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ABSTRACT

In this paper, we investigate the Hyers-Ulam-Rassias stability of a Jensen-type quadratic functional equations in
Multi-Banach Spaces using Direct approach.

Mathematics Subject Classification: 39B82, 39B52, 39B72.

Keywords and Phrases: Jensen-Type Quadratic functional equations, Multi-Banach spaces.

1. INTRODUCTION

One of the interesting questions in the theory of non- linear functional analysis involved is the stability problem of
functional equations as follows: Under what conditions is there a homomorphism near an approximately
homomorphism between a group and a metric group, which was first given by S. M. Ulam [11]. In 1941, D. H. Hyers
[1] gave the first affirmative answer to this question for approximately additive functions under the assumption of
Banach spaces. Th. M. Rassias [13] gave the generalized version of Hyer’s result for approximately linear mappings.

In1994, P. Gavruta [9] provided a further generalization of Th. M. Rassias [13] result in which he replaced the bound

e;"(||x||p + ||y||p) by a general function ¢(X, y) for the existence of unique linear mapping. During last decades, Hyers-

Ulam-Rassias stability of various functional equations have been extensively introduced by a number of
mathematicians ([12], [14-16]) on various spaces such as normed spaces, Banach space, Fuzzy normed space, RN-
space, IRN-space, Non-Archimedean space etc.

In 1983, F. Skof [2] first proved the stability of the quadratic functional equation f(X+y)+f(x—y)=2f(x)+2f(y)

for the mapping f : X—Y, where X is a normed space and Y is a Banach space. P. Cholewa [8] again generalized the
Skof’s result for abelian groups. Lator on, Skof’s [2] result was generalized by many mathematicians on various spaces.
The functional equations

D(fx, fy) = 2f((x £ y) / 2) - F(x) - f(y) (1.2)
and

D'(f, fy) = f(ax +ay) — 2&2[F (x) + F ()] (12)

for all x, yeX are called Jensen- Type Quadratic functional equations. In 2009, S.Y.Jang, Rye Lee, Choonkil Park, and
Dong Yun Shin [10] proved the Fuzzy stability of equation (1.1) and (1.2).

In the section 2, we adopt some usual terminology, notion and conventions of the theory of Multi-Banach spaces. In the
last section, we prove the stability problem in the sense of Hyers-Ulam-Rassias for the functional equations (1.1) and
(1.2) on Multi-Banach spaces. We also present some corollaries in reference to our results.

2. PRELIMINARIES

The multi-Banach space was first investigated by Dales and Polyakov [3]. Theory of multi-Banach spaces is similar to
the operator sequence space and has some connections with operator spaces and Banach spaces. In 2007, H. G. Dales
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and M. S. Moslehian [4] first proved the stability of mappings on multi-normed spaces and also gave some examples on
multi-normed spaces. The asymptotic aspects of the quadratic functional equations in multi-normed spaces was
investigated by M. S. Moslehian, K. Nikodem, and D. Popa [6] in 2009. In last two decades, the stability of functional
equations on multi-normed spaces was proved by many mathematicians ([5], [7], [17]).

Now, we adopt some usual terminology, notion and convention of the theory of multi-Banach spaces from [3] and [4].

Let (E, |-||) be a complex normed space, and let k eN. We denote by E the linear space E®...®E consisting of k-tuples
(Xg,-.+, Xk), Where xg,..., XxeE. The linear operations on EX are defined coordinate-wise. The zero element of either E or
E¥is denoted by 0. We denote by N the set {1, 2,..., k} and by S the group of permutations on k symbols.

Definition 2.1:(Multi - norm) A multi-norm on {E* : keN} is a sequence (|||l = (|l-/l : keN) such that ||-|lx is a norm
on EX for each k e N, |||l = |[X|| for each x<E, and the following axioms are satisfied for each keN with k> 2 :

(Nl) ”(Xg(l),..., Xc(k))”k = II(Xl,..., Xk)”kl forc € Sy, X4,..., Xk € E;
(NZ) II(OLle,..., OLka)”k < (maXieNk IOLiI) II(Xl,..., Xk)”kl for ay,..., axeC, Xy,..., XkeE;

(N3) ”(Xl,..., Xk-1, O)IIk = ”(Xl,..., Xk—l)”k—ll for X1yeeny Xkt EE,
(N4)  I(Xay ey Xies Xacn)llk = 1Xay oo X lless FOP Xg, .00y Xi1 €E

In this case, we say that ((E¥, |-l) : keN) is a multi-normed space (see [3], [4]).

Suppose that ((E¥, |I1/l) : keN) is a multi-normed space, and take keN. We need the following two properties of multi-
norms. They can be found in [3].

