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ABSTRACT

The aim of this paper is to introduce the concept of ag*r-closed sets in bitopological spaces and the newly related
concept of pairwise ag*r-continuous mappings. Also aG*RO-connectedness and aG*RO-compactness are introduced
in bitopological spaces and some of their properties are established.
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1 INTRODUCTION

The concept of bitopological spaces was introduced by Kelly [4] in 1963. Separation axioms in bitopological spaces
were first studied by him. Fukutake [3] introduced generalized closed sets and pairwise generalized closure operator in
bitopological spaces in 1986. On the other hand Chandrasekhara Rao and Kannan [1] introduced the concept of
generalized star regular closed sets in bitopological spaces. Vadivel, Vijayalakshmi and Krishnaswamy [7] introduced
the concepts of a-generalized star closed sets in bitopological spaces. The connectedness and components were
introduced by Pervin [5] in bitopological spaces. A detailed study of connectedness in bitopological spaces was carried
out by Reilly [6]. Fletcher, Hoyle Ill, and Patty introduced the notion of a pairwise compact bitopological spaces and
proved that every pairwise Hausdorff pairwise compact space is pairwise regular.

In this paper, we introduce the concept of ag*r-closed sets in bitopological spaces and the newly related concept of
pairwise ag*r-continuous mappings. Also aG*RO-connectedness and aG*RO-compactness are introduced in
bitopological spaces and some of their properties are established.

2 PRELIMINARIES

Throughout this paper we shall denote by (X, 11, 1) a bitopological space. For any subset A < X, t-int(A) and ti-cl(A)
denote the interior of A and the closure of A with respect to t; fori =1, 2.

We shall require the following known definitions:

Definition 2.1: Let (X, 1) be a topological spaces. A subset A of X is called
e aregular closed set if A = cl(int(A)).
e an a-open set if A < int(cl(int(A))).

Let (X, 11, T2) or simply X denote a bitopological space. For any subset A < X, the intersection (resp. union) of all ;-
regular closed sets containing A (resp. ti-regular open sets contained in A) is called the z-regular closure (resp. zi-
regular interior) of A, denoted by t-rcl(A) (resp. t;-rint(A)), i = 1, 2. The regular closure and regular interior of B
relative to A with respect to the topology ; are written as t-rcla(B) and ti-rinta(B) for i = 1, 2, respectively. The set of
all t-regular closed (resp. ti-regular open) sets in X is denoted by 1-RC(X, 11, 1), (resp. ti-RO(X, 11, 12)), i = 1, 2. The
set of all t;-a-open sets in X is denoted by 1;-aO(X, 1y, 15).

Definition 2.2: Let (X, 11, 15) be a bitopological space. A subset A of X is called
e 7;7-a generalized star closed (briefly, t;t,-ag* closed) in X if 7,-cl(A) < U whenever A c U and U is 13-
a-open in X.
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e 77-a generalized star open (briefly, 1;1,-ag* open) in X if U < 1,-int(A) whenever U < A and U is 1;-a-
closed in X.

e n1-generalized star regular closed (briefly, tyt,-g*r closed) in X if t,-rcl(A) < U whenever A < U and
U is t;-open in X.

e 71-generalized star regular open (briefly, t1t,-g*r open) in X if U < 1,-rint (A) whenever U c Aand U
is 7;-closed in X.

Definition 2.3: Let (X, 11, 72) and (Y, o1, 6,) be bitopological spaces. A function f: (X, 11, 12) — (Y, 61, 02) IS pairwise
continuous if f: (X, 11) — (Y, o) and f: (X, 12) — (Y, o) are continuous.

3 t17-0 generalized star regular closed sets

Definition 3.1: A set A of bitopological space (X, 1, 12) is called zi-a generalized star regular closed (briefly, t-ag*r
closed) if t-rcl(A) < U whenever A < U and U is t-a-open in X, i =1, 2. The complement of a t;-ag*r closed set is
said to be z-ag*r open.

For any subset A < X, the intersection (resp. union) of all ti-ag*r closed sets containing A (resp. ti-ag*r open sets
contained in A) is called the zi-ag*r closure (resp. ti-ag*r interior) of A, denoted by ti-ag*rcl(A) (resp. ti-ag*rint(A)), i
=1, 2. The set of all t-ag*r closed (resp. ti-ag*r open) sets in X is denoted by 1-aG*RC(X, 11, T2) (resp. ti- aG*RO(X,
T1, ‘Ez)), | = ]., 2.

