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ABSTRACT.

In this paper we generalize the Lipschitz classes A™" (&, B, p,r) defined in [6]. Here separately are

given, necessary and sufficient conditions, so that a function with double Fourier series belongs the

generalized classes A" (W, p,1).

Key words: Lipschitz classes, double trigonometric Fourier series.

AMS Subject Classification: 42A10, 42B05.

1. INTRODUCTION:

Let f(x,y)e L(T?), T?=[-x x|x[-7x, 7], be 27—
periodic function with respect to each variable and even with
respect to both variables X, y; even with respect to X and odd

with respect to y ; odd with respect to X and even with respect

to y; odd with respect to both variables X,y , with its Fourier

series
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if i=k=0

if i=0,k>0;i>0,k=0

ifi, k>0.

We say that f€ AW? (1< p <o) if

S (k)" (ii\Aua,j,;
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where A a; =a; —a +a;, . (see[2]).

J.s Jj+Ls —da

Jas+l
Issaidtobe f € A™" (a, B, p,r) if

| [f ’@;,E ﬁﬂ{LzzszzzlAmn];izzt,T) lpaﬁ(aﬁ)}; didr o

1T

where 1 < p<oo,1<r<oo,a,f>0,mne N and

m n

A, @&y, D=2 D ()" C G fx+m=20t, y+(n—-2k)1).

i=0 k=0
As usually the expression (k2,77 > 0)
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Q(m ) (h1; f) —supSLlp{ I I | A f( X, yit, Z')| dxdy} In this section we will give some auxiliary statements which we
1<k I7<p need to prove the main results. Below, some lemmas in two-

is the integral modulus of smoothness of order (11, 7). dimensional case are proved for what we believe that they can be
useful to another applications concerning to the double numerical
series with positive terms. We start with the following lemma
following properties: proved in [6].

Let & (t,), (i =1,2) be positive functions that satisfy the

(1) The functions ¢,(f;) are measurable on [0,27] and Lemma: 2.1. Let f€ AW’ , (1< p <).Then

(2) Integrable on [51 ,27T] for each é: € (0,27). {q"")(hﬂ, Y <Amp{hfw I Z{ }Z ){ } <m)p_2k(n+l)p_{mql J

A function l//(tl,l‘z) =0 (tl)az(tz) satisfies O = (61,0'2) -

Y

0 >0, (i=1,2) sothat: jp

A Zi>m ZKM e ii‘ A
h “Ln

Ty (e

condition (see [2]) if there exist real numbers &, € (0,27) and =

.,,

j=i s=k

[Tonyrd <o and [ o) dr =
We say that f € A™" (W, p,r) if +Z [ } z [ J(lk)ﬁ 2[

Mx

i}

~.
I

Hf‘(m'")—— Iljlw(t T) J’M.MIA f(x,y:t,7)1” dxd ;dtdz' r<oo
v.,p.r 0do ’ 0 0 m,n ’ y’ ’ y s
Lemma: 2.2. [4] Let @, , b, and 3, be numbers such that

where the function ¥/ (¢,7) satisfies O = (O'1 R 0'2) -condition. a,> 0, bv >0 and zav - anﬁn’ (n=1,2,...) . Then:
—ar-1 v=n

We notice that if we give the values &, (t)=t and
(I) For 0< p <1 we have

o, (1) = 777 (a0, >0) to the function W (2,7), we get

oo 14 oo
the classes A"™" (¢, ,3, D, r) defined in [6]. So, the classes Zav (ZbﬂJ 2p Z (b ﬂ )
= u=1 v=l
m,n . .
A"y, p,r) are  generalization of the  classes (2) For 1< p < oo we have
A" (e, B, p,1).
P

av (bVIBV )p'
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The aim of this paper is to study, apart, necessary conditions and
sufficient conditions which guarantee that a function belongs the

classes A™" (W, p,r). We recall that for one dimensional case
Lemma: 2.3. [4] Let a,, b, and 7, be numbers such that

these conditions are given by present author in [7]. We make v

mention that for the classes A" (¢, B, p,r) these condition are =
B a,20,b,20and Y a,=a,y,, (n=1,2,...). Then:

studied in [6]. There are given, as well, at the same time necessary pyy

and sufficient conditions so that a function with double Fourier (1) For 0< p <1, we have

series belongs to the same classes. Due to chronology it is

important to point out that some conditions for more simply s s d

classes, than those that Tevzadze considered, are given by R. Z v Zb Z b 7\’ ;
v=l H=v v=1

