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ABSTRACT

In this work, we intend to introduce a new class of parametric generalized nonlinear quasi-variational inclusions. We
prove the existence of solutions for our inclusions and study the sensitivity analysis of the solution set. The continuity
and the Lipschitz continuity of the solution set with respect to the parameter are proved under the suitable assumptions
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1. INTRODUCTION

In recent years, much attention has been devoted to develop general methods for the sensitivity analysis of solution set
for variational inequalities and variational inclusions. From the mathematical and engineering point of view, sensitivity
properties of various variational inequalities can provide new insight concerning the problem being studied and can
stimulate ideas for solving problems. The sensitivity analysis of solution set for variational inequalities have been
studied extensively by many authors using quite different methods. By using the projection technique, Dafermos [3],
Mukherjee and Verma [19], Noor [22] and Yen [29] dealt with the sensitivity analysis for variational inequalities with
single valued mappings. By using the implicit function approach that makes use of so-called normal mappings,
Robinson [28] dealt with the sensitivity analysis for variational inequalities in finite-dimensional spaces. By using
resolvent operator technique, Adly[1], Noor and Noor[25,21], and Aggarwal et al.[2] study the sensitivity analysis for
quasi-variational inclusions with single valued mappings. Recently, by using projection technique and the property of
fixed point set of multi-valued contractive mappings, Ding and Lou [9], Liu et al.[18],Ding[11] study the behavior and
sensitivity analysis of solution set In this paper, we intend to introduce a new class of parametric generalized nonlinear
quasi-variational inclusions and prove the existence of solutions for our inclusions and study the sensitivity analysis of
the solution set by using resolvent operator technique.

2. PRELIMINARIES

Let H be a real Hilbert space with anorm ||. | and an inner product<. , . ). Let C(H) denote the family of all nonempty
compact subsets of H and H(. , .) denote the Hausdorff metric on C(H) defined by

H(A, B)= max{sup.c ad(a, B), supse s d(A, b) }, V A, B € C(H),
where d(a,B)=infyc g a-b || and d(A,b)=inf .. alla-b|.

We now consider the following parametric generalized nonlinear quasi-variational inclusion problem. To this end, let
Q be a nonempty open subset of H in which the parameter Q takes the values, N:H xHx Q — Hand f, m: Hx Q - H
be a single valued mappings and A, B, C, D, E, G: H x Q— C(H) be multi-valued mappings. Let M: H x H x Q — 2"
be a multi-valued mappings such that for each given (z, A)e Hx Q, M(.,z, 1):H—2" is a maximal monotone mappings
with ( G(H, }) - m(H, %)) n dom M(. , z, 1) #¢@ . Throughout in this paper, unless otherwise stated, we will consider
the following parametric generalized nonlinear quasi-variational inclusion problem (In short, PGNQVIP):

For each fixed A € Q, find x(A) € H, u(A) € AX(A), 1), v(A) € B(x(A), 1), w(h) € C(x(A), A), z(L) € Dx(L), 1), t(h)
e Ex(), 1), s(h) € G(x(L), L) such that
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0e M(s(}) - m(w(A), L), z(L), A) - N(u®), v(h), L) + f(t(A), 1) (2.1)
Special Cases:

(1) If £ @A), 1) =0, then the PGNQVIP(2.1) is equivalent to the following parametric generalized nonlinear implicit
quasi-variational inclusion problem: for each A€ Q, find x(A) € H, u(h) € Ax(A), V), v(A) € Bx(h), L),
w(h) € C(x(A), V), z(L) € DEM), X), s(h) € G(X(A), A) such that

0e M(s(h)- (w(h), &), z(A), A )+ N(u(d), v(h), A). 2.2)

(2) If G =g: Hx Q — His asingle valued mapping, then the PGNQVIP (2.1) is equivalent to the following parametric
generalized nonlinear implicit quasi-variational inclusion problem: for each Ae Q, find x(}) € H, u(A) € AQ),
M, v(A) € BxM), L), wh) € C(x(M), A), z(A) € D), &), t(h) € E(x(L), &) such that

