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ABSTRACT

In this paper we shall be concerned with the existence of solutions for three point boundary value problems associated
with a system of first order differential equations on time scales.
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1. INTRODUCTION

The theory of time scales, which has received a lot of attention, was introduced by Hilger [9] in order to unify the
theory on continuous and discrete analysis. Their unifies the theories of differential equation and difference equations,
and also it is able to extend these classical cases to case in between, and can be applied on different types of time
scales. A time scales T is an arbitrary closed subset of the real, and the cases when this time scale is equal to the real or
to the integers that represent the classical theories of differential and of difference equations. Many other interesting
time scales exist, and they give rise to plenty of applications in the study of populations dynamic models. The book on
the subject of time scales by Bohner and Peterson [5,6], summarizes and organizes much of the time scale calculus.

In this paper we consider the following three-point boundary value problem

P(a(t))y* +Q(1)y = f(1) @
Satisfying the general boundary conditions

My(a)+Ny(b)+Ry(c(c))=0, (a<b<o(c)) @)

Where P(a(t))’ is a matrix of order m x N whose components are regressive and rd-continuous on [a,a(c)],Q(t)
is a matrix of order Mx N whose components are rd-continuous on [a,o(c)], M,N and R being constant M X N
matrices and f is a column matrix whose components fl, fz---- fn are rd-continuous on [a’a(c)]. Throughout

this paper we assume that the rows of P(o(t)) are linearly independent on [a,o-(c):l, also assume that o-(c) is

right dense.

This paper is organized as follows. In Section 2, we develop existence and uniqueness of solutions for three point
boundary value problems associated with first order differential system on time scale. Finally we give an example to
demonstrate our result.

Definition 1.1: If pTy (t) is a fundamental matrix for the corresponding equation p (O'(t)) yA + Q(t) y =0 then
the matrix D is defined by
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D=MP'Y (a)+ NPTY (b)+ RPTY (o(c)) is called a characteristic matrix for the boundary value problem
given by (1) and (2).

2. THREE POINT BVP ON TIME SCALES

In this section we establish existence and uniqueness of solutions to three point boundary value problems associated
with the system of first order matrix time scale differential equation (1) satisfying the boundary conditions (2) and also
study the properties of the Green’s matrix.

Lemma 2.1: If the system of equation AX = B where A is T X N matrix whose rows are linearly independent is
consistent then three exists a unique solutionsto AX = B and is given byy — AT (AAT )_lb'

Proof: For the transformation X = AT y transforms AX = B into a system of equations AAT y =b. Since AAT isnon

singulr, it follows hat y _ (saT )*1b and hence - AT ( AAT )_1b-

Theorem 2.2: Any solution of the system first order time scale differential equation

P(o(t)) y2 +Q(t)y =0 isof the form pTy (t)c, where Y (t) is a fundamental matrix of ;2 _ _[A—l(t)B(t)Jz,
where A(t) = (o (1)) PT ((1)) 2 B(1) = P(o/(1))(PT (1)) +Q()PT (1)

Proof: The transformation y = PT 7 transforms

P(o(1)(P"2) +Q(1)(PT2)=0

P(e(1)[ PT 2(1)+ P (o(1)2 (1) |+ Q(1)(PT2) =0

[Pe®)PT(a(1) ]2 (1)+| P(o(0)(PT +Q)PT) [2(t)=0

AzA(t)+ Bz(t)=0
Where A(t) =P (o (t))P" (o(t)) ®9B(t) = P(c(t))(P (1)) T Q)P (1)

Since A is nonsingular the above equation becomes 7 (t) — [A_l(t) B(t)} 7 (t) Any solution of
740 (t) _ _[A_l (t) B(t)} 7 (t) is of the form v (t)C , where C is constant vector and y (t) is a fundamental

matrix. Hence, any solution of (1) is of the form pTy (t)C-

Theorem 2.3 Any solution of the system first order time scale differential equation (1) is of the
form y(t) = PTY (t)C + V(t) where V(t) is a particular solution of and C is an n-vector that belongs to vector

space Vn (R).

Proof: It can be easily verified that y(t) —PTY (t)C + V(I) is a solution of (1). Now we prove that every

solution is of that form. Let y(t) be any solution of (1) and V(t) be a particular solution of (1). Then it can easily be
verified  that y(t)_ V(t) is a solution OfP(O'(t)) yA +Q(t)y=0- Hence, we have
y(t)=y(t)=PTY(t)C or y(t)=PTY (t)C +¥(t).
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Theorem 2.4: A particular solution 7( ) of (1) is of the form

YO (o) P(o(9)PT (o()] " f(s)as:

Proof: Using the well known method of variation of parameters formula, the particular solution ( )of (1) is of the

form V(t) —PTY (t) k (t) , where k (t) is an N —vector whose components are rd-continuous on T.

