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ABSTRACT

In this paper we construct the fractions of a Boolean like semi ring and establish that Boolean like semi ring of
fraction is Boolean like ring of Foster [1].
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INTRODUCTION

The concept of Boolean like rings is originally due to Foster A.L. [1]. Later Swarminathan [6, 7] has extensively
studied the geometry of Boolean like rings. Recently Venkateswarlu et al [8] introduced the notion of Boolean like
semi rings by generalizing the concept of Boolean like rings of Foster. Venkateswarlu and Murthy [8, 9,10 & 11] have
made an extensive study of Boolean like semi rings to name some:ideals, Prime ideals, Maximal ideals, nil radical and
Jacobson radical of Boolean like semi rings. Further they have generalized most of the concepts of commutative theory
of rings to the class of Boolean like semi rings. In fact it is observed in [8 ] that Boolean like semi rings are special
classes of left near rings. In this paper we further investigate the theory of Boolean like semi rings by introducing the
notion of fractions of Boolean like semi rings and prove that fractions of Boolean like semi rings are precisely the
Boolean like rings of Foster [1]. This paper is divided into two sections. The first section is devoted to collect certain
definition and results concerning Boolean like semi rings from [8]. In section 2 we introduce the notion of fractions of
Boolean like rings and prove that every Boolean like semi ring of fractions is a Boolean like ring of Foster (see
Theorem 2.9)

1. PRELIMINARIES
Here, we recall certain definitions and results on Boolean like semi rings from [8].

Definition 1.1: A non empty set R together with two binary operations + and -satisfying the following conditions is
called Boolean like semi ring;

(R, +) is an abelian group;

(R, - ) is a semi group;
a-(b+c)=ab+acg;

a+a =0forallainR;
ab(a+b+ab)=ab foralla, b,ceR.

ar®ODE

Lemma 1.2: Let R be a Boolean like semi ring. Then a.0 = 0 for all ain R.
Definition 1.3: A Boolean like semi ring R is said to be weak commutative if abc = acb for all a, band c e R.
Lemma 1.4: Let R be weak commutative Boolean like semi ring. Then 0. a=0 for all a € R.

Lemma 1.5: Let R be weak commutative Boolean like semi ring and let m and n be integers. Then, (i) a™a™ = a™*"
(i) (@™)* =a™ (iii) (ab)" =a™b"
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2. CONSTRUCTION OF BOOLEAN LIKE SEMI RING OF FRACTIONS

Here we introduce the construction of S~'R from a Boolean like semi ring R.

Definition2.1: A non empty subset S of R is called multiplicatively closed whenever a, b €S implies ab €S
Now we prove the following two lemmas which we use in the sequel.

Lemma2.2: LetR be a weak commutative Boolean like semi ring. Then ba?+ b%a = ba + (ba)? Va, b€ R.

Proof: ba?+ b%a=bhaa +bba =baa+ bab (by 3 of def 1.1)
=ba(a+b) (by 3 of def 1.1)
=ba(b+a) (by 1 of def 1.1)
=ba(b+a+ba+ba) (by 4 of def 1.1)

=bab + baa + baba + baba  (by 3 of def 1.1)
=ba(b+a+bha)+ (ba)? (by 1of def 1.1 and lemma 1.5)
=ba + (ba)?

Lemma 2.3: Let R be a weak commutative Boolean like semi ring. Then

c@+a®)(b+ b?)=0va,b,ceR.

