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ABSTRACT

The aim of this paper is two fold, first we define the concept of generalized b-metric spaces and then we prove the
existence of fixed points for multivalued contraction mappings in generalized b-metric spaces using Picard iteration
and also Jungck iteration. Our results extend, improve and unify a multitude of classical results in fixed point theory of
single and multivalued contraction mappings. We obtain more general results than those of Nadler[23],Berinde and
Berinde[10], M.O. Olatinwo and C.O. Imoru[24] and Daffer and Kaneko[16].
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1. INTRODUCTION

Metric fixed point theory is an important mathematical discipline because of its applications in areas such as variational
and linear inequalities, optimization and approximation theory.

The concept of b-metric space appeared in some works, such as N. Bourbaki, I. A. Bakhtin, S. Czerwik , J. Heinonen,
ect. Several papers deal with the fixed point theory for singlevalued and multivalued operators in b-metric spaces
(see[3],[12],[13]). Generalizations of metric spaces were proposed by Gahler[31],(called 2-metric spaces) and
Dhage[2],(called D-metric spaces). Unfortunately, it was shown that certain theorems involving Dhage’s D-metric
spaces are flawed, and most of the results claimed by Dhage and others are invalid. In 2005, Mustafa and Sims[35]
introduced a new structure of generalized metric spaces, which are called G-metric spaces as generalization of metric
space (X, d), to develop and introduce a new fixed point theory for various mappings in this new structure. The study of
fixed point theorems for multivalued mappings has been initiated by Markin[21] and Nadler[23]. We introduce the
concept of generalized b-metric spaces in the sequel. Presently, let (X, G) be a generalized metric space and CB(X)
denote the family of all non-empty closed and bounded subsets of X. For A, B, C — X, define the distance between A,
B and C by Dg(A,B,C) = inf{G(a, b, c) : acA, beB, ceC}, the diameter of A, B and C by 8s(A ,B ,C) = sup{G(a, b, ¢)
:aeA, beB, ceC } and the Hausdorff-Pompeiu metric on CB(X) by

Hg(A, B, C) = max{sup{G(a, b, C) : acA, beB}, sup {G(b, c, A) :be B, ce C}, sup{G(c, a, B) : ceC, acA}}
Hg (A, B, C) is induced by G .

Let P(X) be the family of all non-empty subsets of X and T: X — P(X) a multivalued mapping. Then an element x € X
such that x € T(x) is called a fixed point of T. Denote the set of all fixed point of T by Fix(T), that is,

Fix(T) ={xe X :xe T(X)}.
The following definitions shall be required in the sequel.

Definition 1.1: Let (X, d) be a metric space and T: X—P(X) a multivalued operator. T is said to be a multivalued

weakly Picard -operator iff for each x € X and any y € T(x), their exist a sequence {X n }:):0 such that

() X=X X=Y;
(i) Xpr€T(X,) foralln=0,1,....... ;

(iii) the sequence {Xn}fzo is convergent and its limit is a fixed point of T
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Definition 1.2: Let (X, d) be a metric space and S, T: X—P(X) multivalued operator . The pair (S, T) will be called
multivalued weakly Jungck operator iff for each x € X and any y € T(x), their exist a sequence {an}‘::oc P(X) such
that

(iv) Sxo=x,Sx;=Y;
(V) SXp1€T(X,) foralln=0,1,....... ;
(vi) the sequence {SXH}Z’:0 converges to Sz for some ze X and Sz Tz ,thatis, S and T have a coincidence at z.

Let C(S, T) be the set of coincidence points of Sand T.

Definition 1.3: A function ¢: R+ — R. is called (c)-comparison if it satisfies
(i) ¢ is monotonic increasing ;
(i) ¢" (t) = 0 as n—oo, ¥ t > 0 (¢" stands for the nth iterate of ¢) ;

(ii)) Y ¢" (t) < forall t>0.
n=0

We say that ¢ is a comparison function if it satisfies (i) and (ii) only. See [6] and [30] for detail.
Remark 1.3: Every comparison function ¢ : R. — R, satisfies ¢(t) <t.