Theorem 3.2: Every z-regular closed set is ti-ag*r closed.

Definition 3.3: A set A of a bitopological space (X, 1, 1,) is called 7;7,-a generalized star regular closed (briefly, t11,-
ag*r closed) if t,-rcl(A) < U whenever A < U and U is z;-a-open in X. The complement of a ty1,-ag*r closed set is
said to be z7-ag*r open. The set of all ty1-ag*r closed sets in X is denoted by 1,1,-aG*RC(X) and the set of all t;1,-
ag*r open sets in X is denoted by 117,-aG*RO(X).

Example 3.4: Let X = {a, b, c}, 1 = {0, X, {a}} and 1, = {o, X, {b}}. Then o, X, {b, c} are t;1,-ag*r closed and {a},
{b}, {c}, {a, b}, {a, c} are not 1,1,-ag*r closed.

Theorem 3.5: Every 1p-regular closed set is 111,-ag*r closed.

Proof: Let A be a t,-regular closed set. Let A < U and U be 1;-0-open in X. Since A is t,-regular
closed in X, we have t,-rcl(A) = A — U. Therefore, A is t;1-ag*r closed set.

Theorem 3.6: If A and B are t;1,-0g*r closed sets then A U B is 1y1,-ag*r closed.

Proof: Suppose that A and B are 1;1,-0g*r closed. Let U be 1;-a-open and A U B < U. Since A U B c U, we have A
c Uand B c U. Since A and B are ty1,-ag*r closed sets, we have 1,-rcl(A) < U and 1,-rcl(B) < U. Therefore,
[to-rcl(A)] U [ro-rel(B)] < U. Since [to-rcl(A)] U [to-rel(B)] = to-rcl(A U B), we have t,-rcl(A U B) c U. Hence AU B
is T172-0g*r closed.

Remark 3.7: The converse of the above theorem is not true in general as can be seen from the following example.

Example 3.8: Let X ={a, b, ¢}, 11 = {o, X, {a}, {b, c}} and 1, = {o, X, {a}, {b}, {a, b}}. Let A={a} and B = {b}.
Then A U B = {a, b} is ty1o-ag*r closed. But A = {a} is not t;t,-ag*r closed.

Remark 3.9: Intersection of two t31,-ag*r closed sets need not be t;t,-ag*r closed as can be seen from the following
example.

Example 3.10: Let X = {a, b, ¢}, 11 = {0, X, {a}, {b, c}} and 1, = {9, X, {a}, {b}, {a, b}}. Let A={a, b}and
B ={a, c}. Then A N B ={a}is not t;1,-ag*r closed. But A = {a, b} and B = {a, c} are 1;1,-ag*r closed.

Definition 3.11: Let (X, 1y, 1,) be a bitopological space. A collection of subsets of X is said to be z;-regular locally
finite, if for each point x in X there is a z;-regular open set U containing X such that U intersects only finitely many of
the sets in the collection.

Theorem 3.12: If {A;, i € I} is a t-regular locally finite family, then t-rcl[U(A;)] = Utj-rcl(A;).
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Theorem 3.13: The arbitrary union of t;t-ag*r closed sets A, i € | in a bitopological space (X, 11, T2) IS T1T-0g*r
closed if the family {A;, i € 1} is to-regular locally finite.

Proof: Let {A;, i € I} be 1,-regular locally finite and A; be t11,-ag*r closed in X for each i € I. Let UA; < U and U be
t1-a-open in X. Then A; < U and U is t;-a-open in X for each i. Since A; is 1i1-ag*r closed in X for each i € I, we
have 1,-rcl(A;) < U. Consequently, U[t,-rcl(A;)] < U.

Since the family {A;, i € I} is t,-regular locally finite, by Theorem 3.12, t-rcl[U(A)] = U[z,-rcl(Ai)] < U. Therefore,
UA is 111o-ag*r closed in X.

Theorem 3.14: The arbitrary intersection of ty1,-ag*r open sets A;, i € | in a bitopological space (X, 11, 1) IS T1T-ag*r
open if the family {AS, i € 1} is to-regular locally finite.

