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ABSTRACT:  

We have initiated the concept of generalized R- weakly commuting mappings in non- Archimedean probabilistic metric space for 

the first time. In fact Sessa initiated weakly commuting mappings in a metric space, Singh and Pant defined the same idea in more 

general setting of probabilistic metric space. Common fixed point theorems have been obtained by using the concept of 

generalized R- weakly commuting mappings in non- Archimedean Menger probabilistic metric space in the present paper.  

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

1. INTRODUCTION: 

The existence of fixed point theorems for mappings in  probabilistic metric space have been obtained by Lee [5], Istratescu [4], 

Hadzic [3], Singh and Pant [6], [7] Chang [1],  and  Cho,  Sik, Ha and Chang [2] etc. S Sessa [8] has given the concept of weakly 

commuting mappings and has obtained some fixed point theorems in metric space.    

 

Using the above said concept of Sessa [S 5] was generalized by Singh and Pant [6] by introducing commuting mappings in 

probabilistic metric space. The above mentioned idea forced us to introduce the definition of generalized R- weakly commuting 

mappings  in non- Archimedean probabilistic metric space. As a consequence of this definition we  have obtained some common 

fixed point theorems in non- Archimedean Menger probabilistic metric space.  

 

NOTE: Through  out  this    paper  we  consider  (X,F,t)    a   complete  non-  

Archimedean Menger probabilistic metric space of type  gC  introduced in [2]. 

  

DEFINITION [6]: Two self-mappings f and g on a probabilistic metric  

space X will be called weakly commuting if , ,( ) ( )   and 0
fgp gfp fp gp

F x F x p X x≥ ∀ ∈ > . 

 

DEFINITION: Two self mappings f and g on a non- Archimedean probabilistic metric space X will be called generalized R- 

weakly commuting if there exist a real number  

 

R > 0  such that , ,( ( )) ( ( ))  ,  and 0fgp gfq fp gqg F Rx g F x p q X x≤ ∀ ∈ > . 

 

The following  lemma proved by Cho, Sik, Ha and Chang [2]. 

 

LEMMA   [2]:   Let  { }
n

p   be   a   sequence   in   X   such   that  

1,lim ( ) 1  0
n nn p p

F x x
+→∞ = ∀ > . If the sequence{ }

n
p is not a Cauchy sequence in X, then there exist 0 00 , 0tε > > , two 

sequence { } and { }
i i

m n of positive integers such that  

, ,1
, 0 0 , 0 0

( ) > 1 and  as 

( ) ( ( )) (1 ) and ( ( ) (1 )
m n m ni i i i

i i i

p p p p

i m n n i

ii g F t g g F t gε ε
−

+ → ∞ → ∞

> − ≤ −

 

 

REMARK:  If sequence{ }np is not a Cauchy sequence in X  and 0)((lim
1, =

+∞→ xFg
nn Ppn , then      

1 1
0 , 0 , 0 , 0(1 ) ( ( )) ( ( )) ( ( ))

m n m m m ni i i i i i
p p p p p p

g g F t g F t g F tε
− −

− < ≤ +  .   

Taking   i → ∞ ,               , 0 0lim ( ( )) (1 )
m ni i

i p p
g F t g ε→∞ = −                                     (1) 
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Again,    

                                              
1 1 1 1

, 0 , 0 , 0 , 0( ( )) ( ( )) ( ( )) ( ( ))
m n m m m n n ni i i i i i i i

p p p p p p p p
g F t g F t g F t g F t

− − − −

≤ + +  

and  

                     
1 1 1 1

, 0 , 0 , 0 , 0( ( )) ( ( )) ( ( )) ( ( ))
m n m m m n n ni i i i i i i i

p p p p p p p p
g F t g F t g F t g F t

− − − −

≤ + + . Taking   i → ∞ ,  

1 1
, 0 0lim ( ( )) (1 )

m ni i
i p pg F t g ε

− −
→∞ = −                                                   (2) 

Also, 

11 1 1
, 0 , 0 , 0 , 0( ( )) ( ( )) ( ( )) ( ( ))

n m n n n m m mi i i i i i i i
p p p p p p p pg F t g F t g F t g F t

+− + −

≤ + +  

                                    and 

          
1 1 1 1

, 0 , 0 , 0 , 0( ( )) ( ( )) ( ( )) ( ( ))
m n n n n m m mi i i i i i i i

p p p p p p p pg F t g F t g F t g F t
− − + +

≤ + + .  

