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ABSTRACT

The study of mathematical inequalities play very important role in classical differential and integral equations which
has applications in many fields. Fractional inequalities are important in studding the existence, uniqueness and other
properties of fractional differential equations. In this paper, we present some fractional inequalities, Generalized
Gronwall inequalities, Hilbert-Pachpatte inequalities, Minkowski fractional inequalities, Harmite-Hadamard integral
inequalities and Opial-Type inequalities.

Keywords: Generalized Gronwall inequalities, Hilbert-Pachpatte inequalities, Minkowski fractional inequalities,
Harmite-Hadamard integral inequalities, Opial-Type inequalities, fractional derivative and fractional integration.

1. INTRODUCTION AND PRELIMINARIES

The main objective of the paper is to survey of some recent development in the field of fractional inequalities which is
currently receiving considerable attention. We prepare some material which will be needed later since we will be
dealing with different result and application in different paper, it will be also task here in this section to unify the

notations. We denote C™[(0, X)] the space of all functions of all [0, x] which have continuous derivative up to order
m, AC([0,x]) is the space of all absolutely continuous function on[0, x]. AC™([0, X]) denote the space of all
g € C™*([0,x]) with g™ e A([0,x]) for any & € R we denoted by [c] the integral part of o (the integer
K satisfying K <a <K +1). let & >0, and m =[] +1, the space J“(L;) consist of all functions of f on
[0, X] of the form f e J“y for some y € L[O, x].

We shall introduce the following definitions and properties which are used through our this paper.

Definition 1.1: A function f (t), is convex function if
f(at+(1-a)s)<aof (t)+(1-t) f(s), )
where 0 < ¢ <1.

Definition 1.2: A function f (t), is concave function if

f(at+(1—a)s) > af (t)+(1-t) f(s), 2)
where 0 < <1.

Definition 1.3: A real valued function f(t), t>0 is said to in space CH, 1 € R if there exist real number
P = u such that
f(t) =tPf (), where f,(t)eC([0,]).
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Definition 1.4: Afunction f(t), t>0 issaidtoinspace C;, e R if f"(t) e C([0,0).

Definition 1.5: The Riemann-Liouville fractional integral operator of order o > 0, for function f e Cﬂ (u=-1)is
defined as:

Je f(t)_—j(t ) f(2)dr; «>0, t>0, @3)
JOf () = f(1),
where I'(ar) = J:Oe’”u“’ldu :
For our convenience of establishing the result, we give the semigroup property:
J9IEM)=3*"f(t), a=0, t>0, (4)

Definition 1.6: The Riemann-Liouville fractional derivative of f of order « , is defined as:

a — 1 d " t m-a-1
D f(t)—m(aj jo(t—f) f(r)dr, 5)

where m =[a]+1. In addition, we stipulate

D°f:=f:=J°,)7f:=D"f, if p>0,D“f:=J%f,if 0<a<l. (6)
If o is positive integer, then D“ f = (—t)“ f

We also need the following result on law of indices for fractional integral and differentiation.

Lemma 1.1: (Chapter 1 Theorem 2.5) The law of indices

JUIE([)=J3" (1) @)
is valid in the following case:
1. v>0,u+v>0and f eL[0,t];

2. v<0,u>0and feJd'(L);
3. u<Ou+v<Oand feJ™"(L).

Lemma 1.2: (5.Lemma3.1) Let @ >0, f>a, let f e L(0,X) have an L™ fractional derivative D” f in [0,x],
and let D’ f(0)=0,for k =1..[f]+1. Then

DA f(t)= ——— (ﬂ _[(t 7)Y/ D’ f (r)dz,t [0, X]. ®)

2. GENERALIZED GRONWALL INEQUALITY

The Gronwall inequality, which play a very important role in classical differential equations. We first recall standard
Gronwall inequality which found in [3].

Theorem 2.1: If X(t) < h(t) + j: k(s)x(s)ds telt,,T),
0
where all functions involved are continuous on [t,,T), T <+, and K(t) >0, then Xx(t) satisfies
X(t) < h(t) +f h(s) k(s) exp[fk(u)du]ds ,telt,, T).
0 S
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If, in addition, h(t) nondecreasing, then

x(t) < h(t) epr: k(s)ds), teft,T).

In [11] author establish A Generalized fractional Gronwall inequality on the base of iteration argument.

Theorem 2.2: Suppose that >0, a(t) is nonnegative function locally integrable on 0 <t <T (some T <+o)
and g(t) is nonnegative, nondecreasing continuous function defined on 0<t<T, g(t) <M (constant), and
suppose U(t) is nonnegative and locally integrable on 0 <t <T with

u(t) <a(t) + g(t) j;(t —s)#u(s)ds.

on the interval. Then

u(t) <a(t) + j %)a 5)"- 1a(s)}ds 0<t<T.

