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ABSTRACT

This paper present, a reliable algorithm for solving linear and non-linear system of fractional order ordinary
differential equations. The fractional derivatives are considered in Caputo sense. The homotopy analysis method is
applied to construct the numerical solutions. The proposed algorithm avoids the complexity provided by other
numerical approaches. The method is applied to solve four systems of linear and non-linear fractional order ordinary
differential equations. Numerical results shows that HAM is easy to implement and accurate when applied to solve
system of equations.

Key words: System of linear and non-linear fractional differential equations, Homotopy analysis method, Homotopy
perturbation method, Caputo derivatives.

INTRODUCTION

Fractional order ordinary differential equations, as generalization of classical ordinary differential equations, are
increasingly used to model problems in fluid flow, continuum and statistical mechanics, physics and engineering,
economics, biology and other applications. Half order derivatives and integrals proved to be more useful for the
formulation of certain electro-chemical problems than the classical models. Fractional differential and fractional
integrals provide more accurate models of system under consideration. The solutions of fractional order ordinary
differential equations are much involved. One of the most recent works on the subject of fractional calculus i.e. on the
theory of derivatives and integrals of fractional order, is the book of Podlubny [17] which deals principally with
fractional differential equations and today there are many works on fractional calculus. For most of fractional
differential equations there exist no method that yield on exact solution of fractional differential equations, so
approximation and numerical technigques must be used such as homotopy perturbation method [7,14,16,19,20],
Adomian’s decomposition method [1,5,8,12,13] and variation iteration method [4,12,15,16]. However the region of
convergence of the corresponding result is rather small as shown in this paper.

Recently, Liao [9] proposed a powerful analysis method, namely the homotopy analysis method [HAM], for solving
linear and non-linear differential and integral equations. Different from perturbation techniques, the HAM does not
depend upon any small or large parameters. A systematic and clear exposition on HAM is given in [10]. The HAM was
successfully applied to solve many non-linear problems such as non-linear Riccati differential equation with fractional
order [3], non-linear Vakhnenko equation [21], the Glauert-jet problem [2], fractional KdV-Bergers Kuramoto equation
[18] and so on. In this paper we extend the application of HAM to solve linear and non-linear system of fractional
ordinary differential equations. Besides we note that Adomian decomposition method and homotopy perturbation
method are special cases of the HAM when h=-1.

The organization of this paper is as follows. A brief review of the fractional calculus is given in the next section. We
use the homotopy analysis method to construct the numerical solutions for system of fractional order ordinary linear
and non-linear equations in section 3, some examples are given to show the efficiency and simplicity in section 4, the
numerical values with varying order o. and h = — 1 in tabular form is given in section 5.
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2. BASIC DEFINITIONS

1. The Riemann-Liouville fractional integral operator (J*) of order o > 0 of a function F (x) € C,, u > -1, is defined as

X
J“F(x):%jo X—0)“TE®dt ;o> 0,x>0

J° F(x) = F(x)

I'ou is well known Gamma function. Some of the basic properties of the operator J* which

We will need here are as follows:
ForFeC,u>-1, o,fp=20, y>-1 x>0

(i) I 3P F(x)=3*"P F(x)
Gy  J*IPFX)=IPI* F(x)
T 4D oy

Gip  J*x'=
IMNa+y+1)
2. The fractional derivative (Dg ) of F(x) in the Caputo’ sense is defined as
I FW(x)]  , n-l<a<n, neN,
D FX=1 d" F(x)
—_— R oa=0n
dx"

For FECL, neNuU{0}.

The following are the basic properties of the Caputo’s fractional derivative:

n-1 k
O JD*FX)=F(x)-3 F(")(O+)%, x>0,n-1<a<n
k=0 -

9P F(x) Ca>P
i) DPI*F(x) = F(x) o=
DP* F(x) Ca<p

Gi)m D*D"F(X)=D*"™F(x), m=0,1,2,...,.n-1<a<n

The Caputo fractional derivative [6] is considered here because it allows fractional initial and boundary conditions to be

included in the formulation of the problem.

