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ABSTRACT

The authors introduced rps-closed sets and rps-open sets in topological spaces and established their
relationships with some generalized sets in topological spaces. The aim of this paper is to introduce rps-
continuous functions and rps-irresolute functions by using rps-closed sets and characterize their basic

properties.
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1. INTRODUCTION:

The concept of continuity is connected with the concept of
topology. The concept of g-continuity is discussed with g-
open sets and open sets. The concept of irresoluteness is
studied by using nearly open sets in topological spaces. The
purpose of this paper is to introduce the concepts of rps-
continuity and rps-irresoluteness that are characterized and
their relationships with weak and generalized continuity
available in [2, 3, 5, 6, 7, 8, 11, 13, 14, 15, 17, 22 ] are
investigated.

2. PRELIMINARIES:

Throughout this paper (X, 7) represents a topological space on
which no separation axiom is assumed unless otherwise
mentioned. For a subset A of a topological space X, c/A and
intA denote the closure of A and the interior of A
respectively. X\A denotes the complement of A in X. We
recall the following definitions and results .

Definition: 2.1

A subset A of aspace (X, 7) iscalled

(i) pre-open [13]if AC infcl A and pre-closed if ¢l int A
C A

(ii) semi-open [9]if AC clint A and semi-closed if int cl
ACA;

(iii) semi-pre-open [1] if AC clint ¢l A and semi-pre-closed
if int clint ACA,;

(iv) a-open [16] if AC int cl int A and a-closed if ¢l int cl A
CA;

(v) regular open [20] if A =int ¢l A and regular closed if A =
clint A.

The semi-pre-closure(resp.semi-closure, resp. pre-closure,
resp. 0i-closure) of a subset A of X is the intersection of all
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Semi-pre-closed (resp. semi-closed, resp. pre-closed, resp. o-
closed) sets containing A and is denoted by spclA (resp. sclA,
resp.pclA, resp.aclA).

Definition: 2.2

A subset A of a space X is called g-closed[10] (resp. rg-
closed[17], resp. ag-closed[11], resp. gs-closed[4], resp. gp-
closed[12], resp. gsp-closed[6], resp. gpr-closed[8], resp. rwg-
closed[21], resp. pre-semi-closed[22], resp. pgpr-closed[2],
resp. rps-closed[18]) if clA U (resp. clA CU, resp. aclA
U, resp. sclA < U, resp. pclAcCU, resp. spclAcCU, resp.
pclACU, resp. cl intACU, resp. spclAcCU, resp.pclACU, resp.
spclAcU) whenever ACU and U is open (resp. regular-open,
resp.open, resp.open, resp.open, resp.open, resp. regular open,
resp.regular open, resp. g-open, resp. rg-open, resp. rg-open)

A subset B of a space X is g-open if and only if X\B is
g-closed. The analogous results hold for rg-open, ag- open,
gs-open, gp-open, gsp-open, gpr-open, rwg-open, pre-semi-
open, pgpr-open, rps-open sets.

Definition: 2.3

A function f:(X, 1)—(X, o) is called g-continuous[5] ( resp.
rg-continuous[17], resp.og-continuous[11], resp.gs-
continuous([7], resp.gp-continuous[3], resp.gsp-continuous[6],
resp.gpr-continuous[8], resp.rwg-continuous[15], resp.pre-
semicontinuous[22], resp. pgpr-continuous|[2], resp. regular
continuous[17], resp. pre-continuous[13], resp. semi-pre-
continuous[22], resp. a-continuous[14]) if f 1(V) is g-closed
(resp. rg-closed, resp. ag-closed, resp. gs-closed, resp. gp-
closed, resp. gsp-closed, resp. gpr-closed, resp. rwg-closed,
resp. pre-semi-closed, resp. pgpr-closed, resp. regular closed,
resp. pre-closed, resp. semi-pre-closed, resp. a-closed) in X
for every closed sub set V of Y.

Definition: 2.4[19]

International Journal of Mathematical Archive- 2 (1), Jan. - 2011 159



T.Shyla Isac Mary and P.Thangavelu*/ On rps-continuous and rps-irresolute functions [IJMA-2(1), Jan.-2011, Page: 159-162

For a subset A of a space X, rps-clA=N{F: A € Fand Fis
rps-closed in X} is called the rps-closure of A.

Definition: 2.5[19]
Let (X, 1) be a topological space

and T = {VCX: rps-cl(X\V)=X\V}.

Lemma: 2.6[19]
Let x€ X. Then x€ rps-clA if and only if VNA #@ for
every rps-open set V containing X.

Remark: 2.7[19]
(i) rps-closure of a set A is not always rps-closed;
(ii) If A is rps-closed then rps-clA = A.