Theorem 1.1[23]: Let (X, d) be a complete metric space and T:X—CB(X) a set valued o-contraction ,that is, a
mapping for which there exist a constant a.(0,1), such that

H (Tx, Ty) < ad(X,Y)

Theorem 1.2: (Berinde and Berinde

[10]):-Let (X, d) be a complete metric space and T:X—CB(X) a generalized multivalued (9 ,L) — contraction. Then,
(i) Fix(M)=o¢

(i) for any x, €X, there exists an orbit {Xn}:OZO of T at the point X, that converges to a fixed point u of T for which

the following estimates hold:
n

d(xp,u) < —h d(xq, X0) ,n=0,1,2,3, ...

d(x,,u) < d(x, ,Xn1), N=1,2,3...

for a certain constant h <1.

Theorem 1.3: (Berinde and Berinde[10]):- Let (X, d) be a complete metric space and T: X—CB(X) a generalized
multivalued (a,L) — weak contraction. that is, a mapping for which there exist a function

o [0, ©) — [0, 1) satisfying lim sup a(r) <1, for every te[0, ), such that
r—t
H(Tx,Ty) < a(d( %, y))d(x,y) + LD(y,Tx) V X, y €X.

Then T has a fixed point.
The following definitions shall be required in the sequel .

Definition 1.4: Let X be a nonempty set and s > 1 a real number. A function G : X x X x X — R* U{0} is said to be a
generalized b-metric space if it satisfy the following properties :

(Gl) GKVY,2)=0iffx=y=1z

(G2) 0<G(XXYy) VX yeX,withx=y.

(G3) G X Y)<G(XY,2),forallx,y,ze Xwithzzy

(G4) G VY,2)=6G(X2Y)=G(Y,z,X)=...... , (symmetry in all the three variables)
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(G5 G(x,VY,2)<s[G(x,a,a) +G(a,y,2)] VXY, zeX, aecX and s >1 (rectangle inequality)
The pair (X, G) is called a generalized b-metric space.
Example of definition 1.4: Let X = {X1, X2, X3, Xa} , d(Xg, Xo) =k >2 and  d(Xy, X3) = d(X1, X4) = d(Xa, X3) = d(Xa, X4) =
d(Xg, X4) = 1,

d(xi, ) = d(x;, x;) foralli,j=1,2,3,4
and

d(Xi, Xi) = O, i= 1, 2, 3, 4,
If we define generalized metric by G(x, y, z) = d(X, y)+ d(y, 2)+ d (z, X) then

k
G(x,y,2) < E [G(x,a,8)+G(a,y,2)] VXVY,2zaeX

So, (X, G) will be a generalized b-metric space.

Definition 1.5: Let (X, G) be a generalized b-metric space and T: X— P(X) a multivalued operator. T is said to be a
generalized multivalued (y, ¢) weak contraction iff there exists a continuous monotonic increasing function ¢: R. — R.
with ¢(0) = 0 and a continuous comparison function vy : R, — R, such that

He (Tx, TX, Ty) < g7 [w(G(x, X, ¥)) + ¢(Da(y, TX, TX))], > 1,V X,y €X (*)

Definition 1.6: We say that T is a generalized multivalued ¢-weak contraction iff there exists a function o : [0, ) —
[0, 1) and two continuous monotonic increasing functions ¢y, ¢, : R+ — R, with ¢,(0) = 1 and ¢,(0) = 0 such that

Ho(Tx, Tx, Ty) < [a(G(X, X, y)) G(x, X, y) ]* PP 4+ 4,(Dg(y, Tx, TX)), ¥ x, yeX **)

where 11M sup a(r) < 1, for every te[0, ).
r—t

Definition 1.7: Let (X, G) be a generalized b-metric space and S,T : X— P(X) multivalued operators. Then the pair

(S,T) will be called a multivalued (9, ¢) weak J-contraction iff there exists a constant 0 € (0,1) and a continuous
monotonic increasing function ¢ : R, — R, with ¢(0) = 0 such that

Hg (TX, Tx, Ty) < 7 G(Sx, Sx, Sy)+ ¢(Ds(Sy,Tx, TX)) g>1,V X, yeX (***)

The contractive condition (***) can be modified to the following form: The pair (S,T) will be called a generalized
multi-valued (o , ¢) —weak J- contraction iff there exist a function o : [0, «) — [0, 1) and a continuous monotonic
increasing function ¢ : R, — R, with ¢(0) = 0 such that

Hg (TX, T, Ty) < a(G (SX, Sx, Sy)) G(SX, Sx, Sy) + ¢(Dg(Sy, Tx, TX))]g>1, VX, y €X (F***)

where lim sup a(r) < 1, for every te[0, ).
r—>tt

We shall require the following lemmas in the sequel.
Lemma 1.1: Let (X, G) be a generalized metric space. Let A, B < X and q > 1. Then for every a € A, there exists beB
such that
G(a,a,b)<gHgs (A A B) (1.1)