0e M(g(x(A), &) - m(w(h), L),z(A), A )- Nu@d),v(r), L) + f(t(R), A). (2.3

(3) If m(x,A) =0 forall (x,A) € Hx Q, then problem(2.3) reduces to the following parametric problem: for each Ae
Q, find x(A) € H, u(h) € Ax(Q), L), v() € B(x(D), 1), z(A) € D(x(L), L), t(A) €E(x(L), L) such that

0eM(g(x(L), ), z(A), A) - N(u(r), v(r), &)+ f(t(h), X). (2.9)

(4) Leto: HxHx Q—>RWU{+ > } be such that for each fixed (z, A) € Hx Q, o(., z, 1) is a proper convex lower
semi-continuous functional satisfying

G(H, ») -m(H, A )Ndomde (.,z, L ) # D, where 0o (.,z, ) is the sub differential of ¢(.,z, 1). By [27], 0 (. , A): Hx 2"
is @ maximal monotone mapping. Let M (. ) =0¢ (., z, X), V (z, A) € Hx Q. for given (z, &) € HxQ, by the
definition of the sub differential of ¢(.,z, A), it is easy to see that problem (2.1) reduces to the following.

parametric problem: for each A € Q, find x(A) €H, u(A) eAx(A), A), v(A) € B(x®), L),w(h) € Cx(L), L), z(L)
eDx(V), V), t(A) €Ex(A), ), s(A) € G(x(L), A) such that

¢ @), ) - NU@),v), 1), y-s(A) ) = o(sA) -m(wR),v), z(A), L) - (y, z(A), ), ¥ yeH. (2.9)

(5) If G=g:Hx Q — H is a single valued mapping and m(x, A) =0 for all (x, 1) € Hx Q, then problem (2.5)
reduces to the following parametric : for each Ae Q, find x(A) € H, u(k) eAQ), A), v(h) € B(x(X), L), ), z(A) €
D(x(A), 1), t(A) € E(x(A), A) such that

CHEA), A)- N, v(D), 1), y - g(x(M), 1)) = ¢ (gxA), 1), z(0), 1) - @ (v, z(A), 1), ¥ ye H. (2.6)

(6) If K:Hx Q — 2" isamulti-valued mapping such that for each (x, ) € Hx Q,
K(x,A) is a closed convex subset of H and for each fixed (z, A) € Hx Q, ¢ (.,z, A) = Ix(z, M)(.) is the indicator
function of K(z, A),

e () 0,ifx e K(x,4)
(X)) = )
wen + oo, otherwise

then problem (2.6) reduces to the following parametric generalized strongly nonlinear implicit quasi-variational
inequality problem:

for each A € Q, find x(A) € H, u(A) € AxQ), L), v(r) € B(x(R), 1), z(A) € Dx(L), A), t(A) € E(x(A), L) such that
g(x(A), L) € K(z(A), &) and ( f(t(A), A )- N(u(r),v(D), L),y -g(x(A), A) ) = 0, V ye K(z(L), D). 2.7

In brief, for appropriate and suitable choices of A, B, C, D, E, G, N, m, f and M, it is easy to see that the PGNQVIP
(2.1) includes a number of (parametric) quasi-variational inclusions, (parametric) generalized quasi-variational
inclusions, (parametric) quasi-variational inequalities, (parametric) generalized implicit quasi-variational inequalities
studied by many authors as special cases, for example, see [1-5, 11-13] and the references therein. Furthermore, these
types of (parametric) generalized quasi-variational inclusions can enable us to study the behavior and sensitivity
analysis of the solution sets of many important nonlinear problems arising in mechanics, physics, optimization and
control, nonlinear programming, economics, finance, regional structural, transportation, elasticity, and various applied
science in a general and unified framework.
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Now for each fixed Ae Q, the solution set S (L) of the PGNQVIP(2.1) is denoted as S(A) = { x(X) € H : there exists u())
e A, V), v(h) € B(x(h), 1), w(k) € C(x(A), M), z(A) € D(x(X), A), t(A) € E(x(V), L), s(r) € G(x(L), A) such that

0e M(s(1) - m(w(d), 1), z(), 1) - Nud), v(d), 1) + £ (t(h), 1) }
In this paper, our main aim is to study the behavior of the solution set S(X), and the conditions on these mappings A, B,
C, D, E, G, M, N, f and m under which the function S(X) is continuous or Lipschitz continuous with respect to the

parameter A € Q.