Taking i → ∞  and from (1), (2) we have  

 

1 1
, 0 0lim ( ( )) (1 )

n mi i
i p pg F t g ε

− +
→∞ = −                                      (3)  

At last       

             
1 1

, 0 , 0 , 0( ( )) ( ( )) ( ( ))
m n m n n ni i i i i i

p p p p p pg F t g F t g F t
− −

≤ +  

and  

             
1 1

, 0 , 0 , 0( ( )) ( ( )) ( ( ))
m n m n n ni i i i i i

p p p p p pg F t g F t g F t
− −

≤ + . 

As i → ∞  and from (1), (2)  

 

We have  

 

         
1

, 0 0lim ( ( )) (1 )
m ni i

i p pg F t g ε
−

→∞ = −                                                                                                                                      (4) 

 

1.2 LEMMA [2]: If :[0, ) [0, )ϕ ∞ → ∞  is a function such thatϕ  is upper semi continuous from the right and ( )t tϕ <  for all 

 t > 0, then  

( ) For all 0, lim ( ) 0,  where ( ) is the -th iteration of ( ).n n

na t t t n tϕ ϕ ϕ→∞≥ =  

( ) If { }nb t is a non-decreasing sequence of real numbers and  1 ( ), 1, 2,.........n nt t nϕ+ ≤ =  

 then lim 0n nt→∞ = . In particular, if ( ) for all 0,  then 0t t t tϕ≤ ≥ = . 

 

2 MAIN RESULTS: 

2.1 THEOREM: Suppose (X,F,t) be a complete non- Archimedean Menger space and XXhf →:, be two R- weakly 

commuting mappings satisfying, 

 

(1)  0x∀ > , ())(( , ϕ≤xFg fqfp  )(( , xFg hqhp )), where :[0, ) [0, )ϕ ∞ → ∞  is a function  such thatϕ  is upper semi    

      continuous from the right and ( )t tϕ <  for all t > 0. 

(2) )()( XhXf ⊂  and f is continuous.Then f and h have unique common fixed point.  

 

PROOF: Let Xp ∈0 , choose Xp ∈1  such that )()( 1phpf o = , because )()( XhXf ⊂ , so we can construct a sequence 

{ }np  such that )()( 1+= nn phpf , n = 1,2………………. 

 

Now,  

())((
1, ϕ≤

+
xFg

nn fpfp )((
1, xFg

nn hphp +
))�  ())((

1, ϕ≤
+

xFg
nn fpfp )(( ,1

xFg
nn fpfp −

)), so by lemma  1.2   

 

                   
1,lim ( ( )) 0

n nn fp fpg F x
+→∞ = . 

 

 { }nfp is a Cauchy sequence. If { nfp } is not a Cauchy sequence then 0,0 00 >>∈∃ t  and set of positive integers }{},{ ii nm  

and then we can apply the above remark for the sequence { nfp }.We get 
, 1 0 0lim ( ( )) (1 )

m ni i
i fp fpg F t g ε

+→∞ = −  and           

                                                     ),1())((lim 00,
ε−=∞→ gtFg

inim fpfpi so  
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, 1 , 1 , 1

, 1 1,

0 0 0

0 0 0 0

( ( )) ( ( ( ))) ( ( ))

( ( )) ( ( )) taking  we get (1 ) (1 )

m n m n m ni i i i i i

m n m ni i i i

fp fp hp hp hp hp

fp fp fp fp

g F t g F t g F t

g F t g F t i g g

ϕ

ε ε

+ + +

+ −

= <

< → ∞ − < −

 

 

Which is not possible so{ }nfp is a Cauchy sequence. 

 

Since (X,F,t) is complete, zhpXzfp nn →∈→ , . Due to continuity of f, fzffpn →  and fzfhpn → . Since f and h are 

R- weakly commuting so, ,( ( ))
n nfhp hfpg F Rx ≤ )(( , xFg

nn hpfp , 0>∀x , taking ∞→n we get, 

fzhfpRxFgxxFgRxFg nhfpfzzzhfpfz nn
→�=�>∀=≤ 0))((0,0))(())(( ,,,  

 

 z is a common fixed point of f and h, first we prove that z = fz otherwise  

 