Proof: If Hg(A, A, B) =0thena e B and (1.1) holds for b = a.
If He(A, A, B) >0, then let us denote

e=(h"-1) Hg(A A B)>0 (1.2)
Using the definition of Dg (a, &, B) and Hg(A, A, B), it follows that, for any € > 0, there exists beB such that

G(aab)<Dg(a,aB)+e<Hg (A A B)+e 1.3)
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Now, by inserting (1.2) in (1.3), we get
G(a, a, b) <Hg(A, A, B) + h™* Hg(A, A, B) — Hg(A, A, B)

<£H (A, A, B)
—h G i L
1
< g Hg(A, A, B), where qu.

Lemma 1.2: Let A, B < CB(X) and let acA. Then, there exists beB such that
G(a, a, b) <Hg(A, A, B) +n, where n > 0.

Lemma 1.2 is a simple consequence of the definition of Hg (A, B, C).

2. MAIN RESULTS

Theorem 2.1: Let (X,G) be a complete generalized b-metric space with continuous generalized b-metric and T:
X—CB(X) a generalized multivalued (y,$) — weak contraction. Suppose thaty : R.— R. is continuous (c)—comparison
function and ¢ : R, — R is a continuous monotonic increasing function such that ¢(0) = 0. Then,

(i) FixT=¢

(ii) for any x, €X, there exists an orbit {Xn};ozo of T at the point xq that converges to a fixed point x* of T

(iii) the a priori and a posteriori error estimates are given by

o0
G (X, Xy X*) < Zw"*” (G(Xo, X0y X1)) ,$>1,n=1,2,3, ... ... (2.1.1)
k=0
0
k
G(Xn, Xny X*) <8 Z\p (G(Xn_1, Xn-1, Xn)), $=1,n=1,23... ... (2.1.2)
k=0

respectively.
Proof: Let XoeX and x;€Txo. If Ho(TXo, TXo, TX1) = 0, then Txq = Txy, that is x; € Txy, which implies Fix T = ¢.
Let Hg (TXo, TXo, TX1) # 0 .Then, we have by lemma 1.1 that there exists X,eTx; such that

G(X1, X1, X2) <q Ha(TXo, TXg, TX1) ,q>1

so that by (*) we have
G(le le X2) < q qil [\V(G(Xo, XO! Xl )) + (I)(DG(X].! TXO! TXO))]

= y(G(Xo, Xo, X1)) + ¢(Dg (X1, X1, X1))
= y(G(Xo, Xo, X1))
If Ho(TXq, TXg, TX) =0, then Tx; = TX,, that is X, €Tx,.

Let Hg(TXy, TXg, TXz) = 0. Again by lemma 1.1, there exists X3 € TX, such that
G(X2, X2, X3) < 0 Ha(TX1, TX1, TXy)

<007 [w(G(x, X1, X2)) + d(Do(Xz, Txa, TX1))] (2.1.3)
= (G (X1, X1, X2)) + ¢(Do(X2, Xz, X2))
= W(G(X1, X1, X2)) < W (G(Xo, Xo, X1).
By induction, we obtain
G(Xn, X, Xns1) < W'(G(Xo, Xo, X1)) (2.1.4)
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Therefore by the property (G5) of definition 1.4, we have
G(Xn, Xn, Xntp) < S[G(Xn, Xn, Xnt1) + G(Xns1, Xne1, Xns2) +ovvees + G(Xn+p-1, Xntp-15 Xnep)]

< S[\Vn(G(XO; X0, Xl)) + \Vn+1 (G(Xo, X0, Xl)) +...... + \Vn+p_l (G(Xo, Xoy Xl))] (215)

n+p-1

Gk Xon Xni) €5 D WX (G(Xo, X, X0)) 2.1.6)
k=n

From (2.1.6), we have
n+p-1 K
G(Xn, Xn, Xnsp) < S Z Y (G(Xo, Xo, X1))
k=n

n+p-1 n-1
=s| D W (G(Xg,Xg X)) = WX (G(Xg, X, Xy)) | 0asnsoe.  (217)
k=0 k=0
We therefore have from (2.1.7), that for any xye X, {Xn};ozo is a Cauchy sequence in X. Since (X, G) is a complete

generalized b-metric space, then {Xn}fzo converges to some x* €X. that is

lim x, = x* (2.1.8)

N—o0

Therefore by (*) we have that

Dg(x*, X*, Tx*) < S[G(X*, X*, Xn+1) + G(Xns1, X Tx*)]

n+l:

< S[G(X*, X*, Xu1) + Ho(Txo, TX,, TX™)]

<8 G(X*, X*, Xnu1) + S0 [W(G (%, Xjy X ¥)) + 0(Dc(x*, TX,, Txo))] (2.1.9)
By using (2.1.8), the continuity of the functions v, ¢ and the fact that X,.; € TxX,, then ¢(Da(x*, TXn TX,)) — 0 as
n—o0 and y(G(Xy, Xn, X*)) =0 as n—o.