Lemma: 2.8[19]
Let A and B be subsets of (X, t). Then

(i) rps-cl @ =D and rps-cl X =X.
(ii) IfA C B, rps-cl A Crps-clB.
(i) A C rps-cl A.

Remark: 2.9[19]
Suppose 7 ,, is a topology. If A is rps-closed in(X, 1), then A
is closed in (X, 7, ) .

Lemma: 2.10[19]
A set A € X is rps-open if and only if F C spint A
whenever F C A, Fis rg-closed.

Definition: 2.11[19]
A function f: (X, 1) —
is rg-closed in (X, 1)
o).

(Y, o) is called rg-irresolute if f (V)
for every rg-closed sub set V of (Y,

Lemma: 2.12 [18]
(i) Every semi-pre-closed set is rps-closed;
(ii) Every pgpr-pre-closed set is rps-closed;
(iii) Every rps-closed set is pre-semi-closed.

3. RPS-CONTINUOUS FUNCTIONS:
In this section, we introduce and study rps-continuous
functions.

Definition: 3.1
A function f: (X, 1) — (Y, o) is called rps-continuous if { 'v)
is rps-closed in (X, 1) for every closed sub set V of (Y, o).

Proposition: 3.2
Let f: (X, 1) — (Y, o) be a function. Then

(i) if f is semi-pre-continuous, then f is rps-continuous;
(ii) if f is pgpr-continuous, then f is rps-continuous;
(iii) if f is pre-continuous, then f is rps-continuous;
(iv) if f is a-continuous, then f is rps-continuous;

(v) if fis regular continuous, then f is rps-continuous.

Proof: Suppose f is semi-pre-continuous (resp. pgpr-
continuous). Let V be closed in (Y, o). Then f (V) is semi-
pre-closed (resp. pgpr-closed) in (X, 7). Using Lemma 2.12, f
V) is rps-closed in (X, t). Then by using Definition 3.1, f is
rps-continuous. This proves (i) and (ii). Now since regular
closed = a-closed = pre-closed =semi-pre-closed, the proof
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for (iii), (iv) and (v) follows from (i). This completes the
proof.

Examples can be constructed to show that the reverse
implications in Proposition 3.2 are not true.

Proposition: 3.3
rps-continuity = pre-semi-continuity = gsp-continuity.

Proof: Let f: (X, 7) — (Y, o) be a function. Suppose f is rps-
continuous. Let V be closed in (Y, o). Then f (V) is rps-
closed in (X, t). Using Lemma 2.12(iii), f V) is pre-semi-
closed in (X, t). Then f is pre-semi-continuous. The rest
follows from the fact that every pre-semi-closed set is gsp-
closed. The proof is completed.

The reverse implications are not true. Examples can be
constructed to see that the concepts of gp- continuity, rwg-
continuity, og- continuity, gpr- continuity, rg- continuity and
g-continuity are independent with the concept of rps-
continuity. The concepts of gs-continuity and rps-continuity
are also independent.

Thus the above discussions lead to the following implication
diagram. In this diagram, by “A — B” we mean A implies B
but not conversely and “A <~ B” means that A and B are
independent of each other.

Diagram
a«coru TGS — DFE-COR UGS ——e SEH-PE-COHT RUOUS

TE-Cont iNUoUs

.?'\t E-CORII. nww

COMEiRUONS I:!P?‘-CG?’:‘J inuous
reau}ar-com inuous \

sl -pre-Com iRous _‘,

gpr-conti nuous

T

Ep-continuous

/‘___\*__-b qg}om."nuow

Ip5-C Ol iFONs — pre-semt i-CORTiRUOus

gep-rontinuous

\ 7

Theorem: 3.4
Let f: (X, 1) —
equivalent.

(Y, o) be a function. Then the following are

(i) fisrps-continuous;

(ii) The inverse image of each open set in (Y, o) is rps-open
in (X, 1) ;

(iii) The inverse image of each closed set in (Y, o) is rps-
closed in (X, 1) .

Proof: Suppose (i) holds. Let G be open in Y. Then Y\ G
is closed in Y. By (i) f /(Y \ G) is rps-closed in X. But f (Y
\ G) = X\ f (G) which is rps-closed in X. Therefore f'(G) is
rps-open in X. This proves (i) = (ii). The implications (ii) =
(iii) and (iii) = (i) follow easily.

Now we characterize rps-continuous functions by using the
various closure and interior operators.
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Theorem: 3.5
If a function f: (X, 1) — (Y, o) is rps-continuous then f(rps-cl
A) C cl(f(A)) for every subset A of X.

Proof: Let f: (X, 1) — (Y, o) be rps-continuous. Let AC X.
Then cl(f(A)) is closed in Y. Since f is rps-continuous,
£!(cl(f(A)) is rps-closed in X.
Suppose y€ f(rps-cl A).
Then
y=f(x), X€E rps-clA.