Proof: Let Bg(t) = g(t)J‘O(t —s)”u(s)ds, t >0, for locally integrable function ¢. Then
u(t) <a(t) + Buf(t)

implies

ut) = > B a(t)+u(t).
Let us prove

() < [Py -5 o) ©

and B"u(t) > 0 as n — oo foreach tin 0 <t <T . We know this relation (2.1) is true for N =1. Assume that it is
true for some N =k . If n =k +1 then the induction hypothesis implies

B**u(t) = B(B*u(t)) < g(t)j;(t—s)/“[j ((g(i)ig» RS20 (s - )kﬂ‘lu(r)dr}ds

since g(t) is nondecreasing , it follows that

B u(t) < (g ()" [(t - s)“{ [ - )kﬂ-lumdr}ds

By interchanging the order of integration, we have

B (D) < (9(1)"" j{ i ((gf;)) LNy gy (s - gy 1ds}u(r)dr
(00 LN
j (F((k +1)ﬁ) —53) u(s)ds,

where the integral

J-t(t —s)P(s— z-)kﬂ—lds =(t- T)kmﬂfl-[:(l_ 7) K617

=(t-7)""7 Bk, B)
_ LA kp) (t— 7)1
I(k+1)p ’

is evaluated with the help of substitution S = (7 + z(t — 7)) and the definition of beta function see [8. PP.67].
© 2012, IIMA. All Rights Reserved 1474



“aChinchane V. L. & bPachpatte D. B./ Mathematical Inequalities On Fractional Calculus: A survey / IIMA- 3(4), April-2012,
Page: 1472-1481

Hence the relation (2.1) is proved, since

B“u(T)SJ-((I\/ILIE(’Z;) )(t—5)"2u(s))ds — 0 as 1 — +o0 for t[0,T),

hence theorem is proved.
3. HILBERT-PACHPATTE TYPE INTEGRAL INEQUALITY FOR FRACTIONAL DERIVATIVE

Recall the original Hilbert double integral inequality see [6.Theorem 316]

Theorem 3.1: 1f p>1, g = p/p-1 and

jo“’f P(t)dt < F Iowgq(s)ds <G,
then

IwI f(t)g(S) dt dS < T Fl/p Gl/q
t+s S|n7z/p

where f, g are nonmeasurable function not identically zero.

In [7. theorem 1] Pachpatte obtained analogues of Hilbert inequality

Theorem 3.2: If n>1, and 0<k <n-1 be integers. Let ueC"([0,x]) and ve C" ([0, y]), where x>0,
y >0 and let u®’(0) =v?(0) =0 for je{0,...n—1}. Then

u® ) 11vH (s ) n V2 n V2

jj'tznzfl)ﬂszngk)ﬂ dt ds < M (nk, %, y)( [[o-n1ur P dt) x( -9V E)r ds) (10)
where

M(nk,x,y) = y (11)

[(n k-1)!T°[2n—2k —1]°

In [5] to drive the theorem for Hilbert-Pachpatte Type Integral Inequality for Fractional Derivative they used some
facts about fractional derivative in[9. Chapter 1].

Theorem 3.3: For each 1 € {1,...n} let X; >0,u; € L(0,X;) and @, € L"(0, X;) be non negative, , >—1, let
p;,q; >1 satisfy 1/p, +1/g, =1, w, >0 satisfy Zinzlwi =1, and a,,b, €[0,1] satisfy &, +b, =1; in addition,
b, > (r, +1)/(1—q,)r, for those i for for which r; < 0. If

lu (L) < J:i(ti —2)i0()dr, te[0,x]i=1,.n, (12)
then

I ()
.[oXl"'.[on -

iW-t-«ai b ) +1)/qiw
171
im1

Where Q= ! (14)

H[((a +ba)r +1)" (ar +1)1/Pi]

QHx”‘" (j (x — )airiHCDi(ti)dti)l/pi (13)

using above theorem [3.3]. They drive Hilbert-Pachpatte type integral inequality for fractional derivative as follows:
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Theorem 3.4: Let N> N . Foreach i e{1,..n} let X, >0, ; >0, B, >¢;. Let p;, ; satisfy 1/p, +1/q; =1,

€[0,1] satisfy a +b, =1; if B <a;+1, let in addition

b, > (8 —)(q, -1)(1- S +¢;). Write I, = B+, —1. If, for each i €{1,..n}, f, €L[0,x] hasan L*
fractional derivative D’ f, and D/} f,(1)=0for j=1,.[B;]+1, then

n

. H | D% f.(t) ] N LD . Up,
onlj n__i= dt...dt < QHXi k H(LI(Xi _ti)aiIri+ | D" fi(t) |pi dti) (15)
i=1 i=1

0 Zn:wt.((aﬁbiqi)riﬂ)/qiwi
171
i=1

Where

w, >0 satisfy Zin:lwi:L and &, b,

0= 1

ﬁ[r(n +1)((a, +b,g)r; +1)1/qi @r +1)1/pi ]

i=1

(16)

Proof: By lemma(1.2),
D" fi(t) = L

r(r +1)

[[t-7)"D"fi(r)dz, te[0x] an

Set
D" ()]

O,(t) = (r +1) :

Then theorem [3.5] applies with I, = 8, + o, —1> —1.

