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ABSTRACT

In this paper, we propose to obtain the generalized plane gravitational waves in a set of five vacuum weakened
equations in the generalized space-time introduced by us having plane symmetry in the sense of Taub
[Ann.Math.53,472 (1951)]. These vacuum field equations has been suggested as alternatives to the Einstein vacuum
field equations of general relativity. Furthermore we have discussed some particular cases.
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1. INTRODUCTION

The theory of plane gravitational waves in general relativity has been introduced by many investigators like Einstein
and Rosen (1937); Bondi, Pirani and Robinson (1959); Takeno (1957, 1961). Takeno (1961) has discussed the

mathematical theory of plane gravitational waves and classified them into two categories, namely, Z = (Z —t) or
('[/Z)- type wave according as the phase function Z = (Z —t) or ('[/Z)- type wave respectively. According to

him, a plane wave gij is a non-flat solution of Ricci tensor Rij =0 in general relativity and in some suitable

coordinate system; all the components of the metric tensor are functions of a single variable Z = Z (Z,t) (i.e. aphase
function).

A generalization of plane gravitational waves has been sought in this paper by assuming a general phase function
Z=7 (Z,t) and taking the line element represented by us (2011) in the form

ds? = —A(dx? + dy?) - ¢*Bdz? + Bdt?, (L1)
where A and B are functions of a single variable Z and ¢ = (2,3/2,4)- The quadratic form A(dX2 + dy2) is

positive definite B> 0and ¢ is real.

In general, ¢ is not necessarily taken as functions of Z. The metric (1.1) does not confirm the Takeno’s concept of
plane gravitational waves completely; otherwise it admits plane wave solutions. The aim of generalized plane
gravitational waves has been described by assuming space-time metric (1.1) wherein a certain components gij (i.e.

gravitational potentials) are not necessarily a function of Z = (Z —t) or (t/ Z)- type wave. This approach has

advantage that the general solutions so obtained reduce to plane wave solutions under certain conditions and the results
corresponding to plane gravitational waves can be deduced by suitable choice of the phase function Z. It is not difficult
to verify that the metric (1.1) admits a parallel null vector field and is also a gravitational null vector field, that
conditions which characterize the generalized plane gravitational waves. Accordingly the space-time represented by the
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metric (1.1) posses the plane symmetry in the sense of Taub [Ann.Math.53,472 (1951)], hence called as *“generalized
plane symmetric” metric and it admits generalized plane gravitational waves which is different from the Takeno’s
(1957,1961) concept of plane wave.

Lovelock (19673, b) has considered a set of five weakened field equations (WFE) in vacuum, namely,

Rilh =0, (1
1
n - 1, 1 - R ih~ ]
(_9)4[glthj;ih_glhRij;kh"‘gR;kj_ggjkglhR;ih_ththik "‘gglhcjhik_zo’ (I
b ki | | 1 hk,pl | ]
(—9){9 19" 2RjjimR™ +g™ Rij;|m—R;ij)—§g (RmR™=9"™R.) | =0, ()
% hk rs 1 hroks 1 hs kr kh 1 kn _
(-9)4{(9 g —59797-2970 )R.rs +R(R —49 R) =0, (Iv)
and R;ilj( =0, V)

where a semicolon (;) followed by an index denotes covariant differentiation and C jhik is the Weyl curvature tensor
defined by

1 R
Cinik = Rijhik _E(Rjighk —Rnigjk —Rjk9ni + thgij)"'g(gijghk —0hidjk)- (1.2)

Kilmister and Newman (1961) has originally proposed the vacuum weakened field equations (I)-(V). These field
equations are suggested as various alternatives to the Einstein field equation of general relativity in vacuum. The
Einstein vacuum field equation of general relativity is given by

Rij =0. (1.3)

The solution of (1.3) together with the trajectories of test particles (geodesics hypothesis) give agreement with
experiment. Lovelock (1967a, b) obtained the solutions of WFE field equations (1)-(V) in a spherically symmetric
space-time and he proved to be gravitationally unphysical metric by geodesics hypothesis in the sense that these
solutions correspond to the static situation of an isolated mass at origin which repels the test particles. Consequently the
physical aspects of weakened field equations are not well established through many researchers (for examples:
Thompson 1963; Kilmister 1966; Rund 1967; Lovelock 1967a, b; Swami 1970; Lal and Singh 1973; Lal and Pandey
1975; Pandey 1975; Rane and Katore 2009; Bhoyar and Deshmukh 2011 etc.) have tried to investigate the solutions to
interpret the useful results. Thompson (1963) made detailed study of these field equations and concluded that they are
too weak. The various alternative vacuum weakened field equations are weaker than the Einstein vacuum field
equations in the sense that they each admit (1.3) as a solutions and hence they have been called WFE. Swami (1970)

has solved three solutions of the weakened field equations Rjj., — Rj.j =0 with Ry #0, Ry # Agjj and has
discussed the geometrical and dynamical properties of these solutions.