Then,
P(o(O)[PTY (Dk(H)] +Q()PTY (t)k(t)= F (1)
P(o(O)[PT'Y (Ok(1)+PT () (Ok(1)+ PT (s(O)Y (o(0)k* (1) +Q(PTY (Dk(1)= 1 (1

P(a(1)PTY (1) +P(a()PT (o(1)Y* (1) +Q()PTY (t)k(t) k(1)
+P(o(1)PT (a(1)Y (o (t)KA ()= T (1)
K (1)=[P(o(0)PT (V)Y (o(1))] 1 (1)
kA() Y (o(1) P(e ()P (1) | (1)
= [ (o(8)[ P(o(s)PT (o(s))] " f (s)as

-1

=PTY(O)],Y (o (s))[P(o(s))PT (o(s)] (s)es

the general solution of (1) is given by

y(1)=PTY (1)C +PTY (1) [Y (o (s)[P(o(5))PT (a(s))]  f(5)as

Theorem 2.5: Suppose that the homogeneous boundary value problem corresponding to (1) is incompatible. Then there
exists a unique solution to the boundary value problem (1) satisfying (2) is given by

_ o(c)
t)=PTY (t)D 2+ [ 'G(t,s) f(s)as ®)
V() =PTY ()0 e+ [ 776 (13) T (s)
Where G (t, s) is the Green’s matrix for the corresponding homogeneous boundary value problem.

Proof: From Theorem 3.3, any solution of (1) is of the form.

-1
y(1)=PTY (t)C+PTY ( jv [ (s))P" (o ())] f(s)as
Where pTy( )IS a fundamental matrix for the equation and C is is a constant n—vector and will be determined

uniquely from the fact that the solution y(t) must satisfy the boundary conditions substituting the general form of

y(t) in the boundary condition matrix we get.

[ MPTY (a)+ NPTY (b)+RPTY (o (c)) |C + NPTY (b)j:Y—l(a(s))[P(a(s))PT (G(S))]_l f (s)as
RPTY (o)) [N (o(5))[ P(o())PT (o(s)] F(s)as=a
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and thus

€=~ DMPTY(b) 7Y (o (s)) P(o())PT (o(s))] f(s)as

- RPTY (0(0) [T (o (5))[P(o(5)P (o(s)) | 1 (s)as]

where D is a characteristic matrix for the boundary value problem.

Using the value of C then the solution of the three point boundary value problem is given by

y()=PTY ()0 + ["V6(t,s) (s)as

Where
os) _[Sulie) eeolo)teb <ol
tefab] G(t,s), a<t<b<s<o(c)

. Gy (t,s), a<b<o(s)<t<o(c)
G(ts) —{Gy(ts), a<bs<t<s<o(c) i
te[b.o(c)] Gys(t,s), a<o(s)<b<t<o(c)
Gua(t.s)=[ PTY ()0 MPTY a)vlas)][( )T (o(6)]

(
, D7 INPTY (b)Y (o (s)) P -1RPT< >v Ho(s)][Ple(s)PT (o(5))]
Gua(1,5)=[ -PTY (1) D'RY (o:(c) v-1<o<s>>J[ o(s))|
)-PTY (t)DRPTY (o (s )][ ))]_
Yo (s) )}[Pw s )PT (o(s )}
o(s)) ][ P(e(s)PT (o(s))]

The following graph demonstates that the Green’s matrix for (1)-(2) should be taken in the form of (4)-(5). Here
Se [a,G(C)]. In the graph we take (7(5) =5, and a(c) =

=

s 5
im 5 =z f_
=
G (23] &, (e, !
G, (r.:) &, (50 |
G () | ooy & (s,2) | <t
& |
i e, o, G I
: G (2.5 * Siolr) |
(s, a' EN .
| .
¢ | ¢
a & =
a 5 k) o+ B
=K T=hZ Bk >0
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Theorem 2.6: The Green’s matrix has the following properties.

1). ¢ (t, 5) as a function of { with fixed S and has continuous delta derivatives everywhere except at t = 0(5). At

the point t = J(S)’ G (t, 5) has an upward jump discontinuity pT [P(a(s)) pT (a(s))}_l
1

i.e. G((o-(s))+ ,s)_G(O'(S)_ ,S) =pP' [P(O‘(S)) pT (O‘(S))}_ :

2. G (t, 3) is a formal solution of the homogeneous boundary value problem satisfying. G fails to be a true solution
because of the discontinuity at t = a(s)-

). G (t, s) satisfying the properties (1) and (2) is unique.

