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ABSTRACT

The aim of this paper to discuss about related fixed point theorem on n metric spaces. Generally, Fixed point theorems
on two,three, four and five complete metric spaces have been proved by many authors. In this paper, we prove a new fixed
point theorem on metric space using the concept of continous mapping and cauchy sequence on complete metric spaces.
Our theorem generalize and extends many result.

1. INTRODUCTION
In this paper, we are dealing with N metric space and we prove a fixed point theorem on N metric space..

In 2009, Faycal Merghadi, Abdelkrim Aliouche, Brain Fisher proved. a fixed point theorem in n complete metric spaces
using the concept of implicit relation.

In 2010, Brat Ojha also proved common fixed point theorem for n metric spaces.
Now, in this paper we proved a new fixed point theorem on n metric spaces using continous mapping.

2. PRELIMINARIES

Definition 2.1: Let (X,d) be a metric space. A sequencein X, isafunction X:N X .
The image X(n) of Nne N isusually dentoed by X, called the nth term of the sequence {X }.

Definition 2.2: Let (X,d;) and (Y,d,) be two metric spacesand let f : X Y be amapping. Then f is said
to be continuous at X € X if and only if the following criterion is satisfied: V & >0 3 a positive number &(&, X)
such that d, ( f(x), f (y)) < ¢ forall points y € X satisfying d,(X,y)<o.

If f iscontinuous at every pointof X ,then f is called continuous function.

Definition 2.3: A sequence {Xn} inametric space (X, d) issaid to be Cauchy sequence ifandonly iff ¥V &£ >03 a
postive integer N, (&) suchthat d(X,,X,)<e, V n,m=n,

Definition 2.4: A metric space (X, d) issaid to be complete if and only if every Cauchy sequencein X converges to
apointof X .
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3. MAIN RESULT

Theorem 3.1: Let (X,,d,) be N complete metric space and T, be N mapping and T, T,,T,,..., T , are

1
continuous mapping such that T, : X; = X, for i=1,2,...,n=1 and T, :X +> X; and satisfying the

following inequalities:

i+1

F 11 1
d, (TnTn_l CTT(6) T T T (xl))< %1:12)) (3.1)
1 172
d (TT (%) T, .. T.T (xz))< F (X 6) (3.2)
2 1'n***"3"2 2 )1 1 'n* 7372 \GZ(XZ,XZZ) *
, O (%¢.%5)
d, (TZTlTn LTI (%) TIT, LTI, (x ))g e (2] (3.3)
ck (X", x
d, (THTH T () T T, T (X )) < . ((x" 1 in)) (3.4)

VXL X e X, x5 X2 e X, 3,6 e Xy, X" X e X,
forwhich G, (X',X; ) #0,G, (x*, %} ) #0,G, (x°,%3) #0,...,G, (X", %] ) # 0 where 0<c <1.

F (X'} ) = max {d1 (¢ T T ) d, (T T TG T T, - T,
d, (X, T,T,

T T d (T T TG, T, LT, T TX),

O (T T T ) dy (T, T T dy (6T, T, T T
d, (T3 T, . T ) oy (3T T, L TTx ) dy (Toxg ,Tlxl)}

F, (X2 ¢) = max{d2 (¢ TT, T ) dy (T T T X ), d, (4, TT, LTI,
Ay (ToTos - T T T, T ), d, (X0, TT, L TLT,XC)
oy (T s ToTXE T T T ), (08, TT, L TST,XE)

dy (T, T,TT, T ). d, (X2, TT, L TT X2 ) d (sz§,sz2)}

(X %)= max{d3 (¢, TTT, T ) d, (T, TG T, T T ), dy (. T,TT, LT, TE)
d
Ay (ToTos - TG T T, TTC ) dy (66, TTT, T T
oy (T T - T8 T T T 4y (0, TTT, LT
d, (T¢, T,LTT, .. T, ), dy (. T,IT, . T,T.X ) d, (T3x§,T3x3)}

Tl TG TT T ), dy (O, TTT, LT, T

F, (X", %3 ) = max {oln (X T T T X ) (T T TG T, T, T X,
Ay (X" T T T X)L (T T8 T T T

n-3'n

d, (X" T T, Ty (T T, T

n'n-1°

LX)y (X T T T )y (T, T X )}
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And
1 1) — 1 1 1
Gl(x , x2) = max{dl (x T, Tn_l...Tlexz),dl (x T,

n n

Ty T, dy (X TT, T, T )}

G, (¥, %)= max{d2 (3 TT, T ) d, (X, TT, T2 ), dy (T2 TTT, ...T3T2x22)}

G, (x".x")= max{dn (X" T T T ) dy (X0 T T, T X ) (T T, Tnfl...TlTnxln)}

n

Then T, T,,...T,T, hasaunique fixed point ¢, € X;, TT, ... T,T, has a unique fixed point &, € X, , and so on,

T,.T.,...T,T, hasaunique fixed point «, € X ..
Further, T, (¢t) = a,, T, (@, ) = a3, Ty () = @y, T () = @, T (0,) =

Proof: Let X, € X , be any arbitrary point. We define sequences {x:}, {<}, {C}....{x'} with
X Xy, Xgpi ) X,
i = (T,T, ..Tle)m X, X =Txt xS :T2<X§1)’Xri :Ts(xi)v meN

n'n-1° m m-1?

respectively as follows:

1 2 2
X # Xna

m+1? *'m

3
m+11?