It follows from (2.1.9) that Dg(x™*, x*, Tx*) = 0 as n—o0. Since Tx* is closed then x* € Tx*.

To prove a priori error estimate in (2.1.1), we have from (2.1.6) that
n+p-1

G(Xn, Xn, Xnsp) < z \lfk (G(Xo, Xo, X1))
k=n

p-1
=s Z\Vn+k (G(Xo, X, X1))
k=0

from which it follows by the continuity of the generalized b-metric that

G(Xp, Xp, X*) = lim G(Xn, Xn + Xnap)
p—c0

o0
k
<s D W (G(xo X0, X))
k=0
which gives the result in (2.1.1).

To prove result in (2.1.2), we get by condition (*) and lemma 1.1 that
G(Xny Xn, Xn+1) <q HG(TXn—ly TXn-1, Txn)
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<9 TW(G(Xn1, Xn-1, Xn))* H(D6(Xn, TXn 1, TXn1))]
= y(G(Xn-1, Xn-1, Xn)) + O(Ds(Xn, Xn, Xn))

= W(G(Xn—li Xn-1, Xn))
Also, we have
G(Xn+1, Xns1 Xne2) < W(G(Xn, Xny Xn+1))

< \VZ(G(Xn_l, Xn-1, Xn))

so that in general we obtain
G (Xnsks Xneks Xneket) < \Vk+1(G(Xn—1: Xn-1, Xn)), K=0,1, 2,....
(2.1.10)

Using (2.1.10) in (2.1.5) yields
G(Xn, Xn, Xn+p) < S[W(G(Xn—ly Xn-1, Xn)) + \VZ(G(Xn—la Xn-1, Xn)) +..oe + Wp_l(G(Xn—la Xn-1, Xn))]

p-1
=5 > Y (G0t Xoa, X)) (2.1.41)
k=0

Again taking limit in (2.1.11) as p—<o and using the continuity of the generalized b-metric, we have

G(Xn, Xp, X*) = lim G(Xn, Xn, Xn+p)
P—0

[e0]
<s z \|/k (G(Xn-1, Xn-1, Xn)), giving the result in (2.1.2).
k=0

Remark 2.1: Theorem 2.1 is a generalization of theorem 1.2 as well as theorem 5 of Nadler [29] .

Theorem 2.2:- Let (X, G) be a complete generalized b-metric space with continuous generalized b-metric and T :
X—CB(X) a generalized multi-valued ¢-weak contraction. Suppose that there exists a function a :[0, ) — [0, 1)

satisfying lim sup a(r) < 1, for every te[0, ) and two continuous monotone

rott
increasing functions ¢; and ¢, : R+ — R, such that ¢,(0) = 1 and ¢,(0) = 0. Then, T has at least one fixed point.
Proof: Suppose xpeX and x;e Tx,. We choose a positive integer N; such that

o N1 (G (X0, X0, X1)) < [1-0(G(Xo, X0, X1)] G(Xo, Xo, X1) (2.2.1)

By lemma 1.2, there exists X, € Tx; such that

G, X1, X2) < Ha(TXo, TXo TXe) + 0L (G(Xo, Xo, X1)) 2.2.2)

Using (**) and (2.2.1) in (2.2.2), then we have
G(Xl, X1, X2) < [(X.(G(Xo, Xo, Xl))G(Xo, Xoy Xl) ]@(DG(XLTXO’TXO» + d)g(D(;(Xl, TX(), TX())) + Ol Nl (G(Xo, Xoy Xl))

= aU(G(Xo, X0, X1)) G(Xo, Xo, X1) + QL N (G(Xo, X0, X1)) < G(Xo, Xo, X1)

Now, we choose again a positive integer N, N, > N; such that
N
(0 2 (G (Xl, X1, Xz)) < [1—G(G(X1, X1, Xz))] G(Xl, X1, X2) (223)