Proof: Let {Af, i € I} be t,-regular locally finite and A; be t,1,-ag*r open in X, for each i € I. Then A{ is ty1,-ag*r
closed in X, for each i € I. Hence by Theorem 3.13, we have U(A[") is 111,-ag*r closed in X. Consequently, (N(A;)) is
1112-0g*r closed in X. Therefore, NA;is t;t,-ag*r open in X.

Theorem 3.15: Let A be a subset of a bitopological space (X, 11, 12). If Ais 1it,-ag*r closed then tp-rcl(A) — A
contains no nonempty t;-a-closed set.

Proof: Suppose that A is ty1,-ag*r closed. Let F be a t3-a-closed set such that F  t,-rcl(A) — A. We shall show that F
= ¢. Since F < 1-rcl(A) — A, we have A ¢ F® and F < 1,-rcl(A). Since F is a 1;-o-closed set, we have F°is a 1;-a-
open. Since A is 11,-ag*r closed, we have 1,-rcl(A) < FS.

Thus F < [to-rcl(A)]° = X — [to-rcl(A)]. Hence F < [to-rcl(A)] N [X = [to-rcl(A)]] = ¢. Therefore, F = ¢.
Hence t,-rcl(A) — A contains no nonempty t;-a-closed sets.

Theorem 3.16: Let A be a tyt,-ag*r closed set. Then A is t,-closed in X if and only if 1-cl(A) — A is t;-a-closed in
X.

Proof: Suppose that A is t;t,-ag*r closed. Let A be 1,-closed. Then t,-cl(A) = A. Therefore, t,-Cl(A) — A = ¢ is 1;-0-
closed.

Conversely, suppose that A is ti1,-ag*r closed and t,-cl(A) — A is 1;-a-closed. Since t,-Cl(A) < To-rcl(A), we have 1,-
cl(A)— A < 1-rcl(A) — A, for any subset A of X. Since A is ty1-og*r closed, we have t,-CI(A) — A = ¢, by Theorem
3.15. Hence Ais t,-closed.

Theorem 3.17: Let A and B be subsets such that A < B < t,-rcl(A). If A'is 1y1,-ag*r closed then B is 111-0g*r closed.
Proof: Let A and B be subsets such that A < B < 1,-rcl(A). Suppose that A is ti1-ag*r closed. Let B < U and U be
t1-a-open in X. Since A < B and B < U, we have A < U. Since A is 111,-ag*r closed, we have t,-rcl(A) < U. Since B
c to-rel(A), we have To-rcl(B) < to-rel[t-rel(A)] = to-rel(A) < U. Therefore B is 111,-ag*r closed.

Theorem 3.18: If A is 111-ag*r closed and A < B < 15-rcl(A) then 1,-rcl(B) — B contains no nonempty t;-a-closed set.

Proof: Follows from Theorem 3.17 and 3.15.

Theorem 3.19: Suppose that 11-aO(X, 11, 7o) < 1.-RC(X, 11, 72). Then every subset of X is t;1,-ag*r closed.

Proof. Let A be a subset of X. Let A < U and U be t;-a-open in X. Since 1;-00(X, 11, 12) < 1-RC(X, 14, T2), We have
U is t,-regular closed in X. Therefore, t,-rcl(U) = U. Since A < U, we have 1,-rcl(A) c t-rcl(U) = U. Therefore, A is

TT-ag*r closed.

Theorem 3.20: Let B < A where A is 1;-a-0pen and tyt-og*r closed. Then B is 111,-ag*r closed relative to A if and
only if B is 111,-ag*r closed in X.

Proof: Let B < A where A is t;-a-open and ti1,-ag*r closed. Suppose that B is ti1o-ag*r closed relative to A. We
shall show that B is ty1,-0g*r closed in X. Let B < U and U is 1;-a-open in X. Since A and U are t;-a-open sets in X,
we have A N U is 1y-a-open in A. Since Bc U and B < A, we have B < U N A. Since B is 1it,-og*r closed relative to
A, we have t-rcla(B) c A N U. Since A < A and A is t5-a-0open in X, we have 1,-rcl(A) < A (since A is 111-ag*r
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closed in X). Since B < A, 1-rcl(B) < t,-rcl(A). Hence t,-rcl(B) < A. Therefore, t,-rcl(B) N A = t,-rcl(B) = -
rcla(B) = to-rcl(B). Hence t,-rcl(B) < A N U. Thus B is 111,-ag*r closed.