                                            ())(( , ϕ≤xFg
nn ffpfp )(( , xFg

nn hfphp )), 0>∀x , taking ∞→n we get 

          ())(( , ϕ≤xFg fzz )(( , xFg fzz )) < ( )(( , xFg fzz )), which is not possible so z = fz 

 

Again, since )()( XhXf ⊂  so Xz ∈∃ 1 such that 1hzfzz == , then 

 

                                           ())((
1, ϕ≤xFg fzffpn

)((
1, xFg hzhfpn

)), taking ∞→n we get 

                                           ())((
1, ϕ≤xFg fzfz )(( , xFg fzfz )) = 0 so zhzfzfz === 11  

 

Now, 

                     ())(( , ϕ=RxFg hzfz )((
11 , RxFg hfzfhz )) 0)((

11 , =≤ xFg hzfz � zhzfzRxFg hzfz ==�= 0)(( ,  

 

Therefore z is a common fixed point of f and h. For uniqueness suppose 21 , zz  are two common fixed point of f and h. Then  

 

)).(())((())(()))((())(())((
212121212121 ,,,,,, xFgxFgxFgxFgxFgxFg zzzzzzhzhzfzfzzz <≤�≤= ϕϕ  

Which is not possible so 21 zz =  

 

2.2 THEOREM: Suppose (X,F,t) be a complete non- Archimedean Menger space and XXhf →:, be two R- weakly 

commuting mappings satisfying: 

 

(1) ())(( , ϕ≤xFg fqfp max{ ))(()),(()),((,))(( ,,,, xFgxFgxFgxFg fqfphqhphqfqhpfp })  

 (2) )()( XhXf ⊂  and f is continuous.  

 

Then f and h have unique common fixed point.  

 

PROOF: Since )()( XhXf ⊂ , so we can construct a sequence { }np  such that )()( 1+= nn phpf , 

 n = 1,2…   First we show that { nfp } is a Cauchy sequence, 

 

())((
1, ϕ≤

+
xFg

nn fpfp max{ ))(()),(()),((,))((
1111 ,,,, xFgxFgxFgxFg

nnnnnnnn fpfphphphpfphpfp ++++
}) 

())((
1, ϕ≤

+
xFg

nn fpfp max{ ))(()),(()),((,))((
1111 ,,,, xFgxFgxFgxFg

nnnnnnnn fpfpfpfpfpfpfpfp +−+−
}) 

                      ())((
1, ϕ≤

+
xFg

nn fpfp max{ ))((,))((
11 ,, xFgxFg

nnnn fpfpfpfp +−
}). 

If ≤
−

))((
1, xFg

nn fpfp ))((
1, xFg

nn fpfp +
 then ≤

+
))((

1, xFg
nn fpfp  )))(((

1, xFg
nn fpfp +

ϕ ,so by lemma 15.1.2 

0))((lim
1, =

+∞→ xFg
nn fpfpn , again if ≥

−
))((

1, xFg
nn fpfp ))((

1, xFg
nn fpfp +

then ≤
+

))((
1, xFg

nn fpfp )))(((
1, xFg

nn fpfp +
ϕ so 

again by lemma 5.1.2 0))((lim
1, =

+∞→ xFg
nn fpfpn . 
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 { nfp } is a Cauchy sequence. Suppose { nfp }is not a Cauchy sequence then 0,0 00 >>∈∃ t  and set of positive integers 

}{},{ ii nm  and then we can apply the above remark for the sequence { nfp }. We get, ),1())((lim 00,
ε−=∞→ gtFg

inim fpfpi                   

     ),1())((lim 001,
ε−=

+∞→ gtFg
inim fpfpi  

 

Now, 

ϕ≤
+

))(( 0,1
tFg

imin Pp Max { )((),((),((),(( 0,0,0,0, 1111
tFgtFgtFgtFg

iminiminimiminin fPfphPhphPfphPfp ++++
} 

                   ϕ≤
+

))(( 0,1
tFg

imin Pp Max{ )((),((),((),(( 0,0,0,0, 1111
tFgtFgtFgtFg

iminiminimiminin fPfpfPfpfPfpfPfp +−−+
} 

 

Taking ∞→i we get, ϕε ≤− )1( 0g (max { )1(),1(,0,0 00 εε −− gg }) ))1(( 0εϕ −≤ g  

 

i.e. )1()1( 00 εε −<− gg  which is not possible hence { nfp }is a Cauchy sequence. 