Askey and S. Waigner [5], and M. Izumi and S. Izumi [3], as well.
(2) For 1 £ p < oo, we have

2. SEVERAL LEMMAS:
© 2010, IIMA. All Rights Reserved 21



Xhevat Z. Krasniqi / Classes A™" (l//, p,r ) and Double Trigonometric Fourier series / IJMA- 1(2), Nov.-2010, page: 20-27

P
2| 2ba| <p'2a(b7)
v=l H=v v=1
Now, because of their simplicity, we will prove briefly four
lemmas for which we spoke at the beginning of this section.

1 2
v Dy s ‘D and B> be numbers such

N @Y _ pO ) \?
that a,, 20, b,,>0. > a,, ) =pra,. (B2)
H=m

Lemma: 2.4. Let a

u,n m,n m,n m,n

and Zam,v =a,, @) (m,n=1,2,...). Then:

m,n?
v=n

(1) For 0< p <1 we have

55033 | 255

u=1v=1 m=1 n=1

8

( IB(I) (2))
m,n m,nl~m,n ’

(2) For 1 £ p < oo we have

p

2pzz M )\’
mn mn m,nl~m,n

u=1v=l m=1 n=l1

Proof. Putting Zbﬂ»v =c
1=l
0 < p <1 wehave:

M N m n ’
350, 33| =D

m=l n=l 1=l v=l

1y and using twice Lemma 2.2 for

m=l| n=l

233 o)

m=l n=1

4

3] Y| 3.

n=l| m=1l u=l

2773 0, (2 (A

m=l n=l

2\P
_p ZZ m,n ‘mnl~mn] *

m=l n=1
Passing on limit when M , N — oo to the last inequality we get

required inequality.

2. The Lemma 2.4 for 1 £ p < oo can be prove in the same way.

© 2010, IIMA. All Rights Reserved

. 1) 2)
Lemma: 2.5. Let a,, bﬂ,v s Vun and e be numbers such

m
_ (1)
thata,, 20, b, 20, Zaw =y, V> AN
U=l

Z%Amﬂ

p
= 7,(,,2!3161"1!" ( ml)n) ,(m,n=1,2,...) . Then:

(I) For 0 < p <1 we have

PI)IH DI ETED I UNATA)

H=m V=n m=1 n=1

(2) For 1 £p < oo we have

P
0 oo

55330 | ¥,

H=mV=n m=1 n=1

2)
m,n mn m,néd mn °

Proof: The proof of this Lemma is very similiar to the proof of
the Lemma 2.4. In this case it is enough to apply twice Lemma
2.3; therefore we leave it to the reader.

b M and 7< be numbers such

Lemma: 2.6. Let AuysOuys Pun

_ (6]
that a‘u,VZO, bﬂ, >O zaﬂn amn m,n’ nd
H=m
n p P
M\ _ 2 ) _ :
zam,v ( m,V) - m,nam,n ( m,n) > (m’n - 1’2’) - Then:

v=l

(I) For 0< p <1 we have

oo oo m fad
2.2 % ZZ% 2P 22 (buaBin)

m=1 n=1 u=lv=n m=l n=1

(2) For 1 £ p < oo we have

o oo m oo p
2200 22 by | <PV
m=1 n=1

1=l v=n

NgE
M)