Conversely, suppose that B is tyt,-ag*r closed in X. We shall show that B is t;1,-ag*r closed relative to A. LetB c U
and U be t;-a-open in A. Since U is 1;-0-open in A, we have U =V N A, where V is 1,-a-0pen in X,

Hence B < U < V. Since B is ty1-ag*r closed in X, t,-rcl(B) < V. Hence t,-rcl(B) N A < V N A, which in turn
implies that to-rcla(B) = V N A = U. Therefore B is ty1-0g*r closed relative to A.

Theorem 3.21: For each x € X, the singleton {x} is either 1;-a-closed or ty1,-ag*r open.

Proof: Let x € X and suppose that {x} is not 1;-a-closed. Then X — {x} is not t;-a-open. Consequently, X is the only
T1-a-0pen set containing the set X — {x}. Therefore X — {x} is 111,-ag*r closed. Hence {x} is ti1,-ag*r open.

4 Pairwise ag*r-continuous Functions

Definition 4.1: A function f : (X, 11, 72) — (Y, 61, 02) is pairwise ag*r-continuous if f3(U) is Titj-ag*r closed in X for
each gj-closed setU inY,i#jandi, j=1, 2.

Example 4.2: Let X ={a, b, c}and Y ={p, q, r}. Consider the topologies 11 = {o, X, {a}, {b, ¢} }, .= {o, X, {a}, {b},

{a,b}},00={0, Y, {p}}rand o, ={o, Y, {a}, {p}. {p, a}}. Let f: (X, 1y, 7o) — (Y, o1, 62) be a function defined by f(a)
=q, f(b) =r, f(c) = p. Then fis pairwise ag*r-continuous.

Theorem 4.3: The following are equivalent for a function f: (X, 11, 1) — (Y, 61, 07)
(@) fis pairwise ag*r-continuous
(b) fY(A) is tt;-ag*r open for each oj-open set Ain Y, i#jandi,j=1,2.

Proof: (a) = (b)

Suppose that f is pairwise ag*r-continuous. Let A be oj-open in Y. Then A is oj-closed in Y. Since f is pairwise ag*r-
continuous, we have f*(A°) is Tit-ag*r closed in X, i #jand i, j =1, 2. Consequently, f1(A) is TiT-ag*r open in X, i #j
andi,j=1,2.

(b) = (a)

Suppose that f*(A) is Titj-ag*r open for each oj-open set Ain Y, i#jandi, j=1, 2. Let V be o-closed in Y. Then V*
is cj-open in Y. Therefore, by our assumption, fHVO) is Tit-ag*ropenin X, i #jand i, j =1, 2. Hence (V) is TiTj-
ag*rclosed in X, i#jandi, j=1, 2. Therefore f is pairwise ag*r-continuous.

Definition 4.4: Let (X, 14, 7o) and (Y, o1, 6,) be bitopological spaces. A function f: (X, 11, 2) — (Y, 61, 6,) is pairwise
regular continuous if f*(U) is ti-regular closed in X for each o;-closed set U in Y, i =1, 2.

Theorem 4.5: Every pairwise regular continuous function is pairwise ag*r-continuous.
Proof: Let f: (X, 11, 72) — (Y, 01, 62) be pairwise regular continuous. Let U be a oj-closed set in Y. Then fi(U) is Tj-
regular closed in X. Since every tj-regular closed set is titji-og*r closed, i # j and i, j = 1, 2, we have f is pairwise ag*r-

continuous.

Definition 4.6: A function f : (X, 11, 7o) — (Y, 61, 6) is pairwise ag*r-irresolute if £(U) is Titj-ag*r closed for each
cioi-ag*rclosed setinY,i#jandi, j=1, 2.

Example 4.7: Let X ={a, b, c}and Y = {p, q, r}. Consider the topologies 11 = {o, X, {a}, {b, ¢} }, .= {o, X, {a}, {b},
{a,b}},00={0, Y, {p}}. o2={o, Y, {p}. {a}, {p. q}}. Letf: (X, 11, 12) — (Y, 01, 6,) be a function defined by f(a) =
g, f(b) =r, f(c) = p. Then fis pairwise ag*r-irresolute.
Concerning the composition of functions, we have the following.
Theorem 4.8: Let f: (X, 11,12) — (Y, 01, 63) and g : (Y, o1, 62) — (Z, p1, po) be two functions.

(1) Iffand g are pairwise ag*r-irresolute, then gef is also pairwise ag*r-irresolute.