3. THE HOMOTOPY ANALYSIS METHOD

In this section the basic idea of the homotopy analysis method is introduced. Here a description of the method is given

to handle the system of fractional differential equations.

DX () =F.(t,X,,.. X ) ;i =123..,n, 0<o <1

Subject to the following initial conditions:

xi(0)=(:i ;1=1,2,3,...,n

Zeroth-order deformation equation

Liao [10, 11], construct the so-called zeroth order deformation equations:
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A=) L,[6,(t @) =X, (0] =ah H (O N, 10,6 =12, ®

Subject to the initial conditions:

<|>i(0,q)=(:i ,1=1,23,...,Nn,

Where q € [0, 1] is the embedding parameter, h; = 0 are non-zero auxiliary parameters Hj(t) = 0 is an auxiliary
functions, L; are auxiliary linear operators. Satisfying Li(c) = O, xj, (t) are initial guesses satisfying the given initial
conditions and ¢ (t, q) are unknown functions. It is important, that one has great freedom to choose auxiliary
parameters in HAM. Obviously, when g =0 and g = 1, it holds

0,(t0)=x,,(1)
(|>i(t,1):xi(t) ,i=123...n @)

Respectively. Thus as g increases from 0 to 1, the solution (I)i (t, q) varies from the initial guess X; (t) to the solution

xi(t). Expanding (I)i (t, q) in Taylor’s series with respect to the embedding parameter g, one has

0, =X, 0+ X, (9" 5 i=12..n ®
m=L1
o"o.(t,
Where X, (t)=iM ;1=1,2,...,n (6)
m m! aqm
g=0

If the auxiliary linear operator L;, the initial guess Xio(t)’ the auxiliary parameter h; and the auxiliary functions

H i (t) are so properly chosen, the series (5) converges at g = 1. Then at g = 1 and by (4) the series (5) becomes

o0
X (=%, (1) + 21 X, (1), i=12,.,n @
m=
The m-th order deformation equation
Define the vector

X. :{xio(t),xil(t),xiz(t),...,xw(t)} 1=12,...,0 (8)

Differentiating equations (3) m times with respect of the embedding parameter g, then setting g = 0 and dividing by m!
And using (6), we obtain the m™ order deformation equations for i =1, 2, 3....,n

L X D=2 X (O]=h HOR X, (O], i=12..n ©
Subject to the initial conditions:

xim(O):O, i=1,2,..,n (10)
Where

o™ N (9. (1,
R [X. (D]= L (0, q)‘ ,i=1,2..,n (11)
imt ™ im-1 (m-1)! aqm—l ‘
g=0
And
B 0 ;m <1 12
T = 1 m>1
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If we choose

L =D;"  ;i=12...n (13)

a.
and applying the Riemann-Liouville integral operator J ' on both sides of (9) and using initial conditions (10) we
have

X =y x_(O+hITHMOR_(x_ B], i=123,..,n (14)

Subject to the initial conditions

xim(O):O, i=1,2,...,n (15)
4. APPLICATIONS
We will apply the homotopy analysis method to the system of linear and non-linear fractional differential equations.

Example 1: Consider the following system of non-linear FDEs:

D%x=2y?
D2y =tx
D%2z=yz (16)

With initial conditions as
x(0)=0,y(0)=12z(0)=1 a7

In view of the HAM presented above, if we select the auxiliary functions H,(t) = H,(t) = H,(t) =1 andthe

initial guesses X, (t) = 0, y,(t) = 1, z,(t) =1, we can construct the homotopy
m-1
= _ (Xl _
le (Xm—l(t)) =D X 2 ZO yj ym—l—j
J:

— _ Otz _
RZm(ym—l(t)) =D Yma tXm—l
-1
= _ OLS _
RSm (Zm—l(t)) =D 2 ZO yj Zm—l—j (18)
J:
By HAM the m-th order deformation equations are given by

LIx_(®-x x__ (O]=h R,_[X (1]
LIy, (0% Yy, (Ol=h, R, [y _ (0]
LIz, (-7, 2, ,(O]=h R, [Z (V)] (19)