 

Since (X,F,t) is complete, zhpXzfp nn →∈→ , . Due to continuity of f, fzffpn →  and fzfhpn → . Since f and h are R- 

weakly commuting so, as theorem 2.1 nhfp fz→ . 

 

 z is a common fixed point of f and h, first we prove that z = fz otherwise, 

 

 , , , , ,( ( )) (max{ ( ( )), ( ( )), ( ( )), ( ( ))})
n n n n n n n n n nfp ffp fp hp ffp hfp hp hfp fp ffpg F x g F x g F x g F x g F xϕ≤ . 

 

Taking n → ∞ we get, ))})(()),(()),(()),(((max{)(( ,,,,, xFgxFgxFgxFgxFg fzzfzzfzfzzzfzz ϕ≤  

i.e. ))(()))((())(( ,,, xFgxFgxFg fzzfzzfzz <≤ ϕ , which is not possible so z = fz.  

 

Again, since )()( XhXf ⊂  so Xz ∈∃ 1 such that 1hzfzz == . Again we show that 1hzfzz == = 1fz , otherwise   

 

))}),(()),(()),(()),(((max{))((
11111 ,,,,, xFgxFgxFgxFgxFg fzffphzhfphzfzhfpffpfzffp nnnnn

ϕ≤ ∞→n  

1 1 1 1 1, , , , ,( ( )) (max{ ( ( )), ( ( )), ( ( )), ( ( ))}),fz fz fz fz fz hz fz fz fz fzg F x g F x g F x g F x g F xϕ≤ since 1hzfzz == , 

))(()))((())(())})((,0(max{))((
11111 ,,,,, xFgxFgxFgxFgxFg fzzfzzfzzfzzfzz <≤�≤ ϕϕ . 

Which is not possible so 1hzfzz == = 1fz .  

 

Again, 

zhzfzRxFgxFgRxFgRxFg hzfzhzfzhfzfhzhzfz ==�=�=≤= 0)((0))(())(())(( ,,,, 1111
 

 

Therefore z is a common fixed point of f and h. For uniqueness suppose 21 , zz are two common fixed point of f and h, then  

))})(()),(()),(()),(((max{))(())((
212122112121 ,,,,,, xFgxFgxFgxFgxFgxFg fzfzhzhzhzfzhzfzfzfzzz ϕ≤=  

))(()))((())(())})((,0(max{))((
2121212121 ,,,,, xFgxFgxFgxFgxFg zzzzzzzzzz <≤�≤ ϕϕ  

Which is not possible so 21 zz =  

 

2.3 THEOREM: Suppose (X,F,t) be a complete non- Archimedean Menger space and XXhf →:,,φ are three mappings 

satisfying  

 

)1( The pairs ),( φf  and ),( hf  are generalized R –weakly commuting. 

(2) )()(),()( XhXfXXf ⊂⊂ φ  and  f is continuous. 

(3) ())(( , ϕ≤xFg fqfp max{ ))(()),(()),((,))(( ,,,, xFgxFgxFgxFg fppfphpqfphqfp φφ }), 0>∀x  

(4 ) If Xqp ∈∃ , such that thqp ==φ  then thpq ==φ  

Then f,φ  and h have unique common fixed point. 
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PROOF: Since )()(),()( XhXfXXf ⊂⊂ φ so we can construct a sequence{ }np  by using (4) as 

...,.........2,1,1 ===− nhppfp nnn φ  . First we show that { nfp }is a Cauchy sequence. 

 

 For x > 0, 

1 1 1, , , , ,( ( )) (max{ ( ( )), ( ( )), ( ( )), ( ( ))})
n n n n n n n n n nfp fp fp hp fp p hp fp p fpg F x g F x g F x g F x g F xφ φϕ

+ + +
≤  

1 1 1 1, , , ,( ( )) (max{0, ( ( ))}) ( ( )) ( ( ( )))
n n n n n n n nfp fp fp fp fp fp fp fpg F x g F x g F x g F xϕ ϕ

+ − + −
≤ � ≤  

 

so by lemma 5.1.2  0))((lim
1, =

+∞→ xFg
nn fpfpn  for all x > 0 . 

 

 { nfp } is a Cauchy sequence. Suppose { nfp } is not a Cauchy sequence then 0,0 00 >>∈∃ t  and set of positive integers 

}{},{ ii nm  and then we can apply the above remark for the sequence { nfp }.  