(2) Iffis pairwise ag*r-irresolute and g is pairwise ag*r-continuous then geof is pairwise ag*r-continuous.
(3) Iffis pairwise ag*r-continuous and g is pairwise continuous then gef is pairwise ag*r-continuous.
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Proof: (1) Let f: (X, 11, 12) — (Y, 61, 62) and g : (Y, 61, 62) — (Z, u1, Ho) be pairwise ag*r-irresolute. Let U be Hiky-
ag*rclosedinZ,i#jandi, j=1, 2. Since g is paII‘WISe ag*r-irresolute, g™(U) is cicj-ag*rclosed in Y, i#jandi, j =
1, 2. Since fis pairwise ag*r-irresolute, (gof)* = (g™ (U)) is tit-og*r closed in X, i #jand i, j =1, 2. Therefore, gef is
pairwise ag*r-irresolute.

(2) Letf: (X, 11, 1) = (Y, 01, 03) be pairwise ag*r-irresolute and g : (Y o1, 02) — (Z, 11, W) be pairwise ag*r-
continuous. Let U be p-closed in Z. Since g is palrW|se ag*r-contlnuous g (U) is oicji-ag*r closed setin Y, i #j and |
j =1, 2. Since fis pairwise og*r-irresolute, (g™ (U)) = (g-f)™(U) is Titi-ag*r closed in X, i #jand i, j =
Therefore gef is pairwise ag*r-continuous.

(3) Letf: (X, 11,12 — (Y, 61, 65) be pairwise ag*r—continuous and g : (Y, o1, 62) — (Z, w, Mp) be pairwise continuous.
Let U be p- closed in Z. Since g is pairwise continuous, g(U) is oj-closed in Y. Since fis pairwise ag*r-continuous,
(goH) (V) = F(g™(U)) is Tit-ag*r closed in X, i#jand i, j =1, 2. Therefore g-f is pairwise ag*r-continuous.

Remark 4.9: The composition of two pairwise ag*r-continuous functions need not be a pairwise ag*r-continuous
function as can be seen from the following example:

Example 4.10: Let X ={p, q, r}, Y ={a, b, c} and Z = {5, t, u}. Consider t; = {o, X, {p}}, 72 = {0, X, {p}, {a}. {p,
q}}s c1= {(P1 Y, {a}v {bv C}}a Oz = {(p7 Y1 {a}v {b}! {a, b}}, M1 = {(pv Z, {U}} and Mo = {(Pv Zv {U}, {t}, {U, t}} Then T1T2-
aG*RC(X) = {o, X, {r}, {p, 1}, {q, r}} and 6,6,-aG*RC(Y) = {0, Y, {b}, {c}, {a, b}, {b, c}, {a, c}}. Letf: (X, 11, 12)
— (Y, o1, 0,) be a function defined by f(p) = h, f(q) = a, f(r) =cand g : (Y, o1, 62) — (Z, w4, 1) be a function defined
by g(a) =t, g(b) =, g(c) = u. Then fand g are ag*r-pairwise continuous. But (g-f)*({s, t}) = {p, q}. Since {a, b} €
6162-0G*RC(Y) and {p, q} & 111-aG*RC(X), we get gof is not ag*r-pairwise continuous.

5 Pairwise aG*RO-connected spaces

Definition 5.1: A bitopological space (X, 11, 12) is pairwise aG*RO-connected if X cannot be expressed as the union of
two non empty disjoint sets A and B such that [A N t3-ag*rcl(B)] U [t-ag*rcl(A) N Bl = ¢

Suppose X can be so expressed then X is called pairwise aG*RO-disconnected and we write X = A|B and call this
pairwise aG*RO-separation of X.

Example 5.2: Let X ={a, b, ¢, d}, 1= {0, X, {a}, {a, b}} and 1. = {9, X, {a, b}, {a, b, c}, {a, b, d}. Then (X, 1y, 1) is
pairwise aG*RO-connected.

Example 5.3: Let X = {a, b, ¢}, 71 = {o, X, {a}, {b, c}} and 1, = {o, X, {a}, {b}, {a, b}}. Then (X, 13, 1) is pairwise
aG*RO-disconnected, since X = A|B gives a pairwise aG*RO-separation of X.

Theorem 5.4: The following conditions are equivalent for any bitopological space:
(@ Xis pairwise aG*RO-connected.
(b) X cannot be expressed as the union of two nonempty disjoint sets A and B such that A is 1;-ag*r open and B
is T-og*r open
(c) X contains no nonempty proper subset which is both 1;-ag*r open and t,-ag*r closed.