Proof: Consider ¢ (a+a?)(b + b?) =c (a+a?)b + ¢ (a+a?) b? (by 3 of def 1.1)
=cb (a+a?) + ¢ b? (a+a?) (by def 1.3)
=c [b (a+a?) + b? (a+a?) ] (by 3of def 1.1)
= c[ba + ba? + b%a +b%a?) | (by 3 of def 1.1)

=c[ (ba +b%a?) + (ba’+ b?a) ]

=c[ (ba+(ba)? ) + (ba®+ b%a) ] (by lemma 1.5)

=c[ ba+(ba)? +(ba+ (ba)?)]  (bylemma 2.2)

=c0 (by 4 of def 1.1)

=0 (by lemmal.2)
Remark 2.4: In [8], it is observed that a + a? is a nilpotent element in a Boolean like semi ring R.
Theorem 2.5: Let R be a weak commutative Boolean like semi ring and S be a multiplicatively closed subset of R.
Define a relation ~ on R x S by (ry, S1) ~ (2, Sp) if and only if 3 se S such that s(s; r, + S,r1) =0 . Then ~ is an
equivalence relation.~
Proof: Let (r,s) € Rx S. Then for any tin S, from 4 of definition 1.1 and lemma 1.2 we have that t(sr+sr)=t0=0.
Hence (r, s) ~ (r, s).Thus ~ is reflexive.
Now suppose (r1, S1) ~ (r2, S2). Then t (Syrp+ Spry) =0 for sometin S.

= t(Saritsir) =0

= (2, S2) ~ (r1, &1). Thus ~ is symmetric.
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Finally let (ry, s1),(r2, S2) and (rs, S3) € R x S such that (ry, S;) ~ (r2, S;) and (rp, Sp) ~ (r3, S3). Then t[syr+s,r;] =0 = t
[saratssrp] for some tand t inS

= t[sirtSri]ss =0 = t [S2r3+S312]S1 (by lemma 1.4)
= tSg[S1ro+Sar1] = 0=t Sy[So 13+ S3 2] (by def 1.3)
= t tSs[sar2+Sor1] = 0=t Sy[S, 13+ Sa o]t (by def 2.3 & lemma 1.4)

St S5(S1ro)+ t'tSs(Sary) +t tSi(Sars) +t t53(S3r2) =0

[t ts1(Sal2)* £t $1(SsF2)] + [t t55(Sars) + ¢ t55(Saf1)] = O

=t'ts, (Saf1) + t tS5(Sar3) = 0

=t'tsy[Saf1 +51r3] = 0 (by def 1.3)

= t'ts, [s1r3+ssr1] =0 (by 1 of def 1.1 where tt's, isin S.)
Hence we have some t'ts, € S such that (ry, S1) ~ (r3, S3). Thus ~ is an equivalence relation.

Remark 2.6: From the preceding theorem we denote the equivalence class containing (r, s) in R x S by g and the set of
all equivalence classes by S71R.

Lemma 2.7: Let R be a weak commutative Boolean like semi ring and S be a multiplicatively closed subset of R.
Then

(i) If 0¢ S and R has no zero divisors, then (ry, s;) ~(r2, $2) ifand only if sirp- Sprg
(i)t===Z=ZforallrinRand foralls, tin S

st st ts
rs

(iii) rs—s =—forallrinRand forall s, s'in S.

S

(iv) f =Zforalls,s inS.

N

(v) If 0 € S, then S~IR contains exactly one element.
Proof: Routine.

Theorem 2.8: Let S be a multiplicatively closed subset in a weak commutative Boolean like semi ring R. Define binary
operations + and - on S~!R as follows:

r ry _ Sari+sirp ri rp _rqrp
L4 221712 gpg 2. 222
S1 s2 S1S2 S1 S2 S1S2

Then (S7IR, +, - ) is a Boolean like semi ring.