We assume that X} # X XXX, X=X VmeN

m-+1

Taking X = X2 and X2 = x>, in inequality (3.2), we get,

d, (. x2.) =0, (T,T, . T T T, T, (32

m? “'m+1 m-1? n m

cmax{dz (T, Tx ) dy (T T T T X3 ) dy (X2, T, TToX3 )

n'n-1° n'n-1°

o (TooTo - ToTXo s T X ),y (T, X )y (T T ToToXe T, ToTXE )

m-1? " n- m-17 'n

d, (3, TT, - T )y (T ToTT, T, ) dy (X3, TT, - ToTpxe ) (ToX L, Toxe )}

i m-1?
) max{d, (3,52, 0: (% 65.) 6 (45,
d, (Xriaxri+1)<C max{dl(xrln—l’ X#)’dn (er:l—l’ X;)’dn—l(xr::ll’ szil)""’dE*(X;—l’ X; )} (3.5)

Now taking X3 = X; and Xg = X,i_l in inequality (3.3), we obtain,

cF, (¢,
d3 (Xﬁ] ) Xr?vrl) = d3 (TleTn ~--T4T3X:171’T2T1T” '“T4T3X:1) S G:((X,i, Xrill))
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c max{ds (% T, T ) dy (T, T T, T, TS ), dy (68, TLTT, L Tox )
dy (T, T Ty TTaxs )y (X0, ToTT, - TTe ) dy g (T - TToXe 3 Ty - ToToXG )

4, (6 TT, T )y (T T T, LT ) dy (63, T, T ) d, (T, T )}
B (max{d3(xf1,x§),d3(x,i,x§+1),d4(x$,x;)})

= cmax{d2 (xri,xfwl),dl(x;fl, xlm),dn (X,TH, x;),dnfl(x;jll, xr?(l) ..... d, (x;‘H, X )}

From inequality (3.5), we get,

dy (30 0.1) <ot (%0056, ) oy (x50 ) o (305 X0 ) ol (06,106 ). (6,0,
dy (%020 ) Gy (30307 ) o (00, X0 )|

Since 0<Cc <1, so, we get,

d; (%3, %5, ) <c max{dl(x,';fl, X )y (%0 X0 ) By (X020 X0 ) G (X X ) s (603 )} (36)

Similarly, we can get,

m-1? "'m

Ay (X ), 0o (500 (37)
Taking X, = X, , and X" = X; ininequality (3.4)

d,s (0t xs) <emax{d, (x4, %), ds (X5 1 %3 ), dy (%54 %)

ck, ,
dn(X;,er:Hl) :dn (Tn—lTn—Z"'TlT x" T T,g-.-TlTan:) gG(—

n“m-1? "'n-1"n
cmax {d, (X0, T, iy oo TTTX0 ) dos (T TTX0 T TTXR ),

n“m-1? "'n-2 "

dn(x;,Tn_lTn_z...TlTnx;)dn_z(Tn_s...TlTx“ T TX0)

n“m-1' "'n-3

..... d, (%0 Ty - TLT X0
o, (TaX0 oy Ty T )y (X0, T, T X0 )y (T, X0, T 0 )}

max{dn(x;,Tann2...T1Tnx;1),dn(x;,Tn1Tn2...T1Tnx;),dl(T X" TT ..TleTnxn”H)}

n“m? 'n'n-1°

=cmax{d,, (X X03) oy (6020 5) e (0 )

From (3.5), (3.6) and (3.7), we get,

d, (X;,X;ﬂ)gc max{dl(xrln—11 X;)’d3 (Xr?l—l’ Xr?l)’d4 (X:l—l’ X;) """ d”—l(x:‘:—l’ X:“_l)'d” (X;_l’ n )} G)

It now follows by induction on above inequalities, we get,
dy (0 X )< 7 max {dy (4,56 ), 0y (36,56 ) oo oy (47,6577 (05|

d, (%2, %)< et max{dy (), dg (36,56 ), Aoy (34767, (4,0
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dn(x;,xn“wl)<cm‘lmax{dl(xj,xi),ds(xf,xj),...,dnfl(xl"‘l, X5),dy (X, X )}
Since 0<c <1, the sequence {X;},{Xi},{xi},...,{X;_l},{xg} are Cauchy sequence in X, X,, X,,..., X,.

So we have,
limx, =« wheni=1,23,...,n.

m—o0

Since T,,T,,T;,..., T, , are continuous mapping.