Since Tx; € CB(X), by lemma 1.2 again, we can select x; € Tx; such that
G(Xz, X2, X3) < HG(TX1, TXl, TX2) + N2 (G(Xl, X1, Xz)) (224)

Again using (**) and (2.2.3) in (2.2.4), then we get

]¢1 (Dg (X2, TX1,TX1))

G(X2, X2, X3) < [a(G(X1, X1, X2)) G(X1, X1, X2) + ¢2(Do(X2, TXy, Txy)) + AL N2 (G(X1, X1, X2))
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By induction, since Tx, € CB(X), for each k, we may choose a positive integer Ny such that
N
0 (G (X gy X, 209) < [1-0(G0k 1, X1, X G, X, X (2.25)
By selecting Xy+1 € TX, such that
N

G (X Xt Xiers) < Ho(TXiet, T, TX) + O (G(Xie1, X1, X)) (2.2.6)
so that using (**) and (2.2.5) in (2.2.6) yield

G (X Xi» Xir1) < G(Xk-1, Xk-1, Xi) (2.2.7)
Let Gy = G(Xk_l, Xk-1, Xk) k=1,2,....
The inequality relation (2.2.7) shows that the sequence {Gi} of non-negative numbers is decreasing. Therefore,
lim Gy exists. Thus, set lim Gy=c=0.

k—o0 K—o0

We now prove that the Picard iteration or orbit{xc} = X so generated is a Cauchy sequence. By condition on a, for t =
c we have

lim @) <1.
+

t—c

For k > ko, let a(Gy) < h, where lim sup a(t) <h<1.
toct

Using (2.2.6), we have by deduction that {G} satisfies the recurrence inequality:
Gt <G a(GY) + 0K (G k=1,2, .... 2.2.8)

Using induction in (2.2.8) leads to

k k-1 k
s [ [(G)G,+), [] G (G, )+ (G,). k=1 (2.2.9)
j=1 m=1 J=m+1

We now find a suitable upper bound for the right hand side of (2.2.9), using the fact that o. < 1 as follows:

k k-1 k
cer< [Ja(GDG+Y [T oG o™ (G, )yra™(Gy)
=1

m=1 J=m+1

k-1 k-1
<G+ > hMhNm 4 N =G h* 4 h Y hNm™™ 4 pN

m=1 m=1
< C1h* + C,h* + C3h* = C, h¥, where C, = C, + C, + Cz and Cy, C,, C3, C, are constants. (2.2.10)

Now, for k > ko, and peN, we have by using (2.2.10) and the repeated application of the rectangle inequality that
G(Xk, Xk Xk+p) < S[G(Xk, Xkr Xicr) + G(Xir1, Xir1, Xks2) +ovnn G(Xk+p—1: Xk+p-1, Xk+p)]

= S[Gk+1 + G+t Gk+p]
<S[Cy (W + W+, + <P

1- h?
-c, ( h ] h*s=C,h*s, (2.2.11)

where Cs is a constant

Since 0 < h <1, the right hand side of (2.2.11) tends to 0 as k—o0, showing that {x,} is a Cauchy sequence. Therefore,
Xk —>ueX as k—oo since X is complete generalized b-metric space. So,
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Dg(u, u, Tu)<s[G(u, u, Xg) + G(Xk, Xk, TU) ]

<s[G(u, u, x) + Ho(TX1, TXk1, TU)]
<sG(u, U, Xg) + S[o(G(Xk_1, Xk_1, U)) G(X_1, Xic_1, U)]qﬁl e (4T i)
]¢1 (Dg (U, TXy1, TXp1))

+802(Da (U, TXi1, T Xi1))

< sG(u, u, xy) + s[h G(X_1, Xk_1, U) +Sho(D(U, TXk 1, TXk1)) , S> 1. (2.2.12)

By using the fact that x, € Txx_; and xx—U as k—oo, we have Dg(u, TXk_1, TXk_1) — 0 as k—o0. We therefore, have by
continuity of ¢;(j = 1, 2) that ¢1(Dg(u, TXk1, TXk1)) = 1 as k—oo and ¢o(Ds(u, TXk-1, TXk-1))—>0 as k—oo. Hence,
since the right hand side terms of (2.2.12) tends to zero as k—oo, we have ueTu. Using the continuity of the

generalized b-metric in (2.2.11) as p—o, we obtain an error estimate G(X, Xk, U) = lim G(Xk, Xk, Xksp) < Cs h*s, k > Ko,
p—o
s > 1 for the Picard iteration process under condition ().