 

We get, ),1())((lim 00,
ε−=∞→ gtFg

inim fpfpi  
, 1 0 0lim ( ( )) (1 )

m ni i
i fp fpg F t g ε

+→∞ = − . 

 

Again, 

))})(()),(()),(()),(((max{))(( 00000 ,,1,1,1,
tFgtFgtFgtFgtFg

imimimiminiminiminim fppfphppfphpfpfpfp φφϕ
+++

≤  

  })0)),(((max{))(( 00 ,1,
tFgtFg

iniminim fpfpfpfp ϕ≤
+

, taking ∞→i we get, 

)1())1(()1( 000 εεϕε −<−≤− ggg ,  

 

which is not possible hence { nfp }is a Cauchy sequence.  

 

Since (X,F,t) is complete, zpzhpXzfp nnn →→∈→ φ,, . Due to continuity of f, fzffpn → , fzfhpn →  and 

fzpf n →φ . Since The pairs ),( φf  and ),( hf  are generalized R –weakly commuting so as above theorem 5.2.1 

fzhfpn →  and fzfpn →φ . 

 

 z is a common fixed point of f,φ and h, first we prove that z = fz otherwise, 

 

0))}),(()),(()),(()),(((max{))(( ,,,,, >∀≤ xxFgxFgxFgxFgxFg
nnnnnnnnnn fppfphpfpfphfpfpffpfp φφϕ  

 

Taking ∞→n we get, 0))}),(()),(((max{))(( ,,, >∀≤ xxFgxFgxFg zzfzzfzz ϕ  

 

i.e. 0)),(()))((())(( ,,, >∀<≤ xxFgxFgxFg fzzfzzfzz ϕ , which is not possible so  z = fz. 

 

Since )()(),()( XhXfXXf ⊂⊂ φ  so Xzz ∈∃ 21 , such that 1hzfzz == and fzzz == 2φ  i.e. by the given condition 

(4) fzhzzhzzz ===== 2112 φφ . Again we show that 2121 fzfzzhzfzz ===== φ , for this 

 

0))}),(()),(()),(()),(((max{))(( ,,,,, 111
>∀≤ xxFgxFgxFgxFgxFg

nnnnnnn ffpfpffphfpzffphzffpfzffp φφϕ  

 

Taking ∞→n , we have 

 

0))(())0())(())})(()),(((max{))((
111 ,,,,, =�≤�≤ xFgxFgxFgxFgxFg fzfzfzfzfzfzzfzfzfz ϕϕ  

 

i.e. 1fzfzz ==  similarly we can prove 2fzfzz == i.e. 2121 fzfzzhzfzz ===== φ  

 

Since The pairs ),( φf  and ),( hf  are generalized R –weakly commuting so as above theorem hzfzz ==  and 

zfzz φ== , i.e. z is a common fixed point of f,φ  and h. For uniqueness suppose 21 , zz are two common fixed point of f,φ  and 

h then 
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))})(()),(()),(()),(((max{))(())((
111121212121 ,,,,,, xFgxFgxFgxFgxFgxFg fzzfzhzzfzhzfzfzfzzz φφϕ≤=     

21,,, 0))((})0)),(((max{))((
212121

zzxFgxFgxFg zzzzzz =�=�≤ ϕ  

 

2.4 THEOREM: Suppose (X,F,t) be a complete Menger  probabilistic metric space. Suppose , :if X Xφ → are n +1 mappings 

(i = 1, 2 ….n), satisfying,  

 

, , ,( )  ( ) (max{ ( ), ( )}  ,  and 0,  ( 1, 2........ )
i ifp fq fp q p fpa F x F x F x p q X x i nφ φϕ≤ ∀ ∈ > =  

 

( ) ( ) ( ), 1, 2,...................  and  is continuous.ib f X X i n fφ⊂ =  

 

1 2 1 2 1 2

( ) The pairs ( , ), 1,2,...................  are generalized R - weakly commuting mappings.

(d) If , ,.........  such that .........  then ( ( )) ( ( )),......... ( ( ))  

i

n n n

c f i n

u u u X u u u t u u u t

φ

φ φ φ φ σ φ σ φ σ

=

∃ ∈ = = = = = =  

  

where 1 2 1 2:{ , ....... } { , ....... }
n n

x x x x x xσ → are any mapping. Then there exist a unique fixed point of mappings ,
i

f φ , 

 (i = 1, 2……….n). 

Proof is similar to as theorem 2.3. 
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