Using equation (18) in (19) and applying the Riemann-Liouville integral operator Jai on both sides, one has

m-1

X =0 + M X (O -x L O]+h 3 =23 yy
j=0

y ()=, +h)ly, (O-y__ (O]+h J"2[-tx ]
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m-1
zm(t) :(Xm + h3) [zm_l(t)—zm_l(O)]+h3 33 {— > yjzmlj} (20)
i=0

Then we obtain the following:

xo(t):O

y, (=1

zo(t):l

o-on L

X =— Epe—

() 'T(l+a,))

y,()=0

h, L

z(t)=—h,———

A0 3T(+a,)
£

XZ(t):_2h1(1+hl)m
1
l+0t1+(x2

f)=2h h @
Va0 =2 o) )

1 20 1 o
z ()=h?— = t*3_h (1+h )—— %
2() 3r(1+2a3) 3( 3)F(l+a3)
o l+a o
Xs(t):_2h1(1+h1)2# 1_8 12 , ( 1) t1+2 1+

1+ ocl)

I'2+o, +a,)

(1+ al) t1+(x1+a2
I'2+a, +a,)

I+aq+a
y,()=2hh (1+h) 712 1 2h h (1+h)

28 _h (1+h)—— %3
3 ¥T(l+a,)

_ 2 1
z,(t)=(1+ hs){hs S

-h hZ;tzm3 _wt% +2h h (l+a1) t1+0L1+(x2 £93
33T+ 3a,) I1+2a,) L2r(2+a +a, +a,)
- 1+a .
X(®)=— 2h [ Lth ) s @eh 24 ]t ghzh 4. M) e
' ' ' F+a) 1% "T(2+2a,+a,)

(1+ al) t1+al+cx2

F(2+0o, +a,)

y(t)=1+2h1h2[l+(1+ h1)+(1+ h2)+...] (21)

g 20L3
z(t)=1-h,[1+(1+h )+(1+h ) +...]ﬁ+ h2[1+2(1+ h3)+---]m
3

3
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5 t3a3 t1+al+cx2+a3
~h3[l+..]————2h.h_h
3 I(1+3a,) L230(2+0,+a,+o,)
Example 2
D*x=y
D%y =z

D% =-x-y-z+x?
Subject to the initial conditions

x(0)=0.2, y(0)=—0.3,2(0) =0.1

Here we have assumed the initial guesses Xo(t) =0.2, yo(t) =-0.3and Zo(t) =0.1.

Using the equation (9) and (14) and taking H;(t) = 1, we can construct the following

x_ (=0 +h)Ix_ (O-x__ (O)]+h I*[-y__ (1]
y_®=0, +h)ly_ (D-y_ (0]+h, %[z _ (1]

Zm(t) = (Zm +h3)[szl(t)_szl(0)]+h3 J Xm—l(t)+ym—1(t)+zm—1(t)_§ Xj Xm—l—j

i=0
Then we obtain the following:

xo(t):0.2
y,()=-0.3
zo(t)=0.1
X.()=03h
1 T+ a)
tO(,
t)=-0.1h
Y, 2T'1+a)
o
z.(t)=-0.04h
(M 3STr1+a)
o t20n
X, (1)=0.3h,(1+h +0.1h,h, ————
(1= R rl+a) L2701+ 20)
o tZOL
yz(t):—O.1h2(1+h2)r(1+a)+0.4h2 h3m
ton t20c
z ()=-0.04h_(1+h h_[0.18h, —0.01h_-0.04h_]———
(! o 3)r(1+(x)+ L0180, 2 T v 2a)
tcx t20c
Xx=0.2+0.3h [1+(1+h 0.1h [h, +..]|———
+O3hrdrh, )+ ]Ixr+a)+' ity ]le+2a)
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o t20(
=—0.3-0.1h_[1+@A+h_ )+.. +0.04h_[h, +..] —— 24
y 2[ ( 2) ]F(l+oc) 2[ 3 ]F(l+20c) &4
o t2(x
z=0.1-0.04h_[1+(1+h_)+... +h_[(0.18h, —0.01h_ -0.04h_)+..]| ————
3[ ( 3) ]F(1+oc) 3[( 1 2 3) ]F(1+20L)
Example 3
X" =0(Tx —y)—Ax> (25)
y'2 =x O<a,,a,<1
Subject to the initial conditions
x(0)=c, and y(0)=c, (26)
Here we have assumed the initial guesses Xo(t) =C, and yo(t) =C,.
Using the equation (9) and (14) and taking H i (t) =1, we can construct the following:
X_()=(, +h)x_(H-x__ (0]
u m-1 m-1—j
+hJ1 —x(Txm_l—ym_l)+kJZ(:J X, Z(‘; XX i
y (=0, +h)ly, -y _(0)]+h,I"2[-x__ (1] (27)
Then we obtain the following:
xo(t)zc1
y,(H=c,
X, ()=h, A(-Tc, +c+c )L
1 1 1 1 2 1—*(1_|_a1)
h z
t)=ch, ———
yl() 1 2F(1+0L1)
X.()=h A1+h A(-Tc +c3+c )L
2 1 1 1 1 2 F(1+a1)
ol —Tc, +¢2 +¢.)h c.h t”2
1t 1x(T—3c2)( 16+, L2 Ah
! I'(1+2a,) F(l+o +a,)| *
h.h a(~Tc, +c? e h(eh )t
t)=— ~Tc, +c’+c¢ -C +h )——
yz() 12 ( 11 2)l“(1+0L1+0L2) 1 2( 2)F(lJrocl)
_ 3 t
X(t) =C, +7L1h1(—Tcl +C +¢,)[1+(1+ h1)+...]F(Tal)

© 2012, IIMA. All Rights Reserved 1417



V. G. Guptal & Pramod Kumarz*/ APPLICATION OF HOMOTOPY ANALYSIS METHOD FOR SOLVING SYSTEM OF... / IIMA- 3(4),
April-2012, Page: 1411-1422

—Tc, +c3+c.) 5, -
(T, +ey 2)tzl—kchh L 172 28)
I(1+2a,) P20+, +a,)

tOLz 3 t(11+OL2
— hlhz?»(—Tc1 +C; +C,)

+2*h%(3c? - T)

y(t) :C2 —C1h2[1+(1+ h2)+]m

I'l+o, +a,)

Now by seiting the values of C, = 0.45,C2 =-0.02025,L =40, T =0.1575 than the numerical result are

given in table (3) for hl = h2 =—1 and for different values of o, and o

5
Example 4

D*x=x-Yy

D*y=—x+Yy (29)

Subject to the initial conditions

x(0)=1,y(0) =3 (30)
Here we assume the initial guesses X (t)=1and Yo (t)=3.

Using the equations (9) and (14) and taking H;i(t) = 1, we can construct the following

x_ (=0 +h)Ix_ (O-x__(O]+h 3%[-x__+y ]

Y, O=0, +h)ly, O-y, ,O]+h, I [x_ -y ] (31)
Then we obtain the following:
xo(t):l
y,(0=3
ta
X, =2h
L 7 in(a+1)
toc
=-2h
%y 2T(0+1)
t¢ 1 20
X2:2h1(1+h1)m—2hl(hl+h2)mt
tot t2(x
y2 :—2h2(1+h2)m+2h2(h1+h2)m
toc ) ) t20c
X,(t)=2h (1+ hl)m—2h1(1+ h)[2(h, +h,)+(h? +h2)]m
t3oc
2h (h, +h ) ———
+eh,(hy+hy) T (1+3a)
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V5(0==2,(+h)) i Fare " 2nal2h +hy)+(hy+h; H%
_2h2(h1+h2)2%