Remark 2.2: Theorem 2.2 is a generalization of theorem 1.3 , Nadler fixed point theorem [23] as well as theorem 2.1
of Daffer and Kaneko[16] .

Theorem 2.3: Let (X, G) be a complete generalized b-metric space with continuous generalized b-metric and S, T :
X—CB(X) a generalized multivalued (49, $) — weak j-contraction such that S is continuous and T(X) C S(X), S(X) a

complete subspace of CB(X). Suppose that ¢ : R, — R. is a continuous monotonic increasing function such that ¢(0) =
0. Then,
(i) C(S, T) =d, where C(S, T) is the set of coincidence points of Sand T.

(i) for any xo €X, there exists a Jungck orbit {SXn}C::O of the pair (S,T) at the point x, that converges to Sz for

some zeX, and SzeTz ,thatisze C(S, T)
(iii) the a priori and a posteriori error estimates are given by
n

G(SXp, SXp, Sz) < G(Sxq, SXg,S%x1),s>21,n=1,2,3, ... (2.3.1)

sh

G(Sxy, Sxy, Sz) < G(SXn-1, X1, SXp), $=>1,n=1,23... (2.3.2)
respectively for a certain constant h <1.

Proof: Let XoeX and Sx;e TxXo. If Hg(TXq, TXg, TX1) = 0, then Txq = Txy, that is Sx; € Tx;, which implies that C(S, T) #
0.

Let Hg (TXo, TXo, TX1) # 0 .Then, we have by lemma 1.1 that there exists x, € X so that Sx,eTx; such that
G(SXy, SX1, SX2) < q Hg(TXo, TXg, TX1),q>1

so that by (***) we have

G(Sxy, Sx3, Sxz) < q 0 [G(Sxo, SXo, SX1 )+ ¢(Ds(SX1, TXo, TX0))]
=q @ G(Sxo, S0, SX1)

=h G(Sxo, SXo, SX1),
where h:q9 <1l.

If Ho(TXy, TXg, TXp) =0, then Txy = TX,, that is Sx, € Tx,.

Let Hg(Txy, TXy, TXp) # 0. Again by lemma 1.1, there exists X3 € X so that Sx;e Tx, such that
G(Sxz, SXz, SX3) < q Hg(Txy, TXy, TX,)

< [ @ G(Sx1,S%1,5%2)+d(Do(SXa Tx1, TX0))]
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= q 6 G(Sx1,5%1,5%,)
from which it follows that
G(SXy, SXo, SX3) < h G(SX41,5%1,5%2) < h? G(SXo, SXo, SX1) (2.3.3)
By induction, we obtain
G(SXn, SXn, SXn+1) < h"(G(SXo, SXo, SXy)) (2.3.4)

Therefore from (2.3.4) and property (G5) of definition 1.4, we have

G(SXn, SXn, SXn+p) < S[G(SXn, SXn, SXn+1) + G(SXn+1, SXns1, SXns2) +.ove + G(SXntp-1, SXnsp-1, SXnsp)]

< S[h"G(SXo, SXo, SX1)+ h™™ G(Sxo, SX0,SX1) +......+ h™P™ G(Sxo, SXg, SX1)] (2.3.5)
sh” (1-hP)
= —————— G(SXo, SXo, SX1) (2.3.6)
1-h

From (2.3.6), we have
G(SXn, SXn, SXn+p) = 0 @s N—co.

We therefore have that for any xye X, {SXn};OZO is a Cauchy sequence in X. Since (X, G) is a complete generalized
b-metric space, there exist a sequence {Xn};ozo C X converging to some z € X. Therefore, by the continuity of S,

{an}::o converges to some Sz e X. That is

limsx,=sz=w (2.3.7)
n—o

Therefore, by (***), we have that
D¢(Sz, Sz, Tz)= Dg(w, w, Tz) < s[G(W, W, SXq+1) +G(SXn+1, SXn+1,T12)]
< S[G(W, W, SXper) + Ha(Txn, T X, T2Z)]
<5 G(W, W, Sxqu1) + S[ 0 G(Sxy, S%,,52) + ¢(De(Sz, T X, Txo))]
= 5 G(W, W, SXyu1) + 5[ 6 G(Sxn, Sxo W) + 9w, TX,, Txy)] (23.8)