Let G be an open set containing

y = f(x). Since f is rps-continuous, by Theorem 3.4, £1(G) is
rps-open containing x so that f '(G) M A # @ by Lemma
2.6. Therefore f(f '(G) M A) # @ which implies

f(f(G)) N f(A) # @.
Since f(f'(G))=G, GNf(A)# .
This proves that y€ cl(f(A)) that implies
f(rps-cl A) C cl(f(A)).

Theorem: 3.6

Let X be a space in which every singleton set is rg-
closed. Then f : (X, 1) — (Y, o) is rps-continuous if and only
if X€ spint(f (v)) for every open sub set V of Y containing
f(x).

Proof: Suppose f : (X, 1) — (Y, o) is rps-continuous. Fix
x€ X and an open set V in Y such that f(x)€ V. Then (V) is
rps-open. Since X€ £71(V) and since {x} is rg-closed,

x€ spint(f '(V)) by Lemma 2.10.

Conversely, assume that x€ spint(f "'(V)) for every open sub
set V of Y containing f(x). Let V be an open set in Y. Suppose
Fc f‘l(V) and F is rg-closed. Let x€ F. Then f(x) € V so that
X€ spint(f (V) that implies F < spint(f ' (V)) - Therefore by
Lemma 2.10, f (V) is rps-open. This proves that f is rps-
continuous.

Theorem: 3.7

f: X — Y be a function. Let (X, t) and (Y, o) be any two
spaces such that 7 ,,,, is a topology on X. Then the following
statements are equivalent.

(i) For every subset A of X, f(rps-cl A) C cl(f(A)) holds.
(i) f: (X, 7, ) = (Y, 0) is continuous.

Proof: Suppose (i) holds. Let A be open in (Y, o).
Then Y \ A is closed in (Y, o).
Then by (i)
f(rps-clf {(Y\A)) C clf '(YVA)) C cl(Y\A)=Y\A
that implies
rps-cl(f'(Y\A) € £ (Y \A).
Using Definition 2.4, f (Y \ A) = rps-cl(f (Y \ A)).
That is X \ f '(A) = rps-cl(X \ £ '(A)).
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Then by Definition 2.5, f 1(A) is open in (X, 7 ,,,) and so f :
(X, 7 ps ) — (Y, 6) is continuous. This proves (ii).

Conversely suppose (ii) holds. Let AcX. Then cl(f(A)) is
closed in (Y, 6). Since f: (X, 7, ) — (Y, 6) is continuous,

£ (cl(f(A)) is closed in (X, 7,s)

that implies by Definition 2.5,

rps-cl(f ' (cl(f(A))) = £ (cI(f(A))).
Now we have
AC f(f(A) < f(cl(f(A))) and by Lemma 2.8 (ii),
rps-cl AC rps-cl(f ' (cl(f(A))) = £ (cl(f(A))).
Therefore f(rps-cl A) C cl(f(A)).

The composition of two rps-continuous functions need not be
rps-continuous. However the following proposition is true on
composition of functions.

Proposition: 3.8

Let (X, 1), (Y, 0) and (Z, p) be topological spaces such that ¢
ws=0. Let fi(X, 1)—(Y, ) and g:(Y, 6) — (Z, u) be rps-
continuous functions. Then the composition g-f: (X, t) — (Z,
L) is a rps-continuous.

Proof: Let V be closed in (Z, ). Since g is rps-continuous,
g"(V) is rps-closed in (Y, o).

Since 6 ,,,,= 0, by Remark 2.9, g'l(V) is closed in (Y, o).
Since f is rps-continuous, f 'l(g'l(V)) is rps-closed in (X, 1).

That is (gof)’l(V) is rps-closed in (X, t). Therefore gf is rps-
continuous.

4. RPS-IRRESOLUTE FUNCTIONS:
In this section, rps-irresolute functions are introduced and
their basic properties are discussed.

Definition: 4.1
A function f: (X, 1) — (Y, o) is called rps-irresolute if f V)
is rps-closed in (X, 1) for every rps-closed subset V of (Y, o).

Theorem: 4.2
Every rps-irresolute function is rps-continuous.

Proof: Suppose f: (X, t) — (Y, o) is rps-irresolute. Let V be
any closed subset of Y. Then V is semi-pre-closed in Y. Then
using Lemma 2.12(i), V is rps-closed in Y.
Since f is rps-irresolute, f'(V) is rps-closed in X. This proves
the theorem.

Theorem: 4.3

Let f: (X, 1) — (X, o) be rg-irresolute and semi-pre-closed.
Then f maps a rps-closed set in (X, t) into a rps-closed set in
Y, o).