X(®)=1+2h [1+(@+h )+ A+h )% +.. ]maa)
_2h1[(h1+h2)+(h1+h2)2+[h1(1+h1)+h2(1+h2)]+---]%
+2h1[(h1+h2)2+---]r(%200

y(t)=3-2h [1+(@+h )+(A+h )% +.. ]ma )
+2h2[(h1+h2)+(1+h2)(h1+h2)+[h1(1+h1)+h2(1+h2)+”']%
_2h2[(h1+h2)2+...]%

xm om0 e

e 14 /’/
B B _'__,_-o——"_'_'-‘_i | --F’///...
P i 0s 1 t _____-lj = I_I-
1(a) 1(b)
0 az=05
43 /
4 : /'/

1(c)

Figure 1: Plot of the system (16) when h; =h,=h; =-1
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=05
a,=1.0
2(t) a=05
025
020 =10
(13K
t
02 04 06 18 10

2(c)

Figure 2. Plot of the system (22) when h; = hy=hz =-1

t
x(t) =05 yo 4y=05

09

ng

6

02 04 i) 0% ot

3(a) ' 3(b)

Figure 3: Plot of the system (25) when h; = h,=-1

. y® a=05
- T~ 02 T o — 08 08 T ] /
. - —— . 5
2 .
. T 12 /
4 - "\__ N -
™ a=1.0 1
6 ~ . =10
.
E Iy
"\\\ o
10 . “
. 4
X(t) a=05 02 04 it it 10 t
4(a) 4(b)

Figure 4: Plot of the system (29) when h; = h,=-1
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5. Numerical values with varying order a; and h; = -1

Table 1: For Example 1

o =a,=013=0.5

oc1=ocg=a3=1

t X

Yy z

X

y

zZ

0.0 0

1 1

0

1

1

0.2 | 1.07385

0.06

1.78806

0.401067

1.00533

1.2216

0.4 ] 1.79269

1.24

2.3953

0.817067

1.04267

1.49493

0.6 | 2.75497

1.54

3.07538

1.2864

1.144

1.8376

0.8 | 4.08546

1.96

3.86426

1.87707

1.34133

2.2736

1.0 | 5.86757

2.5

4.78884

2.66667

1.66667

2.83333

Table 2: For Example 2

a=0.5

X

y

zZ

X y

0.0

0.2

-0.3

0.1

0.2

0.1

0.2

0.68612

-0.241537

0.148776

0.142

0.1106

0.4

0.0259051

-0.212635

0.184211

0.088

0.1264

0.6

-0.00221162

-0.88596

0.21745

0.038

0.1474

0.8

-0.0227759

-0.167075

0.249553

-0.008

0.1736

1.0

-0.0385138

-0.147142

0.28093

-0.05

0.2050

Table 3:For Example 3

a1 =a,=0.5 a;=0,=1.0

t X y X y
0.0 | 0.45 | -0.02025 | 0.45 | -0.020205
0.2 ] 0.54 | 0.206632 | 0.459 | 0.06975
0.4 ] 0.63 | 0.300892 | 0.486 | 0.15975
0.6 | 0.72 | 0.373067 | 0.531 | 0.24975
0.8 ] 0.81 | 0.433914 | 0.594 | 0.33975
1.0 | 0.90 | 0.487521 | 0.675 | 0.42975

Table 4: For Example 4

0.0 1 3 1 3
0.2 | -1.34752 | 5.39752 | 0.509333 | 3.49067
0.4 | -3.54975 | 7.54975 | 0.205333 | 4.20533
0.6 | -5.945 9.945 -1.208 5.208
0.8 | -8.52465 | 12.5241 | -2.56267 | 0.50267
1.0 | -11.2748 | 15.2748 | -4.33333 | 8.3333

CONCLUSION

This paper has focused on the successful employment of the powerful mathematical tool homotopy analysis method to
find the solution of a system of linear and non-linear system of equations with fractional order. The method provides in
a simple way to adjust and control the convergence of the series solution by choosing proper values of auxiliary and
homotopy parameters. Thus it may be concluded that HAM is simple and accurate and represent a very powerful
analytical approach for handling linear and non-linear system of differential equations with fractional order. Finally,
generally speaking, we proposed method can be further implemented to save other problems in fractional calculus field.

Mathematica has been used for computation in this paper
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