4. MINKOWSKI INTEGRAL INEQUALITY

The well-know Minkowski Integral Inequality is given in [2].

Theorem4.1: Let p>1, 0< Ibf P(t)dt <o and 0< jbgq(t)dt <00, Then

1/p

([oawra) <([rom) +( o) -

and using this in author established the reverse Minkowski integral inequality as:
Theorem 4.2: Let T and @ be positive function satisfying

0<ms&sM,forall t e[a,b]. (19)
a()
Then
1/p

U:f P (t)dt)llp +( j:gq (t)dt)llp < c( j:(f (t)+g(t) Pdt) . (20)
e C= M(m+1)+(M +1)
T (MM 1)

In [4] author established reverse Minkowski fractional integral inequality.

Theorem 4.3: Let « >0, p>1 and let f , g be two positive function on [0,o0[, such that for all t >0,
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JfP(t) <o, J7gP(t) <. 1f 0<m< E)<M,re[0,t],thenwehave
etr @] +[o g m)]” < %[ﬂ(ﬂg)”(tﬁ/p- (21)

Proof: Using the condition G ; <M, r€[0,t], t >0, wecanwrite (M +1)° f(z) <M P(f +g)"(t). (22)

9(z

. . t-7)** . . o .

Multiplying both side of [4.5] by T 7 €(0,t), then integrating the resulting inequality with respect to 7,
a

over (0,t), we obtain,

('\f{l)) [[t-0 " t°()dr < ;)j;(t—r)“‘l(f+g)p(r)df,
which is equivalent to
< M g (1190,

Hence we can write

RE fp(t)]”p [J (f+a)*®]". (23)

On other hand, using the condition mg(t) < f (z), we can write

(1+ijg(r> <L (t@)+9(0).
m m

Therefore,

1) 1
(H—j 0" ()< () (F()+9(0)). (24)
m m
. . t-7)** . . L o
Now, multiplying both side of [4.7] by T , 7 €(0,t), then integrating the resulting inequality with respect to
a

7, over (0,t), we obtain

[egr]® <L 34 + g )] (25)
m+1

Adding the inequality [4.6] and [4.8], we obtain the inequality

1+M(m+2)

m+1)(M +1) pe(rorol”

etr @] +[oeg°m]” <

5. HERMIT-HADAMARD'S INEQUALITY

We recall Hermit-Hadamard inequality in [10] as follows:

Hermit-Hadamard Inequality: Let f :1 < R — R be convex function on interval | of real numbersand a,b € |
with a < b. The following Hermit-Hadamard inequality for convex function holds:

a+b) 1 f(@)+ f (b)
f( . Jsﬁjaf(t)dtsf. (26)
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If the function f is concave, the inequality [5.1] can be written as follows:

f@+f() 1 o a+b
. sb_ajaf(t)dtsf(T]. @7)

In [4] author develop some new result related to Hermit-Hadamard Integral Inequality by using Riemann-Liouville
fractional integral as follows

Lemma 5.1: Let h be a concave function on [a,b]. Then we have

h(a)-h(b) < h(b+a—t)+h(t) < 2h(aT+bj. 28)

Theorem5.1: Let « >0, >0,p>1,q>1 andlet f, g be two positive functionon [0,00[.1f P g% are
concave function on [0, oo[ , then we have

2229(1(0)+ T 0) (9(0)+ g [0« @’ HF
<[F“”Jﬂa“%P«»+J“aﬂ%pa»lfgﬁJﬁa“wqa»+J“aﬂwqa»} )

| () ['(a)

Proof: Since fP” and g% are concave function on [0, oo[, then by Lemma[5.1] for any t > O, we have

FP(0)+ fP(t) < fp(t—r))+fp(r)§2fp(%). (30)
g%m+gNDSg%vw»+g%ﬂs29%%) (31)
(t—7)e 3/t

Multiplying both side on [5.5] and [5.6] by , 7€(0,1), then integrating the resulting inequality w.r.t

