, Theorem 2.7 of [5] seems not suitable
with the condition (17) but we have conditions on bk in Corollary E as a remedy for Frasin Theorem 2.7 of [5].

If we take m=0,bk=[(1+p):|:_(a+p)] (k+;_1], where 7>0,p>0-1<a<11=0,4=1 and
-a

0 =1in Theorem 2.1, we obtain the following results given by Rosy et al. in [12].

© 2012, IIMA. All Rights Reserved 1749
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Corollary F: If f € A is of the form (1) and the condition Z:;z bk|ak|£1 is satisfied, where

b, _[a+ pk—(a+p)] (k H_lj

l-«o k

and rZO,pZO,—lSa<1I=O/1—1I:O Then

TR
(

) e e

The results are sharp with function given by

and

f(z)= P (18)
n+1
where

1+ p)k— -
m=Lw=0,4=11=0,5=1 and bk:[( +p)1 (a+p)] (“kr 1} 720,p>0,-1<a <l in
-

Theorem 2.1, we have

Corollary G: If f of the form (1) and satisfies Z:;z bk |ak | <1, then
R f’(Z) > bn+l_(n+1)
) fn'(z) bn+1

0] b9

and

k, if k=23,...n

b, >

“ %ifk:nﬂ,mz,...
n+1

The results are sharp with the function given by (18). With m=0,b, =7, —ay,,0 =1—a where
0<a<lr, 20,4 20, and 7, > g, (k > 2),| = 0,4 =1 in Theorem 2.1 we have the following by Frasin [4].

Corollary H: If f is of the form (1) with and satisfies Z::Z (Z'k — ol )|ak | <l-a, then

Re{ f (Z)} > Thit —OHnn -1+« ’ (Z EU)

fn(Z) Th — Ol
and
Re fn (Z) > Ty —OHn (Z cU )
f (Z) Tt — O +l-a
where

S l1-¢, if k=23,..,n
—ap, =
e Toq— Oy, iFK=n+1Nn+2,..

© 2012, IIMA. All Rights Reserved 1750
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The results are sharp with the function given by

l-«

S E— (19)
[ 27 )

Zn+l

f(z)=z+
Ifwetake m=1,0=0,b, =7, —ou,,0 =1-a,05a <17, 20,4, 20,A=11=0 and 7, > p, (kZZ)
in Theorem 2.1 we have

Corollary I: If f is of the form (1) and satisfy Zfzz(rk —ayk)Iak|£1—a, then

[ )

fn'(z) - Ty —Qlny
and
f. (2) Ty = Ol
R n Z n+. n+. , U
) e e @Y
where

K(1-a), if k=23...n
Tt 29k (7, +1-au,,,)

n+1

,ifk=n+1 n+2,..

The results are sharp with function given by (19).
Remark C: Frasin obtained the inequalities in Corollary I in his Theorem 2 of [4] under the condition that
kl-a), if k=23,...,n

Toq—op, +1 > K- )+ k(z, +1-au,.,)
n+1

, ifk=n+1n+2,..

But this paper critically looked at the proof of his Theorem 2 of [4] and find out that the last inequality of the theorem,

o Tk o | T Ot Tnin — Ol
z( — j|ak|+z 1 (1+(n+1)(1_a)}k 3|20 @)

k=2 k=2 4

It is seen that the inequality (20) of [4] Theorem 2) cannot hold with function given by (19) to support the sharpness of
the results in Corollary 1. This paper provides remedy in our corollary | for the condition (2.25) of Theorem 2 in [4].

Additionally, with m=0,0=0,b, =(k-a), A=11=0,b, =k(k—a),d=1-a0<a <1, in our

Theorem 2.1, we have Theorem 1-3 given by Silverman in [15], also, if m =1 and other parameters remain as in this
paragraph, we would have Theorem 4-5 given by Silverman in [15].

The second parts of the corollaries are the ones which give rise to the new classes and new results. Putting | =0 in
Theorem 2.1 then we have

Corollary J: If f eH, (w,b,5;), then

© 2012, IIMA. All Rights Reserved 1751
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where
(r+d)*yrs, if k=23...,n
b, > k1 m
)b o
(r+d)'sy
and

e =+ Ak -1, ol =1+ An]"

The results are sharp with the function given by (11) where 0 < 6, < o
(r+d) oy
Ifwelet A =1, 1 =0 in Theorem 2.1 we have
Corollary K: If f eH , (w,b,6,), then
(i) Rl L0)f (@) ] | byu—(r+d)' @+n)"s,
Ix(l’o) fn (Z) bn+1
And
(”) R Iw (1’0)fn (Z) > bn+l
17(10)f(z) b, +(r+d)@+n)"s,
The results are sharp with the function given in (11) where 0 < 0, < nil with
(r+d)"@+n)"

(r+d)*k"s if k=23...,n

b= (Hd)k_lkmb”*l if k=n+1Ln+2,..
(r+d)"@+n)" ’ ’

If we continue with various special choices of the parameters involved, many new results shall be obtained.
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