T r2 ¥

Proof: To prove + and - are well defined let :—1 =7, =T This implies
1 1 2 2
tlsyry s ] =0=¢t [s,ryt+s,1,] for somet, t,in S. [*]
. + 2T+ S1T2 o ! ;
First we prove that 22-4-°172 = 227470172 [je Ly 22— 71 4 22
5182 S1 S2 S1 Sy

Consider t't [s;55(s,1, + $171) + 515,(s;11 + 5173 )]
= t't(s152)(Spm) + t 1(5155)(5171) + t t(515,)(S,1) + t t(s15,)(s175) (by 3 of def 1.1)
= t'1(s55,)(s177) + £ t(s151)(Sa7) + t t(S25,)(5171) + t t(s151)(s,13)  (by def 1.3)
= (') (s252)[(51m) +(5111) 1+ (') (5150 [(5272) + (5272)]

=t (sp5)t[(5171) +(s5171) 1 + ¢ [(s2m2) + (52732)] ts15:) (by def 1.3)
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=t'(5,572)(0) + (0) t (s151) (by [*] above)
=0+0 (by lemmas 1.2 & 1.4)
=0

Hence + is well defined. Next we prove, s[(s;s,)r1r2+ $1S; (1;73)] = 0 for some s in S.

T T’I T T’I - -
Now, & = 2, 2 = Zimplies,
51 S1 52 S2

t[syri+ sirq] = 0=t [syr2+ S, 1"5] for sometandt' in S.

= t[syry+ s177] Spr2 = 0 =t [sy12 + Sory Jsimy (by lemma 1.4)
= tt [y + S177 ] Spf2 = 0 = tt [sy10+ Sy ]simy (by lemma 1.2 & 1.4)
= tt' (syry) [y + s ] + tt (s177) [Spra+ Sar3]1 =0 (by def 1.3)

=it (spr2) [s1ri] + tt (spra) [sr] + tt (s1ry) [sara] + tt (s177) [Sar2]1 =0 (by 3 of def 1.1)
= tt'(5,5;) [rira] + tt' [s177] (spr2) + tt (sum7)[Sar2] + tt [5182](ri73) =0 (by def 1.3)

= tt'(5,5;) [rir2] + tt [$182](ri73) = 0 (by 4 of def 1.1)
=t [(s157) [rar2] + [$182](ri72) 1= 0

Thus choose s = tt' which is also in S. Hence multiplication is also well defined. We observe the following trivial
fact, before proceeding to the next.

Before proceeding to the next,

T T
no,n
S S

= % for anyr, r, inRand sin S (from lemma 2.7 and theorem 2.8)

Now we claim that (S~'R, +) is an abelian group.

r

A. +isassociative. Let 2—1 , S—Z , 2—3 € s~IR. Then,
1 2 3

ry
S1

+ [rz L, DS |.$3rz +Szr3] _ (s2s3)yrq +s1(s3rz +s2r3)
sz s3 S1 $253 s1(s2s83)
_ (sar1ys3 + (s1rp)s3+ (s1sp)ra3 _ (sariysg |, (sirz)s3 | (s1sp)rs3

(s1s2)s3 (s1s2)s3  (s1s2)s3  (s152)s3

(by lemma 2.7)

_ GaTiesirgyss  (s1Spyr3 _ SaTi4syry 413 (by lemma 2.7)

(s152)83 (s1s2)s3 $152 s3

= [ + 2] + = Hence associative.
S1 S2 S3

B. Existence of additive identity (zero element)

. 0 +0
Forany-ins™'R, =+ —=—— (by remark 3.4)
S S S S

Hence g is the additive identity for any s in S.
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C. +is commutative.

Sa2Tr1 +
Let 2 2 §-1R, then 2+ 22 21512 -1 H99N - q0f gef 1.1)
s1 ' sy S1 S22 $1S2 S1S2

= SGara +oan) (by lemma 2.7 for any s in S)

s(s1s2)

_ s(syrz +sar1) _ sira +sary
s(s2s1) $281

(by def 1.3)

r r
fz T1
S2 S1

D. Existence of additive inverse:

. 0
Let-bein S7IR. Then-+:="5=2 (py #)
s s s s s
_ s(sira +sprq) _ syrz +sary
s(s2s1) $281

(by def 1.3)

S22 s1

Hence (SR, +) is an abelian group.
E. (S7!R,-)isasemi group.