By using (2.3.7), the continuity of the functions ¢ and the fact that

SXn+1 € TXp, then ¢(Dg(W, TXn TXp)) = 0as n—oo and G(Sx,, SXn, W) —0 as n—oo,

It follows from (2.3.8) that Dg(Sz,Sz, Tz) = 0 as n—oo. Since Tz is closed, then Sz € Tz, z €C(S,T)

To prove a priori error estimate in (2.3.1), we have from (2.3.6) by the continuity of the generalized b- metric that
n

G(SXn, SXn, S2)= 1M G(Sxy, SXn, SXnep) < G(SX0,SXo, SX1)

p—oow —
which gives the result in (2.3.1).
To prove result in (2.3.2), we get by condition (***) and lemma 1.1 that

G(SXn,SXn, SXn+1) < Ho(TXn-1, TXn_1, TXn)

<AL @ G(SXn-1, SXn_1, SXo)+O(D(SXns TXn-1, TXn-1))]
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= q6 G(SXy_1, SXa_1, SXn)
= hG(SXn—la an—l, an)

Also, we have
G(SXn+1y SXn+1, SXns2) < h G(SXpn, SXpy, SXps1)

< hZG(SXn—lx an—lx an)

so that in general we obtain
G(SXntkr SXn+ks SXnaks1)< hi+ G(SXn-1, SXn_1, SXn), k=0, 1, 2,.... (2.3.9)

Using (2.3.9) in (2.3.5) yields

G(SXn, SXn, SXn+p) < S[NG(SXn_1, SXn-1, SXn) + th(an,l, SXn-1, SXp) +.....¥ hPG(SXn_1, SXn-1, SXn)]
sh(1-h")
= G(SXp_1, SXp_1, SXp) (2.3.10)

1-h
Again taking limit in (2.3.10) as p—<o and using the continuity of the generalized b-metric, we have

G(SXn, SXn, S2) = 1M G(Sx,, S, SXnip)
p—o0

sh
1-h

Remark 2.4: Theorem 2.3 is a generalization of Theorem 1.2.

<

G(SXn_1, SXn_1, SXp), giving the result in (2.3.2).

Theorem 2.4: Let (X,G) be a complete generalized b-metric space with continuous generalized b-metric and
S, T:X—CB(X) a generalized multi-valued (o.,¢)-weak j-contraction such that S is continuous and T(X) C S(X), S(X)

a complete subspace of CB(X). Suppose that there exists a function a. :[0, «0) — [0, 1) satisfying lim sup a(r) <1, for
r—t

every te[0, «) and a continuous monotone increasing function ¢ : R+ — R, such that $(0) = 0. Then, T and S have at

least one coincidence point.

Proof: Suppose xoe X with Sx; € TX,. We choose a positive integer N, such that
(0 N1 (G (SX(), SXo, SXl)) < [1—(X(G (SX(), SXq, SXl))] G(SXo, SXo, SXl) (241)

By lemma 1.2, there exists x, € X with Sx, € Tx; such that
G (SX1,5%1,5%3) < Ha(TXo, TXo, TXy) + OLNl (G(Sxo, SXo, Sx1)) (2.4.2)

Using (****) and (2.4.1) in (2.4.2), we have
G(SX1, SX1, SX7) < [aL(G(SX0,5X0,5X1))G(SX0,5%0,5%1) + ¢(Da(SX1, TXo, TXg)) + OLNl (G(Sxo, SXo, Sx1))
= o G(SX0,5%0,5%1))G(SXo, SXo, Sx1) + Ol Nt (G(Sxo, Sxo, SX1)) < G(Sx0,5X0,5X1)
Now, we choose again a positive integer N, N, > N; such that
OLNZ (G (Sxq, SX1, SX2)) < [1-o(G(Sx1, SX1, SX2))] G(SX1, SXy, SX7) (2.4.3)
Since Tx, € CB(X), by lemma 1.2 again, we can select x3 e X with Sx; € Tx, such that
G(SXZ, SXZ, SX3) < HG(TX1, TXl, TXz) + (XNZ (G(SXl, SXl, SXZ)) (244)

Again using (*****) and (2.4.3) in (2.4.4), we get
G(SXZ, SXo, SX3) < G(G(le, SXl,SXZ)) G(SXl, SXq, SXz) + (I)(Dg(SXz, TXq, TXl)) + O N2 (G(SXl, S Xq, SXZ))
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= G(Sx1, Sxy, Sxp)