Now, we give the following concepts and known results.
Definition 2.1: (See [27].) Let H be a Hilbert space and let M: H — 2" be a maximal monotone mapping. For any

fixed p> 0, the mapping J/';" : H— H, defined by

Jg" (x) = (I+pM)*x), V xe H, is said to be the resolvent operator of M where | is the identity mapping on H.

Lemma 2.1: (See [27].) Let M: H — 2" be a maximal monotone mapping. Then the resolvent operator J,: H - H
of M is non expansive, i.e.,

13N e- I I<Ix=yl VxyeH.

Lemma 2.2: (See [17].) Let (X, d) be a complete metric space and T, T,: X — C(X) be two multi-valued contractive
mappings with same contractive constant @ € (0,1), i.e.,

H (Ti(x), Ti(y)) < @d(x,y), VX y e X, i=1, 2. Then

1
H (F (Tl), F (Tz)) < 9 SUPxe x H (Tl(X), Tz(X)),

Where F (T,) and F(T,) are fixed point sets of T, and T,, respectively.
Definition 2.2: A multi-valued mapping G: Hx Q — C(H) is said to be
(i) 0 - strongly monotone if there exists a constant & > 0 such that
($1-82,X=Y Y>3 X =y% V(X ¥, L) € Hx Hx Q,$1€G(x, 1),52 € G(y, A).
(i) As- Lipschitz continuous if there exists a constant Ag > 0 such that

H(G(x, M), G(y, ) < AalX- Yl V& y, L) e HxHxQ.

Definition 2.3: A: Hx Q — C(H) be a multi-valued mappingand N: HxH x Q — H be a single valued mapping:
(1) N(u, v, 1) is said to be a - strongly monotone with respect to A such that

(si-SyuXx-y)>a|x-y|* V(xy A eHx Hx Q, s;e G(x, L), 52 € G(y, M).
(i1) N(u, v, X) is said to be § - Lipschitz continuous in the first argument if there exists a constant § > 0 such that
| N(uz, v, &) - N(Uz, v, M) || < B flug- U], ¥ (g, Up, v, A) € HX Hx Hx Q.
In a similar way, we can define the & Lipschitz continuity of N(u, v, A) in the second argument.
3.1 SENSITIVITY ANALYSIS OF SOLUTION SET
We first transfer the PGNQVIP (2.1) into a parametric fixed point problem.
Theorem 3.1: For each fixed e Q x(X) € S(A) is a solution of the PGNQVIP(2.1) if and only if there exists u(}) €

AXQ), A), v(A) € B(x(L), L), wh) € C(x(A), &), z(A) € D(x(A), L), t(h) € ExXQ), L), s(h) € G(X(A), ) such that the
following relation holds:

s(0) = m(w(n), ) + I M FDD (5 - m(w(d), N)- p N(r), v, 1)+t 1),

where p > 0 is a constant.
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Proof: For each fixed A € Q, by the definition of the resolvent operator J 2" (24 o M(.,z(A), 1), we have that

there exists x(A) € H, u(h) € AxX(A), A), v(h) € B(x(D), 1),
w(A) € C(x(M), A), z(A) € Dx(}), 1), t(h) € E(x(A), A), and s(A) € G(x(A), A) such that(3.1) holds if and only if

s(V) - m(w(), ) — pN(u(h),v(h), &) + ft(h), L) € s(V) - m(w(k), &) )+ p M( s(h)- m(w(r), X), z(A), A. (3.1
The above relation holds if and only if
0e M( s(A) - m(w(L), L), z(A), A) - N(u(dr), v(A), &) + f(t(h), A).