Proof: (a) = (b)

Assume that X is pairwise aG*RO-connected. Suppose that X can be expressed as the union of two nonempty disjoint
sets A and B such that A is 1;-ag*r open and B is t,-ag*r open. Then A N B = ¢. Consequently A < B®. Then 1,-
ag*rcl(A) < t-ag*rel (BS) = B®. Therefore, 1,-ag*rcl(A) N B = ¢. Similarly we can prove A N 1i-ag*rcl(B) = ¢
Hence [A N t-ag*rcl(B)] U [t-ag*rcl(A) N B] = ¢. This is a contradiction. Hence X cannot be expressed as the
union of two nonempty disjoint sets A and B such that A is 1;-0g*r open and B is t,-ag*r open.

(b) = (c)

Assume that X cannot be expressed as the union of two nonempty disjoint sets A and B such that A is t;-ag*r open and
B is 1,-ag*r open. Suppose that X contains a nonempty proper subset A which is both t;-ag*r open and t,-ag*r closed.
Then X = A U A, where A is 15-ag*r open, A®is 1,-ag*r open and A and A° are disjoint. This is a contradiction to our
assumption. Therefore, X contains no nonempty proper subset which is both t3-ag*r open and t,-ag*r closed.

(©)=(d)

Assume that X contains no nonempty proper subset which is both 1;-ag*r open and 1-ag*r closed. Suppose that X is
pairwise aG*RO-disconnected. Then X can be expressed as the union of two nonempty disjoint sets A and B such that
[A N 13-ag*rel(B)] U [t-ag*rcl(A) N B] = ¢. Since AN B =¢, we have A=B‘and B = A°,
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Since T-ag*rcl(A) N B = ¢, we have 1,-ag*rcl(A) < B®. Hence t-ag*rcl(A) < A. Therefore, A is 1,-ag*r closed.
Similarly, B is t;-ag*r closed.

Since A = B, A is 15-0g*r open. Therefore, there exists a nonempty proper set A which is both 1;-og*r open and 1,-
ag*r closed. This is a contradiction to our assumption. Therefore X is pairwise aG*RO-connected.

Theorem 5.5: If A is a pairwise aG*RO-connected subset of a bitopological space (X, 11, 1) which has the pairwise
aG*RO-separation X = C|D, then A= Cor A< D.

Proof: Suppose that (X, 11, 1) has the pairwise aG¥RO-separation X = C|D. Then X = C U D where C and D are two
nonempty disjoint sets such that [C N 1;-ag*rcl(D)] U [t,-ag*rcl(C) N D] = ¢. Since C N D = ¢, we have C = Dand D
=C"% Now [(C N A) N ti-ag*rel(D N A)] U [t-ag*rel(C N A) N (D N A)] € [C N 11-ag*rel(D)] U [t-ag*rcl(C) N D]
= ¢. Hence A= (C N A)|(D N A) is a pairwise aG*RO-separation of A. Since A is pairwise aG*RO-connected, we
have either (C N A) = ¢ or (D N A) = ¢. Consequently, A € C°or A € D°. Therefore, A< Cor A cD.

Theorem 5.6: If A is pairwise aG*RO-connected and A € B < t5-ag*rcl(A) N 1- ag*rcl(A) then B is pairwise
aG*RO-connected.

Proof: Suppose that B is not pairwise aG*RO-connected. Then B = C U D where C and D are two nonempty disjoint
sets such that [C N 1-ag*rcl(D)] U [t-ag*rcl(C) N D] = ¢. Since A is pairwise aG*RO-connected by Theorem 5.5,
we have A € Cor A € D. Suppose A S C. Then D =D N B € D N tr-ag*rcl(A) € D N 1-ag*rcl(C) = o.
Consequently, D = ¢. Similarly, we can prove C = ¢ if A € D. This is a contradiction to the fact that C and D are
nonempty. Therefore, B is pairwise aG*RO-connected.

Theorem 5.7: The union of any family of pairwise aG*RO-connected sets having a nonempty intersection is pairwise
aG*RO-connected.