ﬂ(l) 2) )
m,n

am,n (

3
I
-
=
I
LN

Proof: Let us prove the case 1 < p < oo (the case 0 < p <1 can

be prove in a similar way). If we set Zbﬂ,v =c

V=n

and applying

Hn

the Lemma 2.2 we get

22



Xhevat Z. Krasniqi / Classes A™" (l//, p,r ) and Double Trigonometric Fourier series / IJMA- 1(2), Nov.-2010, page: 20-27

m oo Lemma: 2.9. [9] Let/l, T and @, be numbers such that
;; m.n [;;bﬂﬂ’] ; mZ_:amn[Z #nj 0<p<7<oo and a, 20. Then
1 L
P S P - |7 SR G
Sp Z Zamn( mn mn) Zav < Za"
n=lL_ v=l v=l
ul N o p] In what follows we denote by C a positive constant that depends
P
= pl’z za’m ( ﬂ;:)n) (me’v] X only on on m,n, p,r and may be different in different relations.
m=l| n= =)
Applying Lemma 2.3 to the last inequality we have 1. 3. MAIN RESULTS:
Zzamn ZZ T pZPZ{Z a,, (ﬁr(nwn )p (bmny/mzi)p For i,v € N, let us denote
m=1 n=1 u=lv=1 m=1|_n=1 ’ ’ ’ _
2 < 2)
— 2P
=p ZZ (BB 72 A= @
Letting M, N — oo to the last inequality then the proof of the AWV) = 1/(V o, (t)dt
lemma completes. i |
b() = b, () +b, () = [ " eq (0 de + L(M o, (1)dt
Lemma: 2.7. Let a v bﬂ,v R ,;2,)1 and 7( be numbers such

1/v 1
V) :=b(N+b,)=v" [ e (@) dT+ LM) a,(t)dt
thata,, 20, b,, 20, Za =a,., ) and

=2 " NS lAa ik=1,2,...
ia ( (2))172 l)a ( (2))17 (I’I’ln=12 ) g;‘ 117,
et Cun\Paun )= FnCmn \ P )2 LR S and  A(,V) = AAW), b(u,v)=b()bV).
Then:

Theorem: 3.1. Let 7,71 be natural numbers,

(I) For 0< p <1 we have

o o w n P A fe AWP 1< p<ooand 1< r<oo. If
b SRy0)" .

1 s=1

~.
Il

(2)For 1 £ p < oo we have
where a js are coefficients either of the series (1.1), (1.2), (1.3)

ZZ A [Z 2 J PZpiiam’n (bmnﬂ’fr)l m]’)n )p . or (1.4), then:
=l n

pH=m v=l1 m=1 n=1

(1) For p <r we have

~

The proof of the Lemma 2.7 is similiar to the proof of the Lemma

2.6 therefore we omit it. ||f H;;"p")r< c ;;b(ﬂ, V) [ p] [Z((ﬂ, 1:/)) }— |

Lemma: 2.8.[9] Let u;, 20, u, 2 0. Then for each k>0 (2)For p>7 weh
or we have

the following double inequality holds r

| o< 55 vy s,

u=1v=1

CI(K‘)(ul"+u§)S(u1+u2)K SCz(K‘)(ul’(+u§).
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Proof:. It is obvious that

<ﬂ ﬂoqa)oa(r)[gxym 0] e

(Is m]’_
aOa@[ L 0.5.f)| ddr

/u /v
V() I V/(v+)

:§ § A(,u)A(V)[Q;”“”)(l/ wivf)].
p=lv=1
Using Lemma 2.1 and applying Lemma 2.8 three times we have

that

u v 'p
Zzi(nﬂ-l) -2 k(n+1) -2 ka

ly

o) <3S pmavprve

P =
+2 Ml) AV = |:2‘(m+1) P2 kp—2 R :I/
T = ke
o oo o Vv p
+2 Ml) AV)V—W |:2lp—2 k(n+1) -2 B;Uk :[
el vl =t k=l ’
o oo o oo p 4
+ZZA<#>A<V>{ZZ’”W@1] )25
e v it k=v JA

Let 7 = p . Let us consider first the quantity F}. Then the

Lemma 2.4 gives

Pl < Cii Aw) A(V) ﬂ_WV_m I: ll,l(m+l) p—2v(n+l) p2 Bp 1) ’uzlz :Ir/l’

u=lv=l

55 a5

w=lv=l

:|r/ P

. . (1)
It is obvious that ,Bﬂ,
only on V and for them the following relations hold:

(1) —mr
p A( )ZA(l)l

A(u)z(ljl] (z+11)’”’

mr ﬂ J‘ al (t)tl‘ﬂfdt

/i

_ o bl(ﬂ)
A(u)
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depends only on 4 and ,8() depends