Furthermore Ri?k satisfies the Bianchi identities

Ri?k;m + Rirllm;j + Ri?nj:k =0. (1.4)
From which
: 1
R, :E R, . (1.5)

where Rij = ithj .

Recently we have investigated that the metric (1.1) be the plane wave solutions of field equations of general relativity.
In this paper, we have studied the generalized plane gravitational waves of vacuum weakened field equations (I)-(V) in
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the metric (1.1). We have obtained some useful results in the form of theorems under curvature properties with some
particular cases and conclusions.

2. GENERALIZED PLANE WAVE METRIC AND CURVATURE PROPERTIES

The components of contravariant tensor g " from the metric (1.1) are
A 33 1 44 1

u_gz=_"2 __ , — = 21
9 =9 m 9 +B 9 B (21)

Z
where M= A’ and ¢=Z—3:£(U=Z3¢O andv=2Z,#0).
v : :

4

The non vanishing components of Christoffel symbol of second kind are

\ Au ., Av _, A, A, (AAuU
1 _W* 1125* 22__F¢2’ ZZZE’ 3= om
(AAV o _(AAU o _(AAV o (¢°B)V
2m " ®  2m Y 2m ¥ 2Bg?
FA _ (¢ZB)V 1—\3 _ (¢ZB)U 4 _ Eu FS gu 4 _ EV

Fl

5= 28 ¥ 2Bg? ¥ 2B’ 44=F¢2a“d F44—£- (2.2)
Using (1.1), (2.1) and (2.2), the components of curvature tensor Rijkl are as follows:
Ran _ A EJJ 2 :h_ z E _ R _ z
u?>  2\u ) uv v 2 v
:%_E(E}; 2 :@_E(zj WA : :ﬂ_E(zj
u?  2\u ) uw  2\v) 2\ ¢ vi o 2\v
A A? (AA?)
=— - . (2.3)
2 2A  4m
The components of covariant and contravariant Ricci tensor, from (2.1) and (2.2) are as follows:
R33 — R34 — R43 — 44 — K'(S&y)
u> uv uv Vv ’
R33 K R34 R43 K R44 K
2 2p2 = =TT o2 2 Az (2.4)
Vi ¢g"A" uv  uv ¢°A" v A
and all other Rij =R/ =0, where
— ., _
_m_m_mB (A) V. 25
2m  4m® 2mB  2m 2m ' '
From (2.4), we obtain
R332;33 — R33;34 — R34;33 — R332;44 — UZW
u uv uv \'
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34;44 R

R R
44;36 " Maaa4 2
and , = = = , =V, (2.6)
u uv uv \"

, _
- (v v v v
where ¥ = K + 5/([—‘3} + 6/{—‘;) + Z—K(—;‘J _12xB (—j]
v v vV, B \v
5B 2xB 8kB’
- - + .
B B B?

Here a bar (—) overhead letter denotes the differentiation with respect to Z

2.7)

= 0k

— K
(ile. K=—— and K =
oz 0Z°

Also for metric (1.1), we deduce, from (2.4), that

).

(a) The scalar curvature R defined by R = ¢ ! Rij iszeroi.eR=0,

(0 g=det(g,) =—mB’¢*,

© RER™=R,,R™ =0 and

@ RjimR™ =0. 2.8)
3. SOLUTIONS OF WEAKENED FIELD EQUATIONS

The metric (1.1) is non-conformally flat which implies that Weyl curvature tensor (1.2) in view of (2.8a) (i.e. R = 0)
reduces to

1
thik = thik _E(Rjighk - Rhigjk - Rjkghi + thgij)‘ (3.1)
From Bianchi identities (1.4), we find

Ri?k;h = Rij;k - Ry (3:2)

'
where Ry, =R;, —TyR, —TyR

i im mj °

On substituting the components of Fik and Rij from (2.2) and (2.4) respectively in R.H.S. of equation (3.2), it is seen

that
Rij;k - Rik;j =0 (3.3)

or equivalently, from (3.2),
Ri?k;h =0, (3.4)
which is weakened field equation (1).
Also it follows from (3.3) that
Rij:kh = Rik: jh- (3.5)
In view of equations (2.8a) and (3.5), the weakened field equation (II) reduces to
(_g)% Rithhik =0. (3.6)
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Using (3.1) in (3.6), we obtain
il pin 1 i ih i h
-9)4 R thik_E(RjiRk_R Rhigjk—RiRjk+Rthk) =0 (3.7a)

which reduces to

il oi 1 i i ‘
(—g)‘{R hthik _E(gijikRk -gxR thi -RR;, + gijhJR?)}:O- (3.7b)

Using (2.8a, c, d) in (3.7b), it is seen that no term remains in LHS and hence (3.7b) i.e. (3.6) is identically satisfied.