By the definition of S(A), we obtain that x(A) € S(A) is a solution of the PGNQVIP(2.1) if and only if there exist x(A)
€ H, u®) € AxM), M), v(h) € B(x(A), 1), w(b) € C(x(V), V), z(2) € Dx(A), 1), tA) € ExQ), 1), s() € G(x(D), 1)
such that(3.1) holds.

Theorem 3.2: Let A, B, C, D, E, G : Hx Q —C(H) be multi-valued mappings such that A, B, C, D, E, and G are Aa-
Lipschitz continuous, Ag - Lipschitz continuous, Ac- Lipschitz continuous, Ap - Lipschitz continuous, Ag - Lipschitz
continuous and Ag- Lipschitz continuous, respectively; and G: Hx Q— C(H) be -6 strongly monotone. Let N: Hx H
x Q— H be a - strongly monotone with respect to A and [ - Lipschitz continuous in the first argument and &-
Lipschitz continuous in the second argument. Let m: Hx Q —H be n- Lipschitz continuous and f: H x Q — H be &-
Lipschitz continuous. Let M: Hx Q — 2" be such that for each fixed (z, &) € HxQ, M(.,z, A):H— 2" is a maximal
monotone mapping satisfying G(H, X) - m(H, A)Ndom M(.,z, A) #@. Suppose that for any (X, y, z, A) € Hx Hx Hx Q,

1IND @) - INID @) <p)x-y| (3.2)

and there exists a constant p > 0 such that

k :2\/1—25+/1(23 + LAy +2nAc + A, ktpEhg<1,Eg<a <P,

0> (14 Eda (22— E2AL)(2k —K)? (33)

Ca-(-K)Ey a1k, - (B - A)ek-K)

P
B &% B &7

Then, for each Le Q, we have the following

(1) The solution set S(A) of the PGNQVIP(2.1) is nonempty.
(2) S (M) isaclosed subset in H.

Proof: Define a multi-valued mapping F: Hx Q — 2" by
F(x, M) = Wue A(x, 1), ve B(x, 1), we C(x, A), ze D(x, A), te E(x, &), se G(x, A) [X-s + m(w, 1) +J L\:I ) (s-m(w, A) -
pN(u, v, ) + f(t, M))], V (x, ) eH x Q.

For any (x, ) € H x Q, since A(x, 1), B(x, 1), C(x, 1), D(x, &), E(x, 1), G(x, &) € C(H), and m,f and M- are
continuous, we have F(x, A) € C(H). Now for each fixed A € Q, we prove that F(x, ) is a multi-valued contractive
mapping. For any (x, &), (v, A) € Hx Q and ae F(x, A), there exist

U; € A(x, M), vie B(x, A), wp € C(x, L), z1 € D(x, 1), t1 € E(x, L), s1 € G(x, A) such that
a=x-s1+m(wl, Ay ) (s1-m(wa, 2)- pN(ul, v, W+ (11, 1)).

Note that A(y, 1), B(y, A), C(y, 1), D(y, M), E(y, 1), G(y, L) € C(H), there exists u, € A(y, A), v2 € B(y, L),
W; € C(y, M), 72 € D(y, M), t, € E(y, L ) and s;€ G(y, A) such that

| us - Uz < H (A%, V), Ay, V),
| vi - V2| <H (B(x, 1), B(y, V),
[| Wi - wa || <H(C(X, 1), C(y, M), (3.4)
| 1 - 2 | <H (D(x, 1), D(y, 1)),
© 2012, IIMA. All Rights Reserved 1276
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't - 2]l < H (E(x, &), E(y, 1),

lI'$1- 52/l < H (G(x, 1), G(y, L)).