1/(i+1)
[ awadr

hw)

and in the same manner we can show that ,3152) <2 AW) .
|4

Therefore we have
o o 2] -
g b(1)b,(v) |7
<C A(u,v)(uv) ( » [;}
;Zl B A(u,v)
3.2

Now we etimate P2 . By the Lemma 2.6 we get

P2 < CZZA(,U)A(V),UHW ':ﬂ(mﬂ)p—zvp—zB;‘Jy ;(113/ ﬂ‘)/:l
u=1v=1
2

-5 S A e |

(1) A /2) ]”P

/p

uveiuy
u=1v=l1
As we showed ,3/(11) <2™ M , and since
A(p)
[ a@d )
AWV)YY? = A =¥ (2) 1/(v+1) ) ,
M7, Z () A A

then
= & (2] b
<cSS Auvyuv) - "B, [—Aw,m }

u=1v=1

Applying the Lemma 2.7 and Lemma 2.5, respectively, to the

quantites P, and P, in the analogous way as we did for quanties

we arrive to these estimates:

. & 2] Thubw
<Y S A, B | 22

u=1v=1

F and P,

and

sCiiA(ﬂ,V)(ﬂV)( "B,

pu=1v=1

A(u,v)

Inserting estimates (3.2)-(3.5) to (3.1) we have

{lr e} <C/;;A(,u,v)(uv){ g hﬁiﬁ

33

34

{2 [bQ ()b, (v)}v

3.5

Alpv) Alpv)

{’W‘)”z(wf +[bz(ﬂ)bl(1/)] {b L (bY) ,,}

Alpv)
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Owing to the Lemma 2.8, relation (3.6) takes the following form

(Irlln <cS S’ s, [

u=1 v=1 A(u,v)

Let us consider the case when 7 < p . We start with estimate of

P,i=1,2,3,4, alternately.

Estimating of Plz Using two dimensional case of Lemma 2.9,

which can be prove simply applying it twice, and changing the
order of summation we have

(m+1)r——’ (nityr—2"

P< CZZA(,U)A(V),U "y "’ZZz "B,

pu=1v=1 i=1 k=1

_ Ciil(mﬂ)r (n+l)r— ZZA(,U)A(V),L[’W v
i=l k=1 u=i v=k

A
Is not dificult to prove estimates: {"" z ('u) <2"b,(i) and
u=i

k"rz A(V) <2"Db, (k) , therefore

v=k

)
oo oo rl 1-=
<CY > k)~ "B b ()b (k).
i=l k=1 3.7
Estimating of P,: Again, applying two dimensional case of

Lemma 2.9 and changing the order of summation we get

> < > m+ r——r r—z—r
P<Cy Y awavu Y 3k s,
u=1v=l1 i=l k=v
o (m+])r——r p2r ok
:czzl k "B AWAWV T
i=1 k=1 =i v=1
5 gy
<CY > k) BB b, (k).
i=l k=1
3.8

because IWZ ('u) <2"b,(i) and ZA(V) b, (k).

u=i =1
Estimating of P, and P,: In the same manner we get these

estimates:

-2

< cii (ik) { pJBifkbz(i)bl(k).
3.9

and

© 2010, IIMA. All Rights Reserved

r ]—E

<Y Y ik [ "]B,-ikla(i)bz(k).

i=1 k=1
3.10

Estimating of (3.1) together with estimates (3.7), (3.8), (3.9) and
(3.10) give

=)

x = r 1

{lsllent <55 a0 gm0,
i=l k=l

which fully demonstrates Theorem 3.1.

Note that these inequalities in our result and all forthcoming ones
are understood so that the finiteness of the right-hand side implies
the finiteness of the left-hand side. The following theorem gives
sufficient conditions in terms of Fourier coefficients so that a

function belongs to the classes A™" (W, p,r).