It is observed that the weakened field equation (1V) is satisfied by R = 0 (i.e. 2.8a) alone. Hence the following theorem:
Theorem 1: The gij given by (1.1) is a solution of weakened field equation (1), (1) and (IV).

Theorem 2: A necessary and sufficient condition that gij given by (1.1) be a solution of weakened field equation (I11)
is iy =0, where  is given by (2.7).

Proof: The weakened field equation (I11) for R = 0 becomes
(—9)%[9 Mg (2R ;imR™ + 9™ Rijm) —%9 n RrInRIm:| =0. (3.8)
In view of (2.8c, d), the equation (3.8) reduces to
(—9)%9hj9ki9ml Rijam =0. (3.9)

Equation (3.9) is identically satisfied for all values of h, k expect h, k = 3 and 4. For h, k = 3, 4 equation (3.9) after
simplification yields

v =0.

Conversely ifyy = 0, then in view of equations (2.4) and (2.6), the weakened field equation (IlI) is identically
satisfied. This proves the theorem.

Theorem 3: A necessary and sufficient condition that gij given by (1.1) be a solution of weakened field equation (V)

| x 2k (V
IS(EJ'F?(V—;}}:O

Proof: Let ¢ ij given by (1.1) be a solution of weakened field equation (V) i.e.
Ry =0, (3.10)
PRV
where R ="+ TIRY +TJR® .
ToX
In view of equations (2.2) and (2.4), the equation (3.10) is identically satisfied for all values of i, j, k except i, j, k=3,

4.

For i, j, k =3, 4 equation (3.10) gives on simplification

K 2KV
&)l
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K 2k (V

Conversely, if (_Zj + —BZ (—:j =0 , then the weakened field equation (V) is identically satisfied and hence the
Y

theorem is proved.

4. SOME PARTICULAR CASES

Case-1: If we take A and B are functions of Z = (Z —t) and @ = —1, then the metric (1.1) reduces to Takeno’s [7]
plane symmetric metric

ds? = —A(dx? + dy?) - Bdz? + Bdt? (4.1)

and non-vanishing components of Rij turn out to be
R33 = _R34 = _R43 =Ry =— =755 = ()
A 2A* AB

In such case, plane wave metric satisfied the curvature properties given in (2.8). Hence we have the following results:
(1) The gij given by metric (4.1) is a solution of weakened field equations (1), (1) and (IV).

(2) The gij given by metric (4.1) is a solution of weakened field equation (I11) if and only if & =0, wherex = R33.

— 2aB
(3) The g j given by metric (4.1) is a solution of weakened field equation (V) if and only if & = T

Case-2: If we take A and B are functions of Z = (t/2) and¢ = —Z , then the metric (1.1) reduces to our deduced
plane symmetric metric [8],

ds? = —A(dx? + dy?)- Z?Bdz? + Bdt? (42)

and non-vanishing components of Rij turn out to be

R R43

(04
38— _ = — = = — = — — =_(Say).

7? Z Z Y72l A 2A* AB'| 72

In such case, plane wave metric satisfied the curvature properties given in (2.8). Hence we have the following results:
(1) The gij given by metric (4.2) is a solution of weakened field equations (1), (11) and (1V).

(2) The gij given by metric (4.2) is a solution of weakened field equation (IIl) if and only if ¢ = 0,

z°R

2

33

where¥ =

— 2aB
(3) The gij given by metric (4.1) is a solution of weakened field equation (V) if and only if ¢ = T

5. CONCLUSIONS

In this paper,
(1) The generalized plane wave gij given by metric (1.1) representing a non-conformally flat space-time with the

scalar curvature zero (R = 0) is a solution of the weakened field equation (IV).
(2) It is also a solution of WFE (1), (1) and (I11) under the curvature properties (2.8).
(3) In non-conformally flat space-time (1.1), the solution of (1.4) follows from Bianchi identity gives (1.5) and (3.2).
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(4) When R =0, then R. ji= 0 and (1.5) implies that R};i = 0. It is observed that the metric (1.1) is a non-flat and it is

an exact solution of Rij =0ifandonlyifx =0.
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