Let b= y-s+ mwz, A+ J0 ) (sp- m(wa, 2) - pN(uz, Va, AT fitz, 1)), then we have be F(y, A). It follows that

la=bi = [[x- s+ m(w, &)+ 30 % (s - m(wy, &) - pN(uy, Vi, 1) + f(ts, ) - [y - 52+ m(wa, 1)

+ 3002 (55 m(wp, 2) - pN(uz, Vo, M flt2, M) 1
< I x-y(si-2) 1+ [ m(wa, &) - m(w, &) ||+ || T M7 P(s1- m(Wy, 1) - pN(ug, Vi, 1) + f(ty, 1))
SIME (5, - mws, 1) pN(uz, Vo, 1)+t W) | (39
Since G is § - strongly monotone and As- Lipschitz continuous, we have
Ix-y-(su82) IP= X =YIF-2(X -y, 81-%) +ls: - s2If
<[ x-yl?-28 [ x -y |+ [H (G(x, 1), Gy, M)]°

<[Ix=yIP-25 || x =yi*+ 2’ [ x = yi
and hence,

2
[x-y- (-8l < y1-28+ g IIxyl. (3.6)
By Lemma 2.1 and condition (3.2), we have
[ M2 (51 - m(w, &) - pNQug, Vi, 2) + fitz, 2)- 362D (s, - m(wz, &) - pN(uz, V2, 1) + fitz, 1) ||

< ﬁ“" le’x“p (s1- m(Wi, 1) - pN(uy, vy, &) + f{ty, 1)) - J::(' ’ Zzl’k“p(s2 - m(Wa, &) -pN(ug, Vo, &)+ f(ta, V)|
+ [|IMC 75D p(s, - m(Wa, A) -pN(ug, Vo, M) + flt, 1)) - MO (s - m(wa, L) - pN(ug, Vs, ) + f(t,1)) ||

< |'s-m(wy, A)- pN(ug, Vi, &) + (s, 1) - [ S2- m(Wy, &) - pN(ug, Vo, A) + fte, 1) ] || + | 21 - 22 ||

SIIx-y-(s1-5) [ +1IX-y-p(N(ug, Vi, &) - N(Uz, V1, 1)) || + pIN(uz, V1, 1)- N(Uz, V2, 1) ||
+ I m (wy, A) - m(Wo, &) [+ [ fite, ) - f(tz, M) ||+l z2- 22 (3.7)

Since N(u, v, X) is - strongly monotone with respect to A and - Lipschitz continuous in the first argument and A is
Aa- Lipschitz continuous , we have

1% -y = p(NQuz, Vi, 1) = N(U, vi, 1) [P = | x =Y - 2p( Nug, va, 1) = Nz v, ), x-y )
+ 2l N(u, Vi, ) - Nz, vi, ) |

<[Ix=y - 2pa [x =y |F+ p’B? [H (A(x, 1), Ay, M)]?
< (L2 po+p® B 27 | x -y (3.8)
Using &- Lipschitz continuity of N(u, v, 4) in the second argument and Ag- Lipschitz continuity of B, we have
IN(U2, V1, &) - N(Uz, V2, M) || < &l va - V2 || < EH(B(x, 1), B(y, 1))
<&rsllx -yl (3.9)
Using ¢- Lipschitz continuity of f(t, A) and Ag-Lipschitz continuity of E, we have
[l f(t, 2) - f(t2, 1) || <ellts - t2]| < & H(E(x, 1),E(y, A))
<ere || X=V] (3.10)
By the Ap - Lipschitz continuity of D, we have
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” 21-12 ” =< H (D(X: )"): D(Yﬂ )"))
<o I x- Vil (3.11)
By the n-Lipschitz continuity of m and Ac- Lipschitz continuity of C, we have

| m (Wi, 2) - m(wz, 1) | <nlwy - we|
< MH(C(x, 1), C(y, 1))
snkclx=yll. 3.12)