@) 10X, - ., X)|lk = |IX]|, for xeE,
Kk

(b) maXiENk IIX,II < ||(X1,..., Xk)”k < Z” Xi || <k maXiENk IIXi”, for Xq,...,Xx €E.
i=1

It follows from (b) that if (E, |||[) is a Banach space, then (E¥, |-|«) is a Banach space for each keN; in this case, ((E¥,
[Illd) : keN) is a multi-Banach space.

that lim,_. X% = X;. Then
1My (X = Y1 X = Vi) = (6= Yoo %=
holds for all (ys,..., yi) €E* (see [3], [4]).

Definition 2.3: Let ((EX ||l : keN) be a multi-normed space. A sequence {x,} in E is a multi-null sequence if for
each ¢ > 0, there exists npeN such that

Sup II(an"'l Xn+k—1)”k <eg (n > no)
keN

Let x € E, we say that the sequence {x,} is multi-convergent to x in E and write lim_,., X, = X if (X, — X) is a multi-null
sequence (see [3], [4]).

Lemma 2.4: If a mapping f: X—Y satisfies the functional equation (1.1) and (1.2) then f is a Quadratic mapping.
3. MAIN RESULTS

In this section, we prove the Hyers — Ulam — Rassias stability of functional equations (1.1) and (1.2). Throughout this
section, let E be a linear space and ((F", |||l.): neN) be a multi-Banach space.

3.1 Stability of the functional equation (1.1) by Direct Approach
Theorem 3.1: Let E be a linear space and ((F", ||-|l): neN) be a multi-Banach space. Let f: E—F is a mapping

satisfying f(0) = O such that
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SUp || D(f(xq, y1),...., D f(xi, Yidllk < & (3.1)
keN

for all xy, ..., X, Y1,-.., Y€E and € > 0. Then there exist a unique mapping C : E—F such that

SUp [|(f(x1) = C(x1), f(Xxz) — C(%2),..., f(xi) — C(X)llk < % (3.2
keN
for all xy, ...., Xx €E.

Proof: Let yy,..., Yk = 0 and replacing Xy, ..., Xk With 2xy, ..., 2%, in (3.1), we obtain

again replacing Xy, ..., X¢ by 2Xq,..., 2xx and dividing by 4 to the inequality (3.3), we get

f(2°x,) f(22X )
( T —f(x k)) k

By using induction for a positive integer ‘n’, we obtain

f(2"x,) IR
[ a T = X k)j

sup
keN

<— (3.3)

sup
keN

n-1
<
i=0

sup ¢ sz yi (3.4)

keN

f(2"x
Now, to prove that the sequence { ( - ) is a Cauchy sequence, we fix xeE and replacing Xy, X, ..., Xk With X,
4

2X,...., 2 x such that

sup

[f(Z“x) _f@™x)  f(2"'x) _f(2m+k‘1x)j

keN 4n 4m e 4n+k—l 4m+k—1 )
s f2"x) f2"x) 1 (f@'@%) f@"(2“'x)
Tk || 4" gm T gk 4" 4" ’

Now, applying the condition N3 of definition (2.1) we get

-1
€
< Z i (3.5)

< sup
keN

f(2"x) f(2mx) 1=(2”(2k X)) f@"@2"'x)
4" 4" 4" 4"

k

£(2"x)
4n

Hence inequality (3.5) shows that { } is a Cauchy sequence as n—»oo, since Y is complete space, thus, the

f2"x)| | _ _
sequence ¢ ————¢ is convergent to a fixed point C(x)eY, such that
4

n
coo= lim 2 X)

n—oo 4n

(3.6)

Therefore, as n—ow inequality (3.4) implies the inequality (3.2),

0

SUP [[(C(x1) = f(x1) ..., C(xi) — (X))l < z
keN i=0
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Now, to prove that the mapping C: X—Y is additive, putting x; =X, =,..., =x¢ =2"xandyy, =, ... , =y =2"yin (3.1)
and dividing both sides by 4", we get

e
==
4

4" 2 4" 2 4"

if(Z“(xw)}if(z“(x—y)]_f(Z“x)+f(2“y>

which upon taking the limit as n — oo, yields

C(M}C(x—y]_C(XHC(y) o
2 2 2

Hence C is quadratic mapping which satisfies the inequality (3.1).

Now, To prove the uniqueness of mapping C, let as consider another mapping C’ which satisfies (3.1), then we have
C’(2"x) = 4" C(x), such that

1
| C()-Cx) [ < —-lIc@x) - c@wl
4

1 1
< —[IC'2"%) - f2X) + —[If(2"x) - C2X)|
4 4

2¢
<
3.4"

Using the property (a) of multi-norms, we have C = C’

This proves the uniqueness. This evidently completes the proof of Theorem 3.1.

Corollary 3.1: Let E be a linear-space and ((F", ||l) : neN) be a multi-Banach space. Let f: E—F be a mapping
satisfying f(0) = 0 such that

SUpP |ID (X1, Y1) »---., Df(Xk, Yi)llk < d(X1, Y1,--- Xk Vi) (3.7
keN

for all Xy,..., X Yi...., Yk € E and y : E? — [0, ), keN. Then, there exists a unique Quadratic mapping C : E—>F
such that

° 1 .
SUP [If(X1) = C(X),...., (X)) — C(Xn)llk < Zﬂw'xl, 0,..., 2 %,0) (3.8)
keN i—04

forall x;,..., Xx € E.