By induction, since Tx, € CB(X), for each k, we may choose a positive integer Ny such that
a™ (G(SX|1» ¥t SX0) < [1-0(G(SXi 1, SXi-1, SX)] G(SXi 1, SXi1, SXi) (2.4.5)
By selecting Xy.+; € X with Sxy.1€TX, such that
G(SXk, SXk, SX+1) < Ho(TXpe1, TXi1, TX) + OLN" (G(SXk_1, SXk_1, SXk)) (2.4.6)
so that using (****) and (2.4.5) in (2.4.6) yield

G(SXk, SXk, SXkr1) < G(SXk_1,SXk_1, SXk) (2.4.7)
Let Gk = G(SXk_1, SXk_1, SXi) , k=1, 2,.....

The inequality relation (2.4.7) shows that the sequence {G,} of non-negative numbers is decreasing. Therefore,

lim Gy exists. Thus, let lim Gk=c=0.

k—o0 k—o0

We now prove that the Jungck iteration or orbit{Sx,} < X so generated is a Cauchy sequence.

By condition on «, for t = ¢ we have lim sup a(t) < 1.
t—ct

For k > ko, let a(Gy) < h, where lim sup a(t) <h<1.
t—c*

Using (2.4.6), we have by deduction that {G} satisfies the recurrence inequality:

Gror < GG + ALK (G k=1,2, ... (2.4.8)
Using induction in (2.4.8) leads to
k k-1 k
Gk+1SH(X(GJ—)Gj + Z H oc(Gj)ocNm (G, )+a"(G,), k=1 (2.4.9)
=1 m=1 J=m+l

We now find a suitable upper bound for the right hand side of (2.5.9), using the fact that o, < 1 as follows :

Gkﬂsﬁa(GJ—)Gj-i-i f[ (G a"" (G, )+ (Gy)

m=1 J=m+1
S hkemp N N K pk SN N
<G+ Y hhm 4+ h% =G h* +h* Y h"m™™ 4+ h7k (2.4.10)
m=1 m=L1

< Cih* + C,h* + C3hK = C4 h*, where C, = C; + C, + Cz and C4, C,, Cs, C, are constants.

Now, for k > kq, and peN, we have by using (2.4.10) and the repeated application of the rectangle inequality that
G(SXk, SXk, SXk+p) < S[G(SXk, SXk, SXk+1) + G(SXkr1, SXicr1, SXs2) ...+ G(SXirp-1, SXitp-1, SXksp)]

=S [Gk+1 + Gk+2 +....t Gk+p]

< s [Cq (h+h 4.+ hPY))
=C,| —— |h"s=C:h"s, 2.4.11
A 1n 5 ( )

where Cs is a constant
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Since 0< h < 1, the right hand side of (2.4.11) tends to 0 as k—oo, showing that {Sx,} is a Cauchy sequence. Since X is

complete generalized b-metric space there exist a sequence {Xk}f:1 C X converging to some ue X. Therefore, by the
continuity of S, {SXk}f=1 converges to some SueX. , that is
lim sx,=su=w. (2.4.12)

k—o0
So

Dg(Su, Su, T u)=Dg(w, w, T u) <s[G(w, w, Sxi) + G(SXk, Sxx, T U) ]
<s[G(w, W, Sx) + Hg (TXk-1, TXk-1, TU)]

<s G(Wv w, Sxk) + S(X,(G(SXK,]., S k-1 Su)) G(Sxkfla SXk,l, Su)
+8¢2(Da(U, TXk-1, TXk-1)) (2.4.13)

<s G(w, W, Sx) + sh G(SXy_1, SXk_1, Su) + sd(Dg(Su, TXk 1, TXk1)) , > 1.
By using(2.4.12) and the fact that Sx, € Txx_; we have Dg(Su, Txy_1, TXk_1) — 0 as k—o. We therefore, have by the
continuity of ¢ that ¢(Dg(Su, Txk_1, TXk_1)) — 0 as k—oo . Hence, since the right hand side terms of (2.5.13) tends to

zero as k—oo, we have Dg(Su, Su,T u)= 0 . Since Tu is closed ,then SueTu, ueC(S,T). Using (2.4.12) and the
continuity of the generalized b-metric in (2.4.11) as p—oo, we obtain an error estimate

G(SXk, Sxk,Su) = lim G(SXk, SXi, SXisp) < Cs h¥s, k > ko ,s > 1 for the Jungck iteration process under
0
condition (****). "
Remark 2.4: Theorem 2.4 is a generalization of theorem 2.2.
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