Proof:
G((a(s))+ ,s)—G((a(s))‘,s) = [PTY ((s))D™MPTY (a)+PTY (o (s))D'NPTY (b)

+PTY (o (s))DIRPTY (G(C))}Y—l(g(s))[P(a(S))PT (U(S))}
=PTY (o(5))D [ MPTY () + NPTY (b) + RPTY (o) |
VAo () Plo(s)PT (o(5))]
=PT[P(o(s))P" (o(s))]

The representation of G (t, 5) by (4) and (5) shows that G (t, 3) is a formal solution of P(a(t)) Ve + Q(t) y(t) =0-

-1

It fails to be a true solution because of discontinuity at { = G(S). G (t, S) satisfies the boundary conditions. For

MG (a,s)+NG(b,s)+RG(o(c),s).[se[ab]]
:[—MPTY(a)D—lNPTY (b)-MPTY (a)D™'RP'Y (o (c))
+NP'Y (b)D™'MP'Y (a)+RP'Y (o(c))D'MP'Y (a)]

v o(s)[Plo(s)PT (o(s)]
_ [—MPTY (2)D{NPTY (b)+ RPTY (o(c))]
+{NPTY (b)+ RPTY (o(c))} DMPTY (a) Y (o (s))| P(o(s)) PT (0(5))}_1
= -MP™Y (2)D™ {D - MPTY (a)} + (D~ MPTY (a)} DMPY (a) |
Yo (s))[P(a(s)PT (o(s))]
= [—MPTY (a)+MP'Y(a)D*MP' (a)+MP'Y (a)-MP'Y (a)D"'MY (a)}
: V(o (s))[P(o())PT (o (5)
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similarly whens €[ b, (c) |, MG (a,5) + NG (b,s)+ RG (o (c),5) = 0. For t [a,b], we can prove
that G is unique with properties (1) and (2). Let G, (t,s) be another Green’s matrix with properties (1) and (2).
Let X (t, s) =G (t, s) -G, (t, s). Att = O'(S), we have

X (a(s)+,s)— X (o(s)_,s)zG(a(s)+ ,s)—Gl(a(s)_,s)—G(a(s)+ ,s)+Gl(a(s)_,s)=0
Thus X (t, s) has a removable discontinuity at { = G(S).
MX (a,s)+ NX (b,s)+RX (c(c),s)

=M[G(a,5)-G(a,s)]+N[G(b,s)-G(b,s)]+R[G(c(c),s)-Gy(o(c).s)]

=0
Thus for each fixed S,X(t,s) is solution of the homogeneous boundary value problem. Therefore

X (t,g): PTY (t)C- By our assumption the homogenous boundary value problem is incompatible, hence D is
nonsingular. Therefore C =0 = X = 0. Hence G(t,s) =G (t,S)

Similarly for t [b, (y(c):l, we can prove that Gis unique with properties (1) and (2).

Example: The following example illustrates the above results.

1000 1000 1
0100 |[y>+0 -1 0 0|y=|2]|vte[0,0(1)] ©
00 -10/ (1000 3

with the boundary conditions

1000 0100 0000 0
010 0y(0)+0 0 0 0|y®/2)+[0 0 1 0 |y(a(1))=|0 0
0000 0001 0100 0
Here
10
100 0 10 0
0 1
A={0 1 0 0 =lo 10
00 -1
10 -10 001
0 0 0
10 0
B=/0 -1 0
10 0
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Hence the transfer matrix y = PT Z transforms the problem into

100 1 0 O 1
0 10|z2+4/0 -1 0|z=|2
0 01 1 0 O 3

Now consider homogeneous problem

-1 0 0
=0 1 0|z
-1 0 0

The fundamental matrix of the above problem is

0
0

[P(a(t)PT(

1 0 e,(t,0)
Y(t)= el(tO
0
1
0

o O =

0
0
1
The characteristic matrix D is

e(1/20) 0 1
1 -1 0
e(c(1),0) 0 0

Hence the solution of the above problem is given by

796 (ts) (s)as

A A O
0 0 0|, O<o(s)<t<l/2<o(1)

0 A O

G(ts) 0 A 0
te[01/2] 8 A, 0, 0<t<s<l/2<o(1)

: A1

0 A 0
0 A, 0| O<t<l/2<s<o(l)

0 A 1
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A A O
0 0 0| 0<l/2<q(s)<t<o(l)
0 A O
5(ts) g 256 8 0<1/2<t (1)
= , 0<1/2<t<s<o
te [1/2,0(1)] 0 A 1
A A D
0 0 0| O<s<t<l/2<o(1)
0 A O

Where Ay =e  (t,0(s)), Ay =—e,(1,0)e, (1/2,0(s)) +e_1 (1.0)ey (1/2,5(s))
Ay =e(0,0(s)), —e,(t,o(s)), As =€ 1(1,0)ey (1/2,5(s)). Ag =&, (t,o(s)):
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