Let L 2 B e g-1R thenll. [2. 2] =it 2rsy o falars) (0T 5 6 gef 1.1)
s1 Sz  S3 s1 sz s3 s1 - s2s3” s1(szs3)  (s152)s3

S R Ry R P
S1827 S3 s1 Ss2 S3
F. (.)isdistributive over +
Let =, 2 e SIR, then
S1 S22 S3

ry [r_z + r_3] _T [ s3rp +spr3, _ ri(sarz +sar3y _ ri(sgry) +rq (s2r3) _ r1(rasz) +r1 (r3sy)
s1 sz S3 s1 $253 s1(s2s3) s1(s2s3) (s152)s3

_ (rirgysg +(rarsysz

by def 1.3

s1(s2s83) (by )

- (r1r2)53 + (rirg)s2 - (riry) + (rirz)
(s1s2)s3  (s183)s2 (s1s2)  (s1s3)

=[r_1.r_2]+[r_1.r_3]

S1 S22 S1 S3
G. Characteristic of STIR is 2.

r _r+r _0

Let g be in SR, then g +

S S S

H. Let *,2€S 'R Then = . 2=22 2[4 241. 2]
S1 S2 S1

S22 S1 S2 St S22  S1 S2

. T2 1112 (Sorptsyratriry
Claim; 12 = Iz [s2ritsirz iz,

$152 $152 $152

Let teS be any element. Then consider;

tl(s152)(rirz)(sory + 811 4 1113) + (5152) (5152)(1112))]
=1[(s15,) (r 1) (sorq + 5115 + 1y13) + (5152))(1ry132) (518,)] (by def 1.3)
=t (s18,)(ryry)[(syry + 8115 + 1115) + (515,)]
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=1t(sy8,)(ryry)[rys, + sqry + 115 + 5155] (by def 1.3)
=1(5152) (1) [ry (2 + 1)+ 51(r; + 5] (by 3 of def 1.1)
= 1(5152)(rr2) (14 81)(r2 + 52)

=1(sr1)(s212)(s1 +11) (52 +12) (by def 1.3)

=t(syr) (s + 1) (s2r2) (s, +13) (by def 1.3)

=t(syry + (5111)%) (52172 + (5212)%)

=0 (by lemma 2.2).
Hence we have that % = 2 [22051272) \which proves 5 of defl.1
5182 5182 5182

Thus (S7IR, +, - ) is a Boolean like semi ring.
Now we recall the following definition of A. L. Foster [1] regarding Boolean like ring

Definition [1]: A Boolean like ring R is a commutative ring with unity and is of characterstic 2 in which ab(1+a)(1+b)
=0 foralla,binR

Theorem 2.9: (S7IR, +, . ) isaBoolean like ring.

Proof: Let . "2 € S-IR. Then.rz =z - 301
: S1 ! S2 ' S1

sz s1s2  s(s1sp)

s(rzry,

s(s2s1)

S281

Thus - is commutative.

T2 _

(by lemma 2.7)

(rary

(by lemma 2.7)

- (s2s1)

r2
S2

ry
S1

Hence left distributive property also holds from commutative property of - and F of theorem 2.8

i. Multiplicative identity,

Let = be any element. Then,

r.s_rms_r
SroE—=s (by lemma 2.7)
===>.- (by lemma 2.7). Hence - is the multiplicative identity.
ii. Let £, 2 e SIR. Then,
s1 s2
ry rz pS1, TiqpS2 , 72 (rirp)(si+ri)(s2+rz)
A2y r2 2 o 22T T by lemma 2.7
s1 S2 [51 51][52 Sz] (s152)(s182) (by )

— s(s152)(r1r2)(s1+r1)(s2412)

s(s152)(s152)(s182)

(by lemma 2.7)

— 8(sam)(s171)(s212)(52472)

s(s152)(s152)(s152)

:SE, where s = 5(5,5,)(515,)(515,) (by lemma 2.3)
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