Theorem: 3.2. Let /m,n be natural numbers, 1< p <2,

I<Sr<eoand 1/ p+1/g=1.1f a;  are coefficients either of

the series (1.1), (1.2), (1.3) or (1.4), then:
(1) For r < ¢ we have

ZZb (Wb W)la,

u=1v=l

bk w) ||
1| A )} sl

(2) For r > g we have

C{iibl Wh)a,, I} d|
u=1v=1

Proof: Let f(x,y) be even function with respect to both

(m,n)

v.p.r*®

variables (three other cases can be consider in a similar manner).
Then is not difficult to show that Fourier

Am,nf(x’ y’ t, T) is as follows

series of

min e e
(-) 2 Z’H"ZZ cos jixoossysin” jtsin' sz if mn are even
Jj=1 s
min- 00 0o
(1) 2 2" >, sin jraossysin” jesin’ sz if meven and n odd

= s

el o0 oo
() 2 2"> >, oos jxsinsysin” jisin” sz if modd and n even

Jj=l =l

() > 2’*"22 sinjxsinsysin” jisin’ szif m, n are odd

Jj=l s=l

25
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By the well-known Hausdorf-Young's theorem we have

Al s M)Z (Zila sinjﬁ"qsmm};

Therefore,

(38 ) >

) 2
Applying twice the inequality sSinu =—u for 0<u<r7w/2,
/4

WMT

then the following estimate holds

{H f t>} >CS iu—Wv-"’A(ﬂ)A(v)[igjaﬂ ! j”"s”"]q.

p=lv=l
Let < ¢, then by the Lemma 2,4 we have

llr e} >3 S aumany

= v=l

muﬂ/f')ﬂ”)

It is easy to prove the following estimates ,3:[1) 2b (1) A(u)

%]

and ﬁlfz) 2b,(v)/ A(V), therefore the last estimate takes the

Ciibl Wb v)|a,,

u=1v=1

form
[l 12} - wio
3.11

Let r > g, then using the two dimensional case of the Lemma

. {b, ()b, (v) }

2.9 and changing the order of the summation we have

{ls

r 0 oo u v ,
o] 2CE S a@An Y Yla, [ 75"

u=1v=1 j=1 s=1

_CZZ‘ a,, " mr nrzzlu mrvfnrA(lu)A(V)

j=1 s=1 H=] V=5

b1(j)b1(s)-

o oo

ZCZZ‘am '

j=1 s=1

3.12
Estimates (3.11) and (3.12) prove Theorem 2.2.

4. COROLLARIES:

Here, in the following, we are going to deduce some corollaries
from Theorem 3.1 and Theorem 3.2. We noticed in the section 3
that there existed two conditions, separately, in each proved
theorem which provide that a function in two variables belongs
new classes considered in this paper. Therefore arises the

© 2010, IIMA. All Rights Reserved

question: Does exist only a single condition in Theorem 3.1 that
includes both its conditions? Under some additional conditions
the answer is positive for both theorems.

Corollary: 4.1. Under the conditions of Theorem 3.1 and with
b(u,v) < CA(u,v) we have:

r

eSS v,

u=1v=I1

7l

Corollary: 4.2. Under the conditions of Theorem 3.2 and with
b,(1)b,)v) = CA(U,V) we have:

1
C{i S b(wb)la,, I’}' dl llgmn

u=1v=I1

Corollary: 4.3. Under the conditions of Corollary 4.1 and if

Fourier coefficients a j, are monotone in the sense of Hardy, see

[1], then:
e I
(m,n)
|7l < e3> vy
u=1v=1
As a special case, for &,(t)= " and o,(T) = A
(a, B >0),itis easy to prove the following estimates:
A,v)<SCu™™ P and  b(u,v)<Cu”v”.

Therefore, from last estimates and the Corollaries 4.1 and 4.2
respectively, the following corollaries hold.

Corollary: 4.4.[6] Let
O<a<m0<f<nl<p<el<r<o,l/p+l/g=1

and a Ly are the coefficients of the series (1.1). If
ZZ‘ 1145
j=1 s=1
then
1
feth b (570,01
Il <S5 (S5l |
u=1v=1 J=4 s=v

Corollary: 4.5. [6] Let
O<a<m0<f<nl<p<o,l<r<e,l/p+l/g=1

and a iy

of Hardy. If

are the coefficients of the series (1.1) monotone in sense

26
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then f € A" (a, B, p,r).
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