T =a,T,a,=a,,...T 10, =0,

Now taking Xt = XﬁH and Xg =, ininequality (3.1),

d (TnTn e o T Tlexﬁq) %
1 Km0 O

cmax {d (Xh o, Ty TTxh ) (T T, Ty T )0y (X0, T, TTX )
oy (T T T T ) O (X0 T T ) g (T, T e, T T ), (X0 T, - T T )
(T, TT, - T T 0, (% T T ), (T, TX )}
max{d (0 Ty T ) oy (X T T T ) dy (T, T, TTal)}

As M — o0, we get,

cd, (e, T, T, - T,hen )d, (T, 2, )

max{d, (o, T.T.,...T,T,),d, (,, T.T, ...Tleal)}

n'n-1-

d, (T, T, T,hen, ) <

n'n-1°

Since T, is continuous mapping.
=d,(T,T,,...T,Tiy, 2, )<0

Since, which is not possible

=>TT.,.. Lo =g (3.9

Now, TT.T ,..T,T,a, =TTT .. T,T,(Te)=T,(T.T, .. T,T,T,)
=T =a,
=>TIT.,.. LTLa =a,

Since T,,T,,T;,..., T, , are continuous mapping, So in same above way,so we obtain

Tl TLa, =,

T,IT,.. o, = a,
LY. . T,a,=a,

T.,..LLTa, =«
and o, € X, a, € X,,...,a,€ X, and T, =, T,a, = y,..., T, 0, , = .
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Uniqueness

Let us assume that ¢, is another fixed point of T, T ,...T,T, different from ¢, suchthat ¢, # o, and
TT... . Lha=a, TT .. T,Tla,=0,.

Now taking Xt = al’ and X; =, ininequality (3.1), we get,

d(a,e)) =d (T,T, .. T,Te, T,T, ;.. T)

n‘n-1-

<CF1(a1',a1)
Gl(al,’al)

C max {dl (0{1',Tn .. .Tleal') d, (Tnfl LT T .TZTlal’) d, (e, T, .. .Tleal')
d,, (Tn_2 L LLTLe T, .TZTlal') veenydy (0{1',Tn .. .TZTlal') d, (TZTlal,TZTlal') ,
d, (al' T,...TLa ) d, (Tlot1 T, .T3T2T1a1) ,d; (al' TT, . TLLTa ) d, (Tlot1 o )}

({max{d, (], T,T, s LT )}y (@, T, o ToTer) dy (T TT, - T T )

cd, (o, &) d, (T, Ter))
max {dl (al” O‘l) d, (Tlal"Tlal)}

= dl(al’all)<0dz (Tlal’Tla:[) (3.10)
In the same way, taking X22 =T, and X* = Tlai in inequality (3.2), we get

cF, (T, Ta,)

d(TTT ,..T.T.Ta,, TTT
2( 1'n'n-1 327171 1 Gz(Tlal’,Tlal)

n‘n-1-

. .TZTlal') <

cmax {d, (T, T,e)d, (T, T, ... T,T,ex,

n'n-1-

T, TTe), .. dy (T, Ty ) dy (T,Te, T,y )|

(max{d, (T, T ). d, (T, ). 0 (T, Ty, T, Tyt )}
= d, (T, T ) <cd, (T, T,T,er)) (3.11)
Similarly, by taking Xg’ =T,T,e; and X} = T,T,e ininequality (3.3), we get,
d, (T, T, T, T, ) <cd, (T, T, T, T,T,Tyer;) (3.12)
Continue like this, taking X, =T, T, ,...T,Tie; and X" =T, ,...T,T,, ininequality (3.4), we get,

d,(TaTos - Ty, Ty Ty ) <cd, (T T - T e T T Ty

n'n-1-°
=cd, (o, &) (3.13)
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From inequalities (3.10),(3.11), (3.12)and(3.13), we get,
d, (0(1, al')é cd, (Tlal,Tlal')
2
< c’dy (T, T, T,T,)

3

<c'd, (TSTZTlal TL,Ta, )
-1

"d, (Tn_1 e, T

c e Lo )
c"d, (e, ;)

NN

=d, (o, )< cd, (o, )
Since 0<c <1, so we get,
=d, (e, ) =0

Sa=a
So, ¢, isunique fixed pointof T T ,...T,T,.
In the similar way, the unicity of other fixed point can be proved.

We have to finally proved that T (an) = a,, To do this, note that
T, (an) =T,(T ,..TITa)=TT ,..T,T,(T,,)

And so T a,is fixed point of T T ;... T,T,. Since; is the unique fixed point of T.T ... T,T,. It follows that

So,weobtain T.T

T .- IT, hasaunique fixed point o € X, T/T,...T,T, hasaunique fixed point &, € X, ,and

soon, T,.T ,...T,T, has a unique fixed point &, € X, Also T, ()= a,,T,(a,) = ;. T, () = o,
Tn—l(an—l) =a,T (an) -0
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