By (3.5) - (3.12), we have

la-bll<[2 126+ 22 + \1-2pa+ p? 225 +p&s+ o+ 2nic+erd] | X- Y |

= (k+ ()l x -Vl

= Olx-yll. 3.13)

where k = 2\/1— 26 + 2% + pAy +2nAe +EAg, t(p)= \/1— 2p0+ p? BPA5 +pEhs and 6 =k +t(p).
It follows from the condition (3.3) that & < 1. Hence, we have
d(a, F(y, 1)) = infoera |a-bll < Ol x -y
Since ae F(x, )) is arbitrary, we have
SUP acrix, 1 d (2, F(y, 1)) < O x -y ||
By using the same argument, we can prove
SUP berqy, i d (F(x, 1), b) < O X -y |I.
By the definition of Hausdorff metric H on C (H), we obtain that for all (x, y, A) € H x Hx Q,
H (F(x, 1), F(y, M) < @] x -yl
i.e., F(x, A) is a multi-valued contractive mapping which is uniform with respect to A €Q. By a fixed point theorem of
Nadler[20], for each A € Q, F(x, A) has a fixed point x(A)eH , that is, x(A) €F(x(A), A). By the definition of F, there

exists u(l)eAx(), 1), v(h)eBx(®), 1), wh)e Cx(L), 1), (L) eDxQ), 1), t(}) € Ex(X), 1), s(h) €G(x(1), ) such
that

x(0) = x() - 500 + m(w(), 1) + I F (5(2) - mw(), 1) - N V), D)+ E0), ), and so

M(.z(2

o D (s(1) - m(w(k), 1) - pN(u(), VR, & ¥+ E(R), A).

s(\) = m(w(r),A)+J
By Theorem 3.1; x (A) €S (A) is a solution of the PGNQVIP (2.1) and so S () #¢ for each A € Q.

(2) For each Ae Q, let x, C S(A) and x,—>Xo as n—o0. Then we have x,eF (x,, A) for all n = 1, 2 ...By the proof of the
conclusion 1, we have

H (F (0, 1), F(x0, 1)) < € [ X0 - Xo|

It follows that
d(Xo, F(Xo, 1)) < | X0 = Xa || + d(Xn, F(Xn, A)) + H(F(xp, A), F(Xo, X))
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<(1+6) || Xn - %o|| = 0, a8 n—>c0.
Hence, we have xoeF(Xo, A) and X, €S (A).
Therefore, S (A) is a nonempty closed subset of H.

Theorem 3.3: Under the hypothesis of Theorem 3.2, further assume
(i) for any x eH, A B AX, L), A= BX, ), A > CX A, A »Dx, L), A HEXL, LA GKX L),
> m(x, A) are Lipschitz continuous (or continuous) with Lipschitz constants I, Ig, Ic, Ip, g, I and Iy, respectively;

(i) for any u, v, z, w, t eH, A N(u, v, &) and A > " (w) are Lipschitz continuous (or continuous) with
Lipschitz constants Iy and I;, respectively.

Then the solution set S(A) of the PGNQVIP(2.1) is a Lipschitz continuous (or continuous) mapping from Q to H .

Proof: For each x,Z €Q, by Theorem 3.2, S(A) and} S(Z) are both nonempty closed subset. By the proof of

Theorem 3.2, F(x, &) and F(x, A ) are both multi-valued contractive mappings with same contraction constant
6 < (0,1). By Lemma 2.2, we have

H(S (1), S (1)) < n 19 SUpxen H(F(x, 1), F(x, A)). (3.14)

Taking any a e F(x, ), there exists u(A) eA(x, 1), v(A) € B(x, 1), w(}) eC(x, X), z(A) eD(x, M), t(A) €E(x, A), and s(})
€G(x, M) such that

a=x—-58(1) +m(w(4), ) + I XD (s(2) —m(w(2), ) - PN (U << (4 <<),V(4), ) + f (t(2), 2)).

Since A(x, M) e C (H) and A(x, Z) € C(H) there exists u(Z)eA(x, Z) such that
1 u() - u(A) < HAG, 2), A, 2).

Similarly there exists V(4 ) € B(x, 1), W(1) eC(x, 1), z(A) eD(x, 1), t(A) eE(x, 1), and (1) €G(x, A ) such
that

| V(%) = V(2)ll < H(B(x, 1), Bx, 4)),
I Wit = WOl < HCx, 2, Cx, 2),
| 20 - 2(2)]| < HD(x, 1), Dlx, 4)),
40 = ()]l < HECx, 2), E(x, 2))
1509 = S(2)ll < HGEx, 1), Glx, 4)).