Proof: Let | be an index set and i € I. Let A = UA;, where each A; is pairwise aG*RO- connected with NA; # ¢,
Suppose that A is not pairwise aG*RO-connected. Then A = C U D, where C and D are two nonempty disjoint sets
such that [C N t-ag*rcl(D)] U [t-ag*rcl(C) N D] = ¢. Since A; is pairwise aG*RO-connected and A; c A, by
Theorem 5.5, we have A; < C or A; < D. Since NA; # ¢, there exists an element x € N A;. Therefore, x € A, for all i.
Suppose A; € C for some i. Thenx € Csince CND=¢, x & D. Hence, we get A; € C, for every j. Therefore, UA;
C C. Therefore, A € C. Hence D = ¢. This is a contradiction. Therefore, A is pairwise aG*RO-connected.

6 Pairwise aG*RO-compact spaces

Definition 6.1: A nonempty collection A = {A;, i € |, an index set} is called a pairwise regular open cover of a
bitopological space (X, 1, 15) if X = UA; and A S 1,-RO(X, 11, T2) U 1,-RO(X, 11, 12) and A contains at least one
member of 1,-RO(X, 11, 75) and one member of 1,-RO(X, 11, 15).

Definition 6.2: A bitopological space (X, 11, 1) is pairwise regular compact if every pairwise regular open cover of X
has a finite subcover.

Definition 6.3: A nonempty collection A = {A;, i € I, an index set} is called a t-ag*r open cover of a bitopological
space (X, 11, 1) if X = UAjand A S 17-aG*RO(X, 11, T2), 1 = 1, 2.

Definition 6.4: A bitopological space (X, 11, 12) IS 7-aG*RO-compact if every t-ag*r open cover of X has a finite
subcover.

Definition 6.5: A nonempty collection A4 = {A;, i € |, an index set} is called a pairwise ag*r-open cover of a
bitopological space (X, 11, 1) if X = UA; and A < 1;-aG*RO(X, 11, 72) U 1,-aG*RO(X, 14, T2) and A contains at least
one member of 1;-aG*RO(X, 11, T,) and one member of 1,-aG*RO(X, 11, 12).

Definition 6.6: A bitopological space (X, 11, 12) is pairwise aG*RO-compact if every pairwise ag*r-open cover of X
has a finite subcover.

Theorem 6.7: Every pairwise aG*RO-compact space is pairwise regular compact.

Proof: Let (X, 11, 1) be pairwise aG*RO-compact. Let A = {A;, i € I} be a pairwise regular open cover of X. Then X
= UA; and A < 1;-RO(X, 11, T2) U 1-RO(X, 13, T2) and A contains at least one member of t,-RO(X, 14, 12) and one
member of 1,-RO(X, 11, 7). Since every Ti-regular open set is ti-ag*r open, we have X = UA; and A < 1;-aG*RO(X,
11, T2) U 1,-aG*RO(X, 11, 12) and A contains at least one member of 1;-aG*RO(X, 11, 72) and one member of 1,-
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aG*RO(X, 11, 1p). Therefore, A is a pairwise og*r-open cover of X. Since X is pairwise aG*RO-compact, we have A
has a finite subcover. Therefore, X is pairwise regular compact.

Theorem 6.8: If Y is a 1y-ag*r closed subset of a pairwise aG*RO-compact space (X, 11, 12), then Y is 1,-aG*RO
compact.

Proof: Let (X, 14, 12) be a pairwise aG*RO-compact space. Let A = {A;, i € I} be a 1,-ag*r open cover of Y. Since Y
is 1-ag*r closed, Y€ is t1-ag*r open. Then, Y° U A = Y° U{A,, i € I} is a pairwise ag*r-open cover of X. Since X is
pairwise aG*RO-compact, X = Y U A; UA, U........ UA,. Hence Y = A; U A, U........ UA,,. Therefore Y is 1,-aG*RO
compact.

Theorem 6.9: If Y is a ts-regular closed subset of a pairwise aG*RO-compact space (X, 11, 1), then Y is 1,-aG*RO
compact.

Proof: Let Y be a t;-regular closed subset of (X, 11, 12). Since every 1;-regular closed set is t1-ag*r closed, we get Y is
11-ag*r closed. Hence by Theorem 6.8, Y is 1,-aG*RO compact.
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	If f and g are pairwise αg*r-irresolute, then g◦f is also pairwise αg*r-irresolute.
	If f is pairwise αg*r-irresolute and g is pairwise αg*r-continuous then g◦f is pairwise αg*r-continuous.