Proof: Let A be rps-closed in (X, 7). Let f(A) C U, where U is
rg-open in Y. Then
AcCf(U).
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Since f is rg-irresolute, £'(U) is rg-open in X.
Since A is rps-closed,
spclA C f 7'(U) that implies f(spclA) C U.

Since f is semi-pre-closed f(spclA) is semi-pre-closed that
implies

spcl(f(A)) C spcl(f(spclA)) = f(spclA) C U.
By using Definition 2.2, f(A) is rps-closed in (Y, o).

Theorem: 4.4

Letf: X — Y and g:Y — Z be any two functions. Let h = g.f.
Then

(i) h is rps-continuous if f is rps-irresolute and g is rps-
continuous.

(ii) h is rps-irresolute if both f and g are both rps-irresolute
and

(iii) h is rps-continuous if g is continuous and f is rps-
continuous.

Proof: Let V be closed in Z. Suppose f is rps-irresolute and g
is rps-continuous. Since g is rps-continuous, g'(V) is rps-
closed in Y. Since f is rps-irresolute, using Definition 4.1,
f’l(g V) is rps-closed in X. This proves (i). To prove (ii),
let f and g be both rps-irresolute. Then g (V) is rps-closed in
Y. Since f is rps-irresolute, using Definition 4.1 f 'l(g Tv)y) is
rps-closed in X. This proves (ii). Finally to prove (iii), let g
be continuous and f be rps-continuous. Then g™'(V) is closed
in Y. Since f is rps-continuous, using Definition 3.1, f (g’
V) is rps-closed in X. This proves (iii).

The next theorem follows easily as a direct consequence of
definitions.

Theorem: 4.5
A function f: X — Y is rps-irresolute if and only if the inverse
image of every rps-open set in Y is rps-open in X.

Theorem: 4.6
Let f: (X, 1) — (Y, 6) be rps-continuous and 7,,,= 1. Then f is
rps-irresolute.

Proof: Let F be rps-closed in Y. Then by Remark 2.9, F is
closed in Y. Since f is rps-continuous, using Definition 4.1,
£7!(F) is rps-closed in X. Therefore f is rps-irresolute.

Theorem: 4.7
Suppose f: (X, T) — (Y, o) is rps-irresolute and 7,,,= 1. Then f
is continuous.

Proof: Let F be closed in Y. Then F is rps-closed in Y. Since f
is rps-irresolute, using Definition 4.1, f'(F) is rps-closed in X.
Since 7,,= 1, f I(F) is closed in X. Therefore f is continuous.

Definition: 4.8

A function f: (X, 1) — (Y, o) is said to be rps-closed (resp.
rps-open) if for every rps-closed (resp. rps-open) set U of X
the set f(U) is rps-closed (resp. rps-open) in Y.
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Theorem: 4.9
Let f: (X, 1) — (Y, o) be a bijection. Then the following are
equivalent.

(i) fis rps-open.
(ii) f is rps-closed.
(iii) ' is rps-irresolute.

Proof: Suppose f is rps-open. Let F be rps-closed in X.
Then X \ F is rps-open . By Definition 4.8, f(X \ F) is rps-
open. Since f is a bijection, Y \ f(F) is rps-open in Y.
Therefore f is rps-closed. This proves (i) =(ii).

Let g = f'. Suppose f is rps-closed. Let V be rps-open in X.
Then X \ V is rps-closed in X. Since f is rps-closed , f(X \ V)
is rps-closed. Since f is a bijection,

Y \ f(V) is rps-closed that implies f(V) is rps-open in Y. Since
g =f" and since g and f are bijection g"'(V) = f(V) so that g’
(V) is rps-open in Y. Therefore ' is rps-irresolute. This
proves (ii) = (iii).

Suppose f is rps-irresolute. Let V be rps-open in X. Then X
\ V is rps-closed in X. Since 1 s rps-irresolute and (f Iy
V) =f(X\V) =Y\ (V) is rps-closed in Y that implies f(V) is
rps-open in Y. Therefore f is rps-open. This proves (iii) = (i).

Theorem 4.10

Let f: X — Yand g: X — Y be two functions. Suppose f
and g are rps-closed (resp. rps-open). Then gof is rps-closed
(resp. rps-open).

Proof: Let U be any rps-closed (resp.rps-open) set in X. Since
f is rps-closed, using Definition 4.8, f(U) is rps-closed(resp.
rps-open) in Y. Again since g is rps-closed (resp. rps-open),
using Definition 4.8, g(f(U)) is rps-closed (resp. rps-open) in
Z. This shows that g-f is rps-closed (resp. rps-open).

CONCLUSION:

The weak and generalized forms of continuity namely rps-
continuity and rps-irresoluteness are introduced and
characterized with analogous recent concepts in the literature
of general topology.
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