Let b= x—S(A) + M(W(A), 2) + I M2 4 (s(2) —m(w(R), 2) — pN (U(Z),V(A), 2) + T (t(2), 2)).
Then it follows that_ o
la- bl < sO)-s(A)I+ [lm(w(), 1) - mw(A), DI 52D s0)-mew).0)- p Nu)v), A+ e, 1)
SMEDD (1) -mw(A), 2) - p NUA)MA),A) + A, AN s - ()]
+ [Im(w(), ) - mw( A ), A+ CHOD (s)-m(wd), 1) o Nu)vd), 2) + f(t(2), 1)
I CFDD () mw(A), A) pNU(A), V(A), ) +T(H(A), A)I
] JNEEOD (A)mW(A), A)- p NU(A)MA),A) +FH(A), 1)
- JNEFAODGA) -mw(A), A)-p NU(A)W(A), A)
+H(U(A), A )+ MCEDD S(A)mw(A), 2)-p NU(A)W(A), 2)
+H(2), 2)) - JMEEDD (S(2)-mw(2), 2)- pNUA)MA) A) + TH(A), AL
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< 2 [s)-s(A) [+ 2 [Im(w(h), 1)- mW( A ), 2 )]l + p [ Nu),v(h), ) - NU(A), (A1), 1)
1800, 1) FEA), AN+ 2 Z09-Z(A) ||+ i A=A |l (3.15)

By the Lipschitz continuity of G in A, we have

Is)-s(A) || < HGx, MG ) <ls|%- A || (3.16)

By the Lipschitz continuity of m and C in Ae Q, we have
[ fm(w 2, 2) -m(w(A), A) | < [ mw(), 2) - mw( ), 2) | + [ mew( ), 2)-mw(A), A)]
< 77lw () -w (A) [+l 2~ 2 |
< 17 HC(x, 1), C&, W) Hal A=A € (771t ) [[ 2= Al (317)
By the Lipschitz continuity of N (u, v, &), we have
NIV, 1) = NU(A)V(A), A NGO, v, 2) - N A L), D
<N U(A)v(), ) -Nu(A)M(A), W
<IN (U(A)V(A), ) - N@E(A)v(A), 1|
< Bl - u(A)+ ENIve) - V(A +Ha [ A~ A |
<(Brala+ Edgla +h) A= A]. (3.18)
By the Lipschitz continuity of fand Ein A € Q , we have
86, 2) - FE(A), A) 1) < IR, 1) - t(A). 0 |
<A, 2) - FE(A), A) I
< e[t -t )]+ a- A |
< EH(E®X, 2, Ex, A) + k|- A |
<(ele+1)|n- 1. (3.19)
By the Lipschitz continuity of D, we have
l2(0) - 2(A) || <HD(x,2), D(x, 1)) < Il A~ 4 || (3.20)
It follows from (3.15)-(3.20) that
la-bl<[2(lc+7lc+ In)+ p(ﬂ?»AlA+ kaIB+ I+ o+ It glgt K| A- ZH =M \- ZH,

where M =2(lg+77lc+ In) + p (Brala+ Ehgle+ IN) + g ot It glet |

Hence, we obtain
SupaeF(x, X)d(a’F(X’ Z )) <M || A- l ”
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By using a similar argument as above, we obtain

SUP bers, 4y d(F(x, 2),b) <M || A=A ]|

It follows that
H(F(x, 1), F(x, A))<M|r- 4]

By Lemma 2.2, we obtain

H(SO), S(A)) < 1% 4 .

1-6

This proves that S()) is Lipschitz continuous in A € Q. If, each mapping in conditions (i) and (ii) is assumed to be
continuous in A € Q, then by similar argument as above, we can show that S(A) is also continuous in A € Q.

Remark.3.4: Since the PGNQVIP(2.1)includes many parametric(generalized) quasi-variational inclusions and
parametric(generalized) nonlinear implicit quasi-variational inequalities as special cases, Theorem 3.2 and 3.3 improve
and generalize the known results in [2,3, 9, 13, 17, 19, 22, 25, 27, 28, 29].
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