I'(a)
7 over (0,t), we obtain

PO+ p((iz(_;; "® J.;(t—r)“_lrﬁ_ldr < F(la) J.;(t—f)a_lrﬁ_lf P(t—r)dr + F(la) I;(t—f)a_lTﬂ_lf P(r)dz
2fp(;) t
< (@) J.O(t—r)“_lrﬁ_ldr (32)
and
9%(0)+g*(t) al_p1 1 al_p1.q 1 a-1_p-1_q
Tjo(t—r) o’ drﬁr(a)_[o(t—r) g (t—r)dr+r(a)jo(t—r) 7199 (r)dr
t
29°(7) .,
< F(a§ Io(t—f)”_lrﬂ_ldr. (33)
Using change of variable t —7 =y, we obtain,
r'(B) t e Na-l_Blgp( :m Bra-lg p
Tor@ jo(t )P (t—1)d F(a)J L P (). (34)
r'(p8) t e Na-l_Blqqp :M B rra-1.q
and AT J.O(t )Pt - 7)d F(a)J t“ g9 (t)). (35)
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By the relation [5.7] and [5.9], we can state that

(12« K" < 07 @)+ 07 ) <2607 @) @)
o
and [5.8] and [5.10], we can write
0@+ 0 Ok @ D= L@ GO IO <26 ). @

The inequality [5.11] and [5.12] implies that

CRORSH0) CRORTAIG) ARGl

M B(ta-lgp a(+p-1§p m B(ta-1nd a(+hp-1n0 (38)
S{F(a) JEETEO) I f (t))}{r(a) I g (D) + 37 (g (t))}
As before, since f and g are positive function, then forany t >0, p>1, q>1 we have

(f p(0)2+ o JOP ) = 27P(F(0)+ f ()P It ), (39)
and

(gq(o);‘ 9°(t) J a(tﬂ—l) > 279(q(0) +q(t)*J a(tﬂ—l)_ (40)

The inequalities [5.14] and [5.15] implies that

(fP0)+ fP(t))(9°(0) +g"(t))
4

(3] 227 (F )+ F ) @O +q®)* [I“*H] . @

Combining [5.13]and [5.16], we obtain required inequality [5.4].
6. OPIAL-TYPE INEQUALITIES FOR FRACTIONAL DERIVATIVE

We know that the original Opial-Type inequality see [1. Chapter 1 Theorem 1.1].
Theorem 6.1: Let f € Cl([O, h]) such that

f(0)=f(h)=0, f(t)>0 on (0,h).
Then

INHCIROIEE 2 [ woat, 42)

h
where — the best constant.

In [1. Chapter 2] author established Opial-Type Inequality For Fractional Derivative as:

Theorem 6.2: Let f e Ct‘; ([a,b]), v>0 and fi(to) =0,i=0,1,2..n-1,n:=[v]. Here t,t, €[a,b];t >t,,
Let p,q>1suchthat 1/p+1/q =1. Then

2—1/p (t _to) pv-p+2/p
T()((po-p+1)(pv—p+2)

jt; | £ ()| DY ()| dw< )1/,, ]x( ft‘O [CRM OIS dwj 4 .
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Proof: Let f eC/ ([a b]) ©>0 and f'(t,) =0,i =0,1,2..n—1,n:=[v]. Then by fractional Taylor formula
[1. Chapter 2 Theorem 2.1]as:

f(t)= mj (t-7)"*(Dy f)(r)dr. (44)

hence from [6.3] and Holder's inequity we get (t >t,).

| f(®)] <mf (t-7)"" (D f)(z)|dr

“To )U (t-2)"™" poltj U (D f |(r))thjﬂq (45)

(t_to)pu p+1/p ) q 1
e KLU

Set z(t):= j: (D2 1 (D)dt, (2(t,)=0).

Then (z'(t)) = (DY f | (1)) and | DY f |= (2 ()", ¥ t,<t<b.

Therefore [6.4], we have

. W—t pu—p+1
£ () 1D | (w) < = to)
I'(v)(po-p+1)
all t, <w <t. Next we integrate [6.5] over [t,,t]

i {L:(| D f | ())%dz Z'(W)}llq_ s

t y ! ' pu-p+1/p ' 1q
Jo OO F w2y [ =t 7 2wz ()t
! ' po—p+L qyn ) P : 1q
“T)(po- p+1)” Ito((w_to) dw)" (2(w)(z (W))dw)
(t _to)pufp+2/p [Z(t)]Z/q

= I'(v)(pv- p+1)1/p(pu_ D+ 2)le ol

B 2—1/q (t _to) pu-p+2/p . ) 2q
- Up | Ji (| Dto f (W) |)qu :
F@)((po-p+1)(po-p+2)"*) Uo j

Thus the proof.
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