Proof: Proof is similar to that of Theorem 3.1 by replacing the condition ¢(X, V,..., Xk Yi) in place of €.
Corollary 3.2: Let (E, ||-||) be a normed space and let ((F", ||-[l.) : neN) be a multi-Banach space.

LetO<p <2, 6 >0and let f: E>F be a mapping satisfying f(0) = 0 and

SUP [ID (X1, Y1) 1+ D (X, Yidllk < 0 (IXall” + [yl [IXidl® + lydl”) (3.9)
keN

forall X;,..., X« Y1,..., Y« € E. Then, there exists unique Quadratic mapping C : E—F such that

0
o (xalP..... Ity ) (3.10)

SUp I(f(x1) = C(Xa) ,..., F(xi) = Cx)IIk <
keN 4-—
for all xq,..., X« € E.

Proof: Proof is similar to that of Theorem 3.1 by replacing the condition 0 (|[x4||” + |ly4|P,-.-, [IXdP + lIy«/[”) in place of
€.
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3.1 Stability of the functional equation (1.2) by Direct Approach

Theorem 3.2: Let E be a linear space and ((F", ||-|l): neN) be a multi-Banach space. Let f: E—F is a mapping
satisfying f(0) = 0, such that

SUp |ID (X1, Y1) ..., DX Yl < & (3.11)
keN
for all X ,..., X, Y1,-.., Yk € E. Then there exists a unique mapping C : E—F such that
€
SUP [[(f(x1) = C(xa),.--, TX) = COXIk < ———— (3.12)
keN 2(& _1)

for all xy,..., X« € E.

Proof: Let yy,..., Yk = 0in (3.11), we get

sup (f(axl) (X)), f(axk)—f(xk)j <— (3.13)
keN a k
Replacing Xy ,..., X With ax, axs ,..., ax, and dividing by a in (3.13), we get
f(a“x f(a“x €
sup {u_f( 1) u_f( k)j _2
keN a a* 2a
for all x ,..., XxeE. Using induction on a positive integer ‘n’, we obtain that
sup || 162 1c,.., C 2 gy || <23 % 614
keN a 2 i1 d I

a'x)| . _ _ _
To prove that the sequence {%} is Cauchy sequence, we fix xeE and replacing x; X, ,..., X with x, ax ,...,
a

2(k-1)

a X.

sup

(f(a“x)_f(amx) f(@a""x) f(a””k‘lx)j

KeN a2n a‘2m e a‘2(n+k—1) a‘2(m+k—1) )
f@"x) f@mx) 1 (f@"™* %) +@™@*x)
< sup 2n _2m 7 _2(k-1) 2n B 2m
keN a a a a a K

Using the condition N 3 of definition 2.1, we get

1 n
= Z (3.15)
2 i=m+
_ _ f@"x)| . _ _
Hence inequality (3.15) shows that —n (5@ Cauchy sequence as n—o, since F is complete space. Thus, the
a

f(a"x
sequence { - is convergent to a fixed point C(x) eF such that
a
_ f@"x)
C(x)= lim (3.16)
n—oo a2n
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Therefore, as n—oo inequality (3.14) implies inequality (3.12),

SUP IIC0) = F(x4) 1., CO6) = FIk € ————
keN 2(& _1)
rest of the proof is similar to the proof of theorem 3.1.

Corollary 3.3: Let E be a linear space and (F", ||-||.); neN) be a multi-Banach space. Let ¢ : E*" — [0, o) be a function
such that for some 0 < o < a®; neN.

o(axy, 0,..., %, 0) < ¢(X1, 0,..., Xk, 0)

for all x ,..., xkeE. If f : E5F is a mapping satisfying f(0) = 0 such that

SUP [ID"(F(X1, Y1) 1--0 D (F(is Vi)l < (X1, Y -1 Xics Vi)
keN

Then there exists a unique mapping C : E—F such that

!0,---., ,0
SUp [I(f(x1) — C(X1) , .., f(x) = COx)|l < 9(xy . Xy,0)
keN 2(8. —OL)
forall x; ,..., xxeE.

Corollary 3.4: Let E be a linear space and ((F", ||l) : neN) be a multi-Banach space. Let0 <p <2and >0 let f:
E—F be a mapping satisfying f(0) = 0, such that

SUP [I(D (X1, Y1) 1+ DTk Yi)) [l < OUXIP + Iyl Xl + [lyidlP)
keN

forall x;,..., X Y1,..., Yk €E. Then, there exists a unique mapping C : E—F such that
6 p p
SUP [[(f(x1) = C(xa)....., 701 = COWe < == (lIxall" ... Idl)
keN 2(3- —a )
for all x